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ith high energy/power density, flexible and 
lightweight design, low self-discharge rates 
and long cycle life, lithium-ion (Li+) batter-
ies have experienced a surging growth since 
being commercialized in the early 1990s [1]. 

They are dominant today in the consumer electronics sec-
tor. Due to continually declining manufacturing costs, they 
are also rapidly penetrating sectors such as the power grid, 
renewable energy, automotive, and aerospace, where large-
scale energy storage is needed. Looking into the future, the 
role of Li+ batteries will be further strengthened as a key 

energy-storage technology to support the progression of 
the world into the green energy era. However, their vulner-
ability to overcharge, overdischarge, and overheating can 
easily expose them to performance degradation, shortened 
cycle life, and even fire and explosion, thus raising many 
concerns about their deployment. These challenges have 
been driving a massive solution-seeking effort in  various 
relevant research fields. Associated with this trend is the 
control-theory-enabled advancement of battery-manage-
ment system (BMS) technologies.

A BMS monitors the states and parameters of batteries; 
regulates the charging/discharging processes; and per-
forms balancing across battery cells to meet the power 
demands, enhance safety and performance, and extend 
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battery lifespan. Among the tasks, state-of-charge (SoC) 
monitoring is particularly important. Representing the 
amount of charge remaining in a battery, the SoC cannot be 
directly measured but is crucial for preventing overcharge 
and overdischarge, which has stimulated an ongoing quest 
for high-caliber estimation strategies. Nevertheless, the evo-
lution of SoC through time is based on complex nonlinear 
dynamic processes arising from thermodynamics, electrode 
kinetics, and transport phenomena. As a result, SoC moni-
toring involves, at its core, solving nonlinear estimation 
problems and has been actively researched in the last decade. 
An overview of the state of the art is presented in “Survey of 
State-of-Charge Estimation.”

This article presents a self-contained study of the SoC 
estimation problem for Li+ batteries and solutions based on 
the extended Kalman filter (EKF). The EKF, reviewed in 
“Extended Kalman Filter,” is arguably the most celebrated 
nonlinear estimation approach, and its popularity has 
extended to battery management research to the point that 
it is now widely acknowledged in the literature as one of 
the best techniques for SoC estimation. Its application to 
this subject, however, is not conclusive yet. The present lit-
erature has focused more on the use of the EKF technique, 
with less emphasis on the observability and sensitivity 
analysis crucial for successful estimation. The consequence 

is that some potential problems or pitfalls can escape 
notice—for instance, some unknown and weakly observ-
able parameters can potentially compromise the accuracy 
of the full-state estimation without being detected. To 
remedy this issue, this study takes an analysis-driven per-
spective and systematically demonstrates how nonlinear 
estimation theory can be effectively used to understand the 
risks and challenges underlying accurate SoC estimation 
and to build insights into improving the prevailing estima-
tion methods. 

With a brief description of Li+ battery fundamentals and 
modeling, a thorough observability and sensitivity analysis 
is performed to illustrate the potential pitfalls that may fun-
damentally undermine the effectiveness of SoC estimation. 
Specifically, it is found that adaptive SoC estimation can be 
susceptible to a fundamental limitation plaguing adaptive 
systems: weak observability due to overparameterized 
models and insufficiently informative data. Building on the 
observability/sensitivity analysis, the notion of parameter 
subset selection is leveraged to identify critical parameters; 
thus, the weak observability and numerical stability issues 
are circumvented. Accordingly, a new enhanced adaptive 
SoC estimator, consisting of two reduced-order EKFs run-
ning in the cascade mode, is developed. Additionally, a two-
stage EKF is presented to reduce the computational cost of 
the joint EKF-based SoC estimator. All estimators are vali-
dated by synthetic and/or experimental data. The valida-
tion results agree with the outcomes drawn from the analysis. 
This article is concluded by a summary and an outlook to 
future work.

