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Abstract—Series elastic actuators (SEAs) have become
prevalent in torque-controlled robots in recent years to
achieve compliant interactions with environments and humans. However, designing optimal impedance controllers
and characterizing impedance performance for SEAs with
time delays and filtering are still underexplored problems.
This article addresses the controller design problem by
devising a critically damped gain design method for a
class of SEA cascaded control architectures, which is
composed of outer impedance and inner torque feedback
loops. We indicate that the proposed gain design criterion solves optimal controller gains by maximizing phasemargin-based stability. Meanwhile, we observe a tradeoff
between impedance and torque controller gains and analyze
their interdependence in terms of closed-loop stability and
overall impedance performance. Via the proposed controller
design criterion, we adopt frequency-domain methods to
thoroughly analyze the effects of time delays, filtering,
and load inertia on SEA impedance performance. A novel
impedance performance metric, defined as “Z-region,” is
proposed to simultaneously quantify achievable impedance
magnitude range (i.e., Z-width) and frequency range (i.e.,
Z-depth). Maximizing the Z-region enables SEA-equipped
robots to achieve a wide variety of Cartesian impedance
tasks without alternating the control structure. Simulations
and experimental implementations are performed to validate the proposed method and performance metric.
Index Terms—Distributed control, impedance control,
series elastic actuator (SEA), time delays, torque control.
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I. INTRODUCTION
ERIES elastic actuators (SEAs) [1]–[4], as an emerging
actuation mechanism, provide considerable advantages in
compliant and safe environmental interactions, impact absorption, energy storage, and force sensing. In the control literature,
adopting cascaded impedance control architectures for SEAs
has attracted increasing investigations over the last few years
[3], [5], [6]. Compared to full-state feedback control [7]–[9], the
cascaded control performs superior when the controlled plant
comprises slow dynamics and fast dynamics simultaneously. In
this case, the inner fast control loop isolates the outer slow control loop from nonlinear dynamics inherent to the physical system, such as friction and stiction. Therefore, this study focuses
on the cascaded control structure to simulate the distributed control structure for humanoid robots accompanied with a variety
of delayed feedback loops [10], [11]. This class of cascaded
control structures nests feedback control loops [3], [5], i.e., an
inner torque loop and an outer impedance loop for the tasklevel control, such as Cartesian impedance control. Recently,
the works in [3] and [6] proposed to embed a motor velocity
loop inside the torque feedback loop. This velocity feedback
enables to use integral gains for counteracting static errors such
as drivetrain friction, while maintaining the system’s passivity.
Mosadeghzad et al. [5] extensively studied the stability, passivity, and performance for a variety of cascaded feedback control
schemes incorporating position, velocity, and torque feedback
loops.
Optimal controller design methodologies are increasingly
sought within the robotics and control community. Recent works
in [12] devised a critically damped controller gain design criterion to accomplish high impedance for rigid actuators. However,
inherent fourth-order SEA dynamics in this study make it challenging to design optimal controllers of the cascaded feedback
structure. For the cascaded control, a common routine is to tune
the inner loop gains first, followed by an outer loop gain tuning. Indeed, this procedure consumes substantially hand-tuning
efforts and lacks optimal performance guarantees. The majority
of existing results rely on empirical tuning [1], [5]. The work
in [3] designed controller gain ranges according to a passivity
criterion. However, gain parameters were highly coupled as a set
of inequalities, which leaves the controller gains undetermined.
In this paper, a fourth-order gain design criterion is proposed
by simultaneously solving SEA optimal impedance gains and
torque gains. The “optimality” is proposed according to phasemargin-based stability. Through this criterion, the designer only

S

0278-0046 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

2818

IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 65, NO. 3, MARCH 2018

Fig. 1. Valkyrie robot equipped with SEAs. (Top) Set of highperformance NASA Valkyrie SEAs. (Bottom left) Valkyrie robot with SEA
location annotations. (Bottom right) Calf and ankle structure.

needs to specify a natural frequency parameter, and then all
the impedance and torque gains are deterministically solved. A
larger natural frequency represents larger impedance and torque
controller gains. This dimensionality reduction and automatic
solving process is not only convenient for SEA controller design but also warrants optimal performance in terms of system
closed-loop stability.
System passivity criteria have been extensively studied for
coupled systems [7], [13], [14], networked control systems [15],
and coordination control [16]. Among the robotics community,
Vallery et al. [3] designed passivity-based controller gains for
SEAs. However, that work only incorporates stiffness feedback,
and the ignored damping feedback indeed plays a pivotal role,
which will be analyzed in this study. Damping-type impedance
control was investigated in [6]. However, it does not analyze
the effects of time delays and filtering. Although these practical issues were tackled in [3], the time delays are so subtle
that it cannot model large time delays often existing in serial
communication channels. Due to the destabilizing effects of
time delays, significant effort has been put forth to ensure that
systems are stable, by enforcing passivity criteria [17]. The passivity criterion is conservative [13]. Buerger and Hogan [18]
proposed a complementary stability to relax the assumptions

in passivity analysis. This work claims that the system performance is merely determined by robot dynamics and unaffected
by environment dynamics. However, our study reveals that the
stability is indeed affected by environment (i.e., load) dynamics
via frequency-domain analysis. Among various existing results,
Gao et al. for the first time proposed an impressive and unique
methodology, such that the typical network-induced imperfections including time delays, packet dropouts, and quantizations,
etc., can be dealt with efficiently in a unified framework [19],
[20]. This methodology is applicable to the passivity of networked control systems [15]. Overall, this line of research makes
a solid foundation for the analysis and design of networked
control systems, and can be further utilized to solve related remote sensing and teleoperation problems arising from industrial
applications.
Real-world tasks normally necessitate a wide range of
impedances. However, existing literature mainly focus on the
low SEA impedance for compliant control [3], [6], [21]. This
imposes a huge limitation on its capability of achieving stiff
tasks. For instance, legged robots without model-based feedforward compensation require high impedance control to counteract the gravity effect. Besides the achievable impedance range,
frequency characteristics of the impedance performance is frequently ignored, but it does play a vital role in large-variability
impedance tasks. To fill in this gap, this study proposes the
maximum achievable SEA impedance range, i.e., Z-width [22],
[23] within a unified control architecture, and quantifies the
achievable impedance frequency range, which is defined as “Zdepth”. Our study not only confirms that SEA impedance at
low frequency is constrained by the active stiffness (i.e., controller stiffness gain) while its impedance at high frequency
is constrained by the passive spring stiffness, but also reveals
how the impedance performance is affected by time delays and
filtering.
In light of these discussions, the contributions of this paper
are as follows:
1) analyzing time-domain controller stability of SEAs and
proposing a critically damped gain selection criterion;
2) conducting a frequency-dependent impedance analysis of
SEAs affected by time delays and filtering; and
3) devising a novel SEA impedance performance metric “Zregion,” which incorporates both achievable impedance
magnitude and frequency ranges.
Combining this performance metric with the controller gain
selection criterion in 1) and impedance frequency analysis in 2),
we achieved a unified framework of SEA impedance controller
design and performance quantification, as shown in Fig. 2. We
expect this study provides a promising solution of designing optimal impedance controllers for SEA-equipped humanoid robots
(see Fig. 1) to achieve complex locomotion and manipulation
tasks [24], [25].
II. MODELING OF SEAS
This section models a SEA constituting two nested feedback loops, i.e., an outer impedance loop and an inner torque
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Fig. 2. Diagram depicting the roadmap for impedance control and performance analysis of SEAs. (Left) Design of practical impedance controllers, including position feedback and force feedback gains. (Right)
Performance analysis under practical effects and a new criterion called
the Z-region. The Z-region is a numerical measure that quantifies the
achievable impedances over a frequency range.

Fig. 3. SEA model. The annotated parameters are defined in
Section II. We map the motor inertia Im and motor damping bm to
the joint coordinates by multiplying by the gear reduction squared.

loop. The SEA dynamics can be modeled as shown in Fig. 3.
The spring torque τk is
τk = k(qm − qj ).

(1)

where the spring stiffness is denoted by k, and qm and qj represent motor and joint positions, respectively. As to the joint side,
it is assumed that disturbance torque τdist = 0. Namely, spring
torque is equal to load torque, i.e.,
τk = Ij q̈j + bj q̇j .

(2)

where Ij and bj are joint inertia and damping coefficients, respectively. Notably, this model merely models the effects of
viscous friction; we leave the analysis of other types of friction
for future work. Then, the load plant PL (s) has
PL (s) =

1
qj (s)
=
.
τk (s)
Ij s2 + bj s

(3)

By (1) and (2), the following transfer function can be derived:
qj (s)
k
=
.
qm (s)
Ij s2 + bj s + k

(4)

Ij s2 + bj s
Δq(s)
=
.
qm (s)
Ij s2 + bj s + k

Given the relationship between the motor current im and the
motor torque τm represented by τm (s)/im (s) = β = ηN kτ ,
with drivetrain efficiency η (constant for simplicity, and dynamic
modeling of drivetrain losses is ignored), gear speed reduction1
N and motor torque constant kτ (see Table II in Section VI for
more parameter details), the SEA plant PF (s) is represented by
PF (s) =

βr(s)k
τk (s)
=
im (s)
Im s2 + bm s + r(s)k

(7)

where Im and bm are motor inertia and damping coefficients,
respectively. As shown in Fig. 4, the closed-loop torque control
plant PC is
PC (s) =

PF (β −1 + C)
τk (s)
=
.
τdes (s)
1 + PF Ce−T τ s

(8)