LI+ BATTERIES ANd MOdELING

Preliminaries of Li+ Batteries
This section briefly overviews the characteristics and mod-
eling of Li+ batteries (see [2]–[8] for more details). A sche-
matic description of a Li+ battery cell is shown in Figure 1. 
The cell is composed of four main elements: the positive 
electrode, negative electrode, electrolyte, and separator. 
The positive electrode is typically made from Li+ com-
pounds, for instance, LiFePO4, LixMn2O4, or LixCoO2. Small 
solid particles of the compounds are compressed together, 
yielding a porous structure. The negative electrode is 
porous as well but usually made of carbon or graphite par-
ticles. The interstitial pores at both electrodes offer interca-
lation space, where the Li+ ions can be moved in and out for 
storage and release. The electrolyte contains free ions and 
is electrically conductive, in which the Li+ ions can be trans-
ported easily. The separator, separating the electrodes 
apart, allows the migration of Li+ ions from one side to the 
other but prevents electrons from passing through. The 
electrons are thus forced to flow through the external cir-
cuit. During the charging process, Li+ ions are released 
from particles at the positive electrode into the electrolyte 
and then transported to and stored in the negative electrode. 

Charge (Energy Storage)

Discharge (Power to the Device)

e–

e–

Charger

Electrolyte

Charge

Discharge

Separator

Cathode Anode
+ –

Li+

Li+

C
u 

C
ur

re
nt

 C
ol

le
ct

or

A
l C

ur
re

nt
 C

ol
le

ct
or

figure 1 A schematic for a Li+ battery. A Li+ battery cell consists 
of four major components: the negative electrode (anode), positive 
electrode (cathode), electrolyte, and separator. Both electrodes 
comprise small particles filled with active material. During charge 
or discharge, a reduction-oxidation reaction occurs at particles of 
one electrode and  leads to the release of Li+ ions into the electro-
lyte. The Li+ ions are then transported to the other electrode, where 
they are absorbed into particles. (Image courtesy of Argonne 
national Laboratory.)
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This process not only generates an influx of Li+ ions within 
the battery but also builds up a potential difference between 
the positive and negative electrodes. Discharging is based 
on the reversed process. The chemical reactions in the pos-
itive and negative electrodes of a LiFePO4/C battery are 
exemplified by

 ,LiFePO FePO Li e4 4discharge

charge
+ ++ -  (1)

 Li e C LiC .6 discharge

charge
6+ ++ -  (2)

The working mechanism (1)–(2) has been naturally 
abstracted through electrochemical principles into a diver-
sity of two-dimensional (2-D) electrochemical models, 
among which are the Doyle–Fuller–Newman model and its 
variants [2], [3], [9]. These models can provide a high-fidelity 
characterization of the underlying physical and chemical 
processes, which makes them suitable for battery design and 
analysis. However, they are rarely adopted in real-time 
BMSs, largely due to their prohibitive computation and oner-
ous calibration. This weakness has been significantly relaxed 
by the single-particle model (SPM) and its extensions [5], [8], 
[10], [11], which simplify the 2-D electrochemical models to 
one spatial dimension. Specifically, the SPM is derived by 
neglecting the electrolyte dynamics and treating each elec-
trode as a spherical particle that stores Li+. The SPM is valid 
for low to medium charge/discharge currents (up to 1 C-rate) 
[5], [8]. While the SPM enjoys remarkable reduction of com-
putation and calibration efforts in contrast to the 2-D electro-
chemical models, it remains computationally expensive for 
real-time battery management with a representation based 
on partial differential equations (PDEs).

Instead of using the electrochemical principles, many 
other approaches to battery models have been  developed 
to meet different needs. In particular, equivalent circuit 
models (ECMs) with their simplicity have gained wide 
popularity among control engineers, representing a model 
class most useful for BMS design and implementation [6], 
[7], [12]–[14]. ECMs are intended to replicate the battery’s 
input–output characteristics or, in other words, emulate 
how charge/discharge currents influence the terminal volt-
age. A straightforward tool to understand and deduce the 
ECMs is Thévenin’s theorem in circuit theory. A Thévenin-
based model consists of a series resistor, a resistor-capacitor 
(RC) circuit, and a voltage source and has been found capa-
ble of predicting the transient response of the battery with 
sufficient accuracy. See [7], [13], and [14] for comparative 
studies of various ECMs. Overall, ECMs are among the 
most advantageous for embedded BMS development and 
will serve as a basis for SoC estimation in this article.