The torque feedback loop includes a delay term e−T τ s and a
proportional-derivative (PD) compensator C = Kτ + Bτ Qτ d s
(see Fig. 4), where Qτ d models a first-order low-pass filter for
the torque derivative signal
Qτ d =

2πfτ d
s + 2πfτ d

(9)

where fτ d is the filter cutoff frequency. Additionally, a feedforward loop is incorporated to convert the desired torque τdes to
the motor current im (see Fig. 4). By (3) and (8), the following
transfer function can be obtained:
qj (s)
PF (β −1 + C)
= PL PC =
.
τdes (s)
(1 + PF Ce−T τ s )(Ij s2 + bj s)

(10)

τdes (s) = Kq (qdes − e−T q s s qj ) − Bq e−T q d s Qq d sqj
−T q s s

(11)

−T q d s

(5)

where e
and e
denote the time delays of stiffness and
damping feedback loops, separately. The joint velocity filter
Qq d has the same format as that in (9) with a cutoff frequency
fq d . Alternatively, we can also send the desired joint velocity as

(6)

1 N represents the ratio of motor rotary velocity to actuator linear velocity.
This gear ratio is achieved by using pulley reduction N p and ball screw, which
is parameterized by ball screw lead lb s . See [2] for more actuator design details.

By (1), we can express the spring torque as
τk (s) = kΔq(s) = kr(s)qm (s).

Fig. 4. SEA controller diagram. The inner torque controller is composed of a feedforward loop with a mapping scalar β −1 and PD torque
feedback loops. The outer impedance controller constitutes stiffness and
damping feedback loops. Time delays are modeled as e−T s . We apply
first-order low-pass filters to both velocity and torque derivative feedback loops. τ k represents the spring torque. The motor current input is
im . The embedded torque control loop is denoted by P C , which normally
has faster dynamics than the outer one.

For the impedance feedback, we have the following form:

We have motor torque τm = Im q̈m + bm q̇m + k(qm − qj ).
Combining the equation above with (4) and defining the spring
deflection as Δq = qm − qj , we establish the following mapping from the motor angle qm to Δq:
r(s) =
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the input of the embedded damping loop. In that case, an extra
zero will show up in the numerator of (12). Since a zero only
changes transient dynamics, it does not affect system stability.
Using PL and PC in (3) and (8), we obtain the SEA closed-loop
transfer function PCL
PCL (s) =

Kq P C P L
qj (s)
=
qdes (s)
1 + PC PL (e−T q d s Bq Qq d s + e−T q s s Kq )
=

Kq (1 + βKτ + βBτ Qτ d s)
4
i
i=0 Di s

(12)

TABLE I
CRITICALLY DAMPED CONTROLLER GAINS
Frequency
(Hz)
fn = 12
fn = 14
fn = 16
fn = 18

with the associated coefficients defined as

fn = 20

D4 = Im Ij /k

Impedance gains
(Nm/rad, Nms/rad)

Torque gains
(A/Nm, As/N m)

Phase
margin

K q = 65
B q = 0.46
K q = 83
B q = 0.76
K q = 103
B q = 1.02
K q = 124
B q = 1.26
K q = 148
B q = 1.49

K τ = 1.18
B τ = 0.057
K τ = 1.80
B τ = 0.067
K τ = 2.56
B τ = 0.077
K τ = 3.45
B τ = 0.087
K τ = 4.48
B τ = 0.097

45.1◦
43.2◦
40.0◦
36.5◦
33.2◦

D3 = (Ij bm + Im bj )/k + Ij βBτ Qτ d e−T τ s
D2 = Ij (1 + e−T τ s βKτ ) + Im + bj βBτ Qτ d e−T τ s

placement design is left for future work. Let us define a natural
frequency fn of (14) as

+ βBτ Bq e−T q d s Qq d Qτ d + bj bm /k

ω1 = ω2  ωn = 2πfn .

D1 = bj (1 + e−T τ s βKτ ) + bm + βBτ Qτ d Kq e−T q s s

By comparing the denominators of (12) and (14), we obtain the
nonlinear gain design criterion equations as

+ e−T q d s (1 + βKτ )Bq Qq d
D0 = e−T q s s (1 + βKτ )Kq .

(13)

This closed-loop transfer function is sixth order due to the
existence of low-pass filters Qq d and Qτ d . Here, we formulate it in a fourth-order form for the sake of clarity. Note that,
the numerator of (12) has a zero induced by the torque derivative
term. As to the step response, this induced zero shortens the rise
time but causes an overshoot. Nevertheless, system stability is
not affected since it is solely determined by the denominator’s
characteristic polynomial.
III. GAIN DESIGN OF SEAS
The closed-loop transfer function derived in (12) is complex due to the cascaded impedance and torque feedback loops.
This complexity makes the SEA controller design challenging.
In this section, we propose a critically damped criterion to design optimal controller gains.
A. Critically Damped Controller Gain Design Criterion
Impedance control gains of rigid actuators can be designed
based on the well-established critically damped criterion of
second-order systems [12]. As for high-order systems like SEAs,
such a critically damped criterion is still missing. In this study,
we aim at designing feedback controller gains such that the
overall SEA closed-loop system behaves as two damped secondorder systems [26]. To this end, we represent the fourth-order
system in (12) (the time delays and filtering in (12) are ignored
for problem tractability) by two second-order systems in multiplication presented as
(s2 + 2ζ1 ω1 s + ω12 )(s2 + 2ζ2 ω2 s + ω22 )

(15)

Ij bm + Im bj + Ij βBτ k
= 4ωn
Im Ij
k(Ij (1 + βKτ ) + Im + βBτ (bj + Bq )) + bj bm
= 6ωn2
Im Ij
k(bj + Bq )(1 + βKτ ) + k(bm + βBτ Kq )
= 4ωn3
Im Ij
(1 + βKτ )kKq
= ωn4 .
Im Ij

(16)

These four equations with coupled gains can be solved by
MATLAB’s fsolve() function. Note that, representing a fourthorder system by two multiplied second-order systems in (14)
maintains the properties of the fourth-order system. In our
method above, the simplification comes from the selection of
ω1 , ω2 , ζ1 , and ζ2 parameters in (14). The resulting benefit is that
selecting a natural frequency uniformly determines all the gains
of torque and impedance controllers. This advantage avoids the
commonly adopted complicated yet heuristic controller tuning
procedures, like the ones in [5], [26], although system dynamics
in our case are restricted to specific patterns such as the critically
damped one we design. Let us show an example as follows.
Example 1: To validate this criterion, we test five natural
frequencies. We select filter cutoff frequencies fv d = 50 Hz,
fτ d = 100 Hz, and time delays Tτ = Tq d = 0.5 ms, Tq s =
2 ms.2 The solved gains and phase margins3 are shown in Table I.
Increasing fn will lead to a uniform increase of all four gains.
This property meets our expectation that increasing torque (or
impedance) gains result in a torque (or impedance) bandwidth
increase and a phase margin decrease.

(14)

which has four design parameters ω1 , ω2 , ζ1 , and ζ2 . They will
be used to design the gains Kq , Bq , Kτ , and Bτ . First, we set
ζ1 = ζ2 = 1 in (14) to obtain the critically damped performance.
Second, we assume ω2 = ω1 for simplicity. An optimal pole

2 These filters and delays are only used in the phase-space computation based
on (12) and ignored in the critically damped selection criterion for problem
tractability.
3 It is worth noting that the phase margin is computed based on the open-loop
transfer function derived from P C L in (12).
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Fig. 5. SEA step response affected by time delays. These subfigures demonstrate that the larger delays that impedance feedback loops have, the
worse performance that the step response has. (b) and (c) SEA stability has a higher sensitivity to damping delays than the stiffness counterpart. In
(a), it is revealed that larger fn leads to a larger overshoot, which appears to be counterintuitive. However, by close inspection, we can observe that
the largest fn in solid magenta already shows distortion, and its 36.4° phase margin is the smallest among all four cases. To study the influence
of zero in (12), step responses without this zero are also simulated and represented by dashed lines in (a). By comparison, we can realize an
overshoot induced by this extra zero.

Note that, for simplicity, the gain design above ignores time
delay, which does affect system stability. Next, we will study
the effect of time delays given this gain design criterion. Since
torque feedback is the inner loop, it normally suffers a smaller
delay than that in the outer impedance loop. That is why we
assign Tτ = 0.5 ms in the example above. Notice that Tq s is
chosen to be larger than Tq d since the former belongs to the
outer control loop whereas the latter belongs to the inner control
loop. The benefits of having damping feedback in the inner loop
were extensively analyzed in [12]. Also, we show how time
delays affect SEA step response in Fig. 5. This motivates us to
implement the impedance feedback loops in a distributed pattern
as shown in Fig. 4. Namely, we allocate the stiffness feedback
loop at the high level while embedding the damping feedback
loop at the low level for a fast servo rate. The same distributed
control strategy was implemented for the rigid actuators in [12]
and extended lately for the whole-body operational space control
[27].
B. Tradeoff Between Torque and Impedance Control
During gain tuning of the SEA-equipped bipedal robot Hume
[28] and NASA Valkyrie robot, which have similar SEA control
architectures as the one in Fig. 4, a pivotal phenomenon is
observed: If one increases torque controller gains or decreases
impedance controller gains, the robot tends to become unstable.
To reason about this observation, we propose a SEA gain scale
definition as follows.
Definition 1 (SEA Gain Scale): The gain scale of a SEA’s
cascaded controller is a scaling parameter GS between adjusted
gains (Ki a , Bi a ) and nominal gains (Ki n , Bi n ), i ∈ {τ, q}
GS =