This article defines the terminology from a user’s per-
spective, treating the battery as an electric power source. 
The battery is considered to be fully charged and dis-
charged when, with small charge and discharge currents, 
its terminal voltage reaches certain upper and lower thresh-

olds. For the LiFePO4-type cell used in our experiment (to 
be presented later), it reaches full charge or discharge if its 
terminal voltage crosses 4.2 and 2.4 V. A battery’s nominal 
capacity is the amount of charge that it can take when 
brand new. The maximum capacity is the amount of charge 
that can be extracted from a fully charged battery. The SoC 
represents the energy available in a battery. Typically quan-
tified by the ratio between the remaining amount of charge 
and the maximum capacity, the SoC takes values in , .0 16 @  
The state of health (SoH) indicates the fading of the bat-
tery’s maximum capacity. The SoH level will decrease 
gradually throughout the charge and discharge cycles. In 
general understanding, the capacity fading is attributed to 
unwanted side reactions including electrolyte decomposi-
tion, active material dissolution, and passive film forma-
tion. The open-circuit voltage (OCV) is the terminal voltage 
of the battery when it is cut off from the load. The OCV is 
uniquely determined by the SoC because the OCV corre-
sponds to the difference between electrostatic potentials of 
the negative and positive electrodes, and the electrostatic 
potential of an electrode is determined by the quantities of 
Li+ ions stored in the electrode [8]. The SoC-OCV curve of 
the battery cell used in the experiment is shown in Figure 2 
as the red dash-dot line.

Batteries have many interesting but complicated phe-
nomena such as capacity fading, self-discharge, relaxation, 
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figure 2 State-of-charge (Soc) versus terminal voltage curves during 
discharge and charge processes. (a) The terminal voltages while 
the battery is charged and discharged with a current 0:235 A. Blue 
solid line: the terminal voltage during the charge process (the 
charge curve); green solid line: the terminal voltage during the dis-
charge process (the discharge curve); red dash-dot line: the Soc 
versus open circuit voltage curve obtained by averaging the dis-
charge and charge curves. (b) The hysteresis between the charge 
and discharge curves. In battery model (3), the hysteresis in the 
charge and discharge curves is captured by the series resistance, 
the rc circuit, and the hysteresis voltage x3. Since the resistances 
are on the order of milliohms and the amplitude of currents is small, 
the voltages across the series resistor and the rc circuit are negli-
gible compared with x3. The influence of temperature on the hyster-
esis is also suppressed by maintaining ambient temperature during 
the test. The Soc is obtained from the coulomb counting method. 
The hysteresis voltage is Soc dependent.
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Survey of State-of-Charge Estimation

L i+ batteries are widely recognized as a key enabler for the 

worldwide migration toward clean and sustainable energy 

supply, with tremendous application in the sectors of transporta-

tion, aerospace, buildings, renewables, and smart grid. Due to 

the materials used and the electrochemistries, they are, however, 

vulnerable to overcharge and overdischarge, which can cause 

fast aging and even cause fires and explosions in extreme cases. 

Accurate Soc estimation thus becomes a necessity to avoid such 

issues and, furthermore, provide a foundation of support for other 

higher-level battery management tasks. Depending on the explic-

it use of a battery model or not, existing Soc estimation methods 

can be divided into two categories, model based and nonmodel 

based, an current review of which is offered below.

conventional model-free methods are based on measuring 

or calculating certain parameters directly linked with the Soc. 

Two straightforward, yet representative, methods in this regard 

are voltage translation and coulomb counting [S1]. The former 

infers the Soc from a predetermined ocV-Soc lookup table 

using the ocV measurement. Although reliable, this method 

requires the battery to rest for a long time cut off from the exter-

nal circuit to measure the ocV. coulomb counting is based on 

numerical integration of the current over time. It is easy to imple-

ment but can suffer from a “drift” from the true values due to cu-

mulative integration errors and noise corruption. These methods 

have still gained much popularity because of their simplicity and 

convenience. They are also integrated with model-based meth-

ods in some recent developments for improved Soc estimation; 

see [S2] and [S3]. Another class of model-free Soc estimation 

methods are based on machine learning. Without requiring an 

ecm or electrochemical model, they train the battery data sets 

to build an abstract mathematical description to approximate the 

battery behavior and then estimate the Soc. The main tools that 

have been used include artificial neural networks [S4]–[S7] and 

a support vector machine [S8]–[S11]. With sights set on data-

driven inference and reasoning, machine learning offers a use-

ful means of mining the battery operation data collected over 

time for Soc monitoring and more tasks. The training, however, 

can be complex and may imply much preparatory work before 

the algorithm deployment. In addition, the neural-network com-

putation can be costly and thus unsuitable for onboard/embed-

ded application.