Kτ a
Kq n
=
,
Kτ n
Kq a

GS =

Bτ a
Bq n
=
Bτ n
Bq a

(17)

where the adjusted gains denote actual gains in use while the
nominal gains denote reference ones designed by the critically
damped gain design criterion.
It should be noted that if GS = 1, then the adjusted gains are
the same as the nominal gains. For example, the controller gains

Algorithm 1: Gain Controller Design Procedure.
Assign system parameters sysParam in (12).
Assign natural frequency fn (i.e., ω1 and ω2 by (15)),
ζ1 = ζ2 ← 1.
procedure CONTROLLERSOLVER (fn , ζ1 , ζ2 , sysParam)
Deterministically solve nominal controller gains Kq n ,
Bq n , Kτ n , Bτ n
 refer to (16)
if Gain scale GS = 1 then
(Kq , Bq , Kτ , Bτ ) ← (Kq n , Bq n , Kτ n , Bτ n )
else
(Kq a , Bq a ) ← (Kq n , Bq n )/GS
 refer to (17)
(Kτ a , Bτ a ) ← GS · (Kτ n , Bτ n )
(Kq , Bq , Kτ , Bτ ) ← (Kq a , Bq a , Kτ a , Bτ a )
end if
return (Kq , Bq , Kτ , Bτ )
end procedure
Assign filtering parameters fv d , fτ d and time delays
T τ , Tq s , Tq d .
PM = PhaseMargin
(Kq , Bq , Kτ , Bτ , fv d , fτ d , Tτ , Tq s , Tq d )

in Table I are five sets of nominal gains. By (17), we have the
following equalities:
K τ a · Kq a = Kτ n · Kq n ,

Bτ a · Bq a = Bτ n · Bq n

(18)

which maintain the same multiplicative value of nested proportional (or derivative) torque and impedance gains for the normal
and adjusted conditions. An overall controller gain design procedure is shown in Algorithm 1.
There is a tradeoff between a large torque bandwidth for accurate torque tracking and a low torque bandwidth for larger
achievable impedance range. The work in [14] obtained a similar observation that enlarging the inner loop controller bandwidth reduces the range of stable impedance control gains. In
their experimental validations, they do not decrease impedance
gains when raising torque gains. As it is known, the product of
cascaded gains grows if torque gains increase; however, this
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TABLE II
UT-SEA PARAMETERS
Parameter
Spring stiffness k
Joint inertia Ij
Gear reduction N
Motor torque coeff. k τ

Value

Parameter

Value

Parameter

Value

350 000N/m
0.014 kg ·m2
8.3776 × 10 3
0.0276 N·m/A

Joint pulley radius rk
Motor damping bm
Ball screw lead lb s
Pulley reduction N p

0.025 m
1.375 N·ms/rad
0.003 m/rev
4

Motor inertia Im
Joint damping bj
Drivetrain efficiency η
Sample rate

0.225 kg ·m2
0.1 N·ms/rad
0.9
1 kHz

A. SEA Impedance Transfer Function
The SEA impedance transfer function is defined with a
joint velocity q̇j input and a joint torque τj output. Based on
zero desired joint position qdes , the SEA impedance Z(s) =
τj (s)/(−sqj (s)) is formulated as follows:
4
Nz i si
τj (s)
= 5i=0
Z(s) =
(19)
i
−sqj (s)
i=0 Dz i s
with the numerator coefficients
Fig. 6. Optimality of the critically damped gain design criterion.
(a) Samples a variety of gain scales and natural frequencies. An optimal
performance is achieved by using the proposed critically damped gain
design criterion. (b) Larger overshoot but slow rise time when GS > 1
and an over-damped response with distortions when GS < 1.

increase is not considered in their stability analysis. It is therefore unclear if the reduced stable impedance range is caused by
enlarging the torque gains or the increased product gain due to
the coupled effect of torque and impedance gains. To validate
the tradeoff in a more realistic manner, our method maintains a
constant gain product value as shown in (18). Fig. 6(a) shows
the sampling results for different gain scales GS. A larger GS indicates increased torque gains with decreased impedance gains.
When GS > 1, an increasing GS deteriorates the system stability (i.e., phase margin) and causes a larger oscillatory step response as shown in Fig. 6(b). On the other hand, when GS < 1,
a decreasing G also decreases the system stability. For instance,
GS = 0.4 corresponds to a 34◦ phase margin, as shown in (a),
and accordingly, a distortion appears in the step response of (b).
We ignore delays and filtering to focus on the effects of the gain
scale. The tests in Fig. 6 validate the optimal performance (i.e.,
maximized phase margin) of our proposed critically damped
gain design criterion (i.e., GS = 1). Although GS = 1 is the
optimal value for stability, changing GS to different values allows us to change the impedance behavior, i.e., the “Z-region”
in Section V, without changing the natural frequency. Thus, we
assign GS as a design parameter in Algorithm 1. In Section IV,
we will analyze the frequency-domain SEA impedance.

Nz 4 = Im Tf τ Tf v βk
Nz 3 = βk(Im (Tf τ + Tf v ) + Tf τ Tf v bm )
Nz 2 = Im βk + βkbm (Tf τ + Tf v ) + kkτ
(Tf τ + β(Bτ + Kτ Tf τ ))(Bq e−T q d s + Kq Tf v e−T q s s )
Nz 1 = bm βk + Bq kkτ (1 + Kτ β)e−T q d s + Kq kkτ
(Tf v + Tf τ + β(Bτ + Kτ (Tf τ + Tf v )))e−T q s s
Nz 0 = Kq kkτ e−T q s s (1 + Kτ β)
and the denominator coefficients
Dz 5 = Im Tf τ Tf v β, Dz 4 = Im β(Tf v + Tf τ ) + Tf v Tf τ βbm
Dz 3 = βIm + βbm (Tf τ + Tf v ) + Tf v kβ(Tf τ
+ kτ (Bτ + Kτ Tf τ )e−T τ s )
Dz 2 = β(bm + Tf τ k + kkτ (Bτ + Kτ Tf τ )e−T τ s )
+ Tf v βk(1 + Kτ kτ e−T τ s )
Dz 1 = βk(1 + Kτ kτ e−T τ s ), Dz 0 = 0.
Note that, Z(s) in (19) does not incorporate the joint inertia Ij
and damping bj since these parameters belong to parts of the
interacting environment. Equation (19) explicitly models time
delays and filtering, which are often ignored in the literature of
SEA cascaded controller architectures with PD-type controllers.
Also, the SEA transfer function in (19) is complete without any
approximations.

IV. SEA IMPEDANCE ANALYSIS
Impedance control is widely used for dynamic interaction between a robot and its physically interacting environment [29]. In
this section, we study SEA impedance performance in the frequency domain. In particular, we first derive the SEA impedance
transfer function given the SEA controller diagram in Fig. 4,
and then analyze the effects of time delays, filtering, and load
inertia.

B. Effects of Time Delays and Filtering
The SEA impedance frequency responses are demonstrated
in Fig. 7. We analyze various scenarios either with or without
time delays and filtering.
i) Zi (jω) is the ideal impedance without delays and
filtering.
ii) Zf (jω) is the impedance only with filtering.
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Fig. 7. SEA impedance with time delays and filtering. (a) Impedance of a physical spring k/(jω) and a virtual stiffness gain controller are shown
by yellow and blue dashed lines, respectively. The ideal SEA impedance without delay and filtering is represented by a red dashed line. At low
frequency range, SEA impedance converges to the virtual stiffness. A similar behavior was observed in [3]. At high frequency range, it approaches
another impedance asymptote. (b) Analysis of the filtering effect. (c) Analysis of the time delay effect. Accordingly, the sensitivity discrepancy of
different time delays can be analyzed but is not discussed here due to the space limitations. These simulations have a natural frequency fn = 30
Hz, corresponding to K q = 293.6 N·m/rad, B q = 2.49 N · m·s/rad, K τ = 11.71 A/N·m, and B τ = 0.146 As/N·m.

iii) Zd (jω) is the impedance only with delays.
iv) Zf d (jω) is the impedance with both delays and filtering.
At low frequency range, the SEA impedance converges to a
virtual stiffness asymptote in all scenarios (when time delays
are considered, we have e−T q s j ω → 1, e−T τ j ω → 1 as ω → 0)
Nz 0
Kq kτ (β −1 + Kτ )
=
lim Zc (jω) = lim
ω →0
ω →0 jω · Dz 1
jω · (1 + Kτ kτ )
where c ∈ {i, f, d, f d}. The denominator of the final expression has a jω term, which indicates a −20 dB/dec decay rate. The low-frequency impedance Zc (jω) behaves as
a constant stiffness impedance Kq /jω scaled by a constant kτ (β −1 + Kτ )/(1 + Kτ kτ ). This scaling applies to any
PD-type cascaded impedance controller. Note that, kτ β −1 is
normally a small value. When kτ Kτ is large enough, Zc (jω)
approaches Kq /(jω), i.e., a pure virtual spring. This meets our
intuition.
As to the high frequency range, the impedance also approaches an asymptote with a potential twist, depending on
the delay and filtering conditions. First, let us start with the
ideal case (i), i.e., without delays and filtering. This leads to
Dz 5 = Dz 4 = 0, and we have
Nz 2
k(Im + kτ Bτ Bq )
=
lim Zi (jω) = lim
ω →+∞
ω →+∞ jω · Dz 3
jω · Im
which represents a constant stiffness-type impedance scaled
from the passive spring stiffness k/(jω). The red dashed lines
in Fig. 7 illustrate this ideal SEA impedance feature.
Second, we derive case (iii) only with delay, that is, Tf v =
Tf τ = 0. Then, Dz 5 = Dz 4 = 0, and we obtain
Nz 2
k(Im + kτ Bτ Bq e−T q d s )
=
.
ω →+∞ jω · Dz 3
jω · Im

lim Zd (jω) = lim

ω →+∞

Since the complex number e−T q d s rotates along the unit circle,
the SEA impedance will periodically twist around the passive
spring stiffness at high frequency range. This is visualizable in
Fig. 7(c).

Third, in case (ii) only with filtering, we have Tq s = Tq d =
Tτ = 0 and then obtain
lim Zf (jω) =

ω →+∞

Nz 4
k
=
jωDz 5
jω

which represents a passive spring stiffness as shown in Fig. 7(b).
The curve does not twist thanks to the constant limit value
k/(jω). To verify the applicability of the aforementioned behaviors to different natural frequencies, we analyze the SEA
impedance performance under varying natural frequencies in
Fig. 8. By comparing Fig. 8(a) and (b) [or Fig. 7(b) and (c)],
we conclude that time delays have a larger effect on the SEA
impedance than filtering.
C. Effect of Load Inertia
This section analyzes the effect of load inertia on SEA
impedance performance. A second-order model of the output load Ij s + bj is added to (19), i.e., Zl (jω) = Z(jω) +
Ij s + bj . Since (19) becomes Z(jω) → 0 as ω → +∞, we
have
lim Zl (jω) = lim (Z(jω) + Ij · jω + bj ) = Ij · jω + bj

ω →+∞

ω →+∞

where Ij · jω represents a 20-dB/dec asymptote at high frequencies (see Fig. 9); the damping term bj adds a constant offset.
As the equation above shows, at high frequency range, SEA
impedance behaves as a spring-mass impedance instead of a
pure spring one. In particular, this impedance is dominated by
the load inertia as shown in Fig. 9. This figure simulates three
scenarios with different load inertias. Different than the load
mass effect studied in [3], our study has a large focus on analyzing the effect of filtering and time delays. These two factors
dominate at middle frequency range where large spikes show
up in the shaded region of Fig. 9. The larger load inertia is, the
smaller spike the response has.
V. SEA IMPEDANCE CHARACTERIZATION
In this section, we propose a novel metric to characterize SEA impedance performance in terms of both achievable
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Fig. 8. SEA impedance with varying natural frequencies fn . First, these subfigures validate that a higher natural frequency fn results in higher
SEA impedance. (a) and (b) show how time delay and filtering affect SEA impedance, respectively. We use filters with fq d = 50 Hz and fτ d = 100
Hz, whereas time delays are chosen as T q d = T τ = 1 ms, T q s = 10 ms. Second, we test the cases with both filters and delays, as shown in (c),
and compare them with ideal cases with neither filter nor delays.

Fig. 10. Z-region surrounded by the highest impedance controller (HIC)
and the lowest impedance controller (LIC). This figure shows achievable
SEA impedance ranges by modulating the gain scale GS, as defined
in Definition 1. The control gains are solved using the critically damped
gain design criterion.

Fig. 9. SEA impedance with varying load inertias. Three different load
scenarios are illustrated. All of them use the natural frequency fn = 20
Hz, corresponding to K q = 148 N·m/rad, B q = 1.49 N · m·s/rad, K τ =
4.48 A/N·m, and B τ = 0.097 As/N·m. The damping term is bj = 0.1
N · m·s/rad. For all three scenarios, dashed lines are used to represent asymptote at low and high frequencies, respectively. Since the
load inertia is modeled, the SEA impedance approaches the load inertia impedance curve Ij · jω + bj at high frequencies.

magnitude and frequency ranges. The controller gains are designed by using the critically damped gain design criterion and
the gain scale defined in Definition 1. The Z-width proposed
in the haptics community [22], [30] only characterizes the
achievable impedance magnitude range. In the recent work
of [31], a new concept, “M-width” was proposed to quantify
the passive range of a pure virtual mass in the frequency domain. However, characterizing the achievable impedance range
in the frequency domain is yet an open problem. To quantify the achievable frequency range, we define a new concept:
the “Z-depth”. A frequency range within which the achievable
impedance magnitude range is nonzero (i.e., nonzero Z-width).
Given the Z-width and Z-depth concepts, we propose the following definition of “Z-region.”

Definition 2 (Z-region): A frequency-domain region composed of the achievable impedance magnitude range (Z-width)
over a particular frequency range (Z-depth)
 ωu




W (ω)log|Zu (jω)| − log|Zl (jω)|dω (20)
Zregion =
ωl

where ωl and ωu are lower and upper boundaries of achievable
frequencies, respectively. Zu and Zl are the upper and lower
boundaries of the achievable impedances, respectively, as shown
in Fig. 10 . W (ω) is a weighting value function depending on
frequency ω.
Equation (20) uses a log scale. ωu is determined via the
intersection of Zu and Zl impedance lines whereas ωl is a sufficiently small frequency and normally chosen by the designer.
In theory, any infinitely small positive frequency will appear
into the Z-depth. However, in practice values of ωl are usually
within [10−3 , 10−1 ] Hz, depending on specific system specifications. The weighting function W (ω) can be used to emphasize a
specific frequency range. To give an intuition of the Z-region
we describe the following example.
Example 2: First, we choose W (ω) = 1 to treat all frequencies equal. The natural frequency is chosen as fn = 15 Hz.
Filters have fv d = 50 Hz, fτ d = 100 Hz, and time delays are
chosen with Tτ = Tq d = 1 ms and Tq s = 10 ms. Given these
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Fig. 11. Stability and impedance performance maps. The phase margin manifold and Z-region manifold represent the system stability and
impedance performance, respectively. The gain scale GS is expressed
in logarithmic scale. The searching range is GS ∈ [0.2, 15]. Note that,
GS axis in the right figure represents the minimal GS, i.e., GSm in . We
sample a set of equidistant GSm in values while fixing GSm a x = 15. The
normalized Z-region is numerically computed based on the boundary
impedance lines defined by the varying (GSm in , fn ) pair and a constant
pair (GSm a x , fn 0 ), where fn 0 = 14 Hz. The natural frequency range is
fn ∈ [14, 25] Hz.

parameters, we search for the minimum gain scale GSm in such
that the HIC remains stable. We heuristically set GSm in = 0.1.
As shown in Fig. 6, when GS > 1 and GS increases, the phase
margin approaches a positive constant value. Thus, we manually set the maximum gain scale GSm ax as 103 . As shown in
Fig. 10, the Z-region is represented by the blue shaded region,
surrounded by HIC and LIC impedance lines (corresponding to
GSm ax and GSm in , respectively). The Z-depth is bounded in the
frequency range by (ωl , ωu ) = (10−2 , 120) Hz. In this case, ωl
is empirically chosen and ωu is selected by the intersection of
HIC and LIC lines. In fact, at 100−200 Hz, the LIC impedance
boundary line has a small resonant peak that is induced by the
time delays and filtering. We ignore this resonant peak for simplicity.
Given the phase margin analysis in Section III and the
proposed Zregion metric, let us generate SEA stability and
impedance performance maps. The phase margin manifold and
the Z-region manifold, as shown in Fig. 11, are sampled with
respect to various natural frequencies fn and gain scales GS.
The Zregion is normalized to the values within [0, 1]. The gain
scale GS uses a logarithmic scale for visualization convenience.
As shown in Fig. 11(a), the maximum phase margin represented
by the peak green line is always achieved at around GS = 1
(i.e., 0 in the log scale) for all sampled natural frequencies fn .
This further validates the optimality of our critically damped
gain design criterion. Fig. 11(b) shows the effects of natural
frequencies and gain scales on the Z-region.
VI. EXPERIMENTAL VALIDATION
This experiment section validates the proposed methods and
criterion on our SEA testbed, parameters of which are provided
in Table II. We employ the gain design criterion proposed in
Section III to design controller gains. Detailed stiffness and
damping gains are accessible in Table I. All of our tests have
a 1-kHz sampling rate, which induces 0.5-ms effective feedback delay. To obtain larger feedback delays, a software buffering of sampling data is manually implemented. Thus, the total
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Fig. 12. Impedance frequency responses with different fn . At low
frequencies, experimental results are matched with the simulations.
Compared to simulations, the experimental data shows a larger peak
at the resonant frequency and a slightly larger bandwidth. The parameters are T q s = T q d = T τ = 0.5 ms, fq d = 50 Hz, fτ d = 100 Hz, and
GS = 1.

Fig. 13. Step responses with different gain scales. The overshoot in
the experimental results, when GS is increased, matches our simulation
predictions. The parameters are T q s = T q d = T τ = 1 ms, fq d = 50 Hz,
fτ d = 100 Hz, and fn = 14 Hz.

feedback delay has two components
Ts
+ Te
(21)
2
where Ts is the sampling period and Te is the extra added feedback delay. Ts is divided by 2 since the effective delay is half
of the sampling period [32]. The extra feedback delay Te represents large round-trip communication delay between low-level
and high-level architectures. The source code is public online.4
We also provide a video link of experimental validations.5
In Fig. 12, a larger natural frequency produces a higher closedloop bandwidth. Simulations match experimental results except
slight discrepancies at high frequencies. To validate the tradeoff between impedance gains and torque gains, we test step responses as shown in Fig. 13. The result shows that when GS > 1,
a larger GS slows down the rise time and produces a larger
overshoot. This observation is consistent with our theoretical
Td =

4 https://github.com/YeZhao/series-elastic-actuation-impedance-control
5 https://youtu.be/biIdlcAMPyE
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we numerically estimated the Z-region and analyzed how the
natural frequency and gain scaling affect this impedance region.
We believe the critically damped gain selection criterion and
the Z-region metric can be applied to many types of SEAs and
robotics systems for performance analysis and optimizations.
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