Given the availability of a diverse range of battery models, 

recent years have seen a shift of attention toward model-based 

Soc estimation methods, which can offer improved accuracy 

while allowing real-time execution. This research front, at the 

nexus of Li+ battery systems and estimation theory, is expand-

ing rapidly, with a large body of work published. results based 

on both ecms and electrochemical models have been widely 

reported. The equivalent-circuit-based models generally offer a 

low-complexity description of the Li+ battery dynamics with fewer 

states and parameters, and thus are conducive to fast Soc es-

timation. The electrochemical models, in the form of PDes, rep-

resent a more sophisticated view of the battery dynamics while 

often requiring more computational or model reduction effort. 

from the perspective of estimation, the existing literature 

puts two types of approaches into use: stochastic estimation and 

nonlinear observers. for the former type, the Kf is in a leading 

position. many Kf techniques, including the eKf, iterated eKf, 

and sigma-point Kf, have been applied to different Soc prob-

lem settings or battery models [16], [17], [S12]–[S27]. Another 

avenue builds on the particle filtering (Pf) technique, which is 

capable of handling severe nonlinearities and non-Gaussian 

noise; see [S28]–[S31]. The stochastic estimation approach has 

emerged as a natural choice, primarily for its ability to suppress 

the noise affecting a battery system. Its appeal is further en-

hanced by the applicability to general nonlinear systems and 

thus almost every battery model. When it comes to computa-

tional efficiency, Kfs are competitive, especially when used for 

a low-dimensional battery model, as often needed for real-world 

implementation. The Pfs, by contrast, demand more computa-

tional resources. Although the convergence properties of these 

methods can be difficult to analyze due to nonlinearities and 

noise, the above merits have still made them among the most 

favored choices in practice. The second type of model-based 

methods, called nonlinear Soc observers, has also drawn a lot 

of interest in the past several years. The present literature now 

covers a broad range of design techniques, including the Lu-

enberger observer [S1], [S32], adaptive observer [S33]–[S38], 

sliding-mode observer [S39]–[S42], output-injection PDe ob-

server [S43]–[S45], backstepping PDe observer [S46], and ro-

bust nonlinear observer [S47]. The Soc observers proceed on 

the premise that the battery system is at least approximately de-

terministic. Though restrictive to some extent, the deterministic 

assumption eliminates the need for maintaining covariance ma-

trices and thus enables higher computational efficiency of Soc 

estimation. The observer approach, while enjoying application 

to ecms, is also suitable for some PDe-based battery models 

such as the single-particle model.
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hysteresis, the SoC-OCV relationship, and current-voltage 
characteristics. Self-discharge represents the fact that the 
remaining charge stored in a battery will deplete over time. 
Depending on the cell chemistry, self-discharge could take 
up to years [4]. Relaxation is the change of the terminal 
voltage after the battery is disconnected from the load. The 
relaxation effect results from the Li+ diffusion that contin-
ues even after the cell is cut off from the external circuit 
and can take up to hours. The hysteresis is generally 
referred to the phenomenon that during a discharge, the 
battery terminal voltage always relaxes to a value lower 
than the true OCV, and during a charge, the battery termi-
nal voltage always relaxes to a value greater than the true 

OCV [6]. Figure 2 shows the hysteresis effect of the battery 
cell used in the experiment. Note that batteries with differ-
ent chemistry could have these characteristics at differ-
ent levels.

An Equivalent Circuit Model
This article considers the battery model shown in Figure 3. 
It combines the Thévenin-based ECM [7] with the hys-
teresis voltage dynamics [6]. The former offers a grasp of 
 dy  na mic current-voltage characteristics, and the latter 
compensates the static current-voltage property. The mod-
el, striking an adequate balance between fidelity and 
simplicity, is  given by

Extended Kalman Filter
dynamic system subjected to the effects of noise is re-

ferred to as a stochastic dynamic system [S48], which is 

present in almost every engineering field. With the inclusion of 

noise, a stochastic system can behave significantly differing 

from its deterministic counterpart. A significant research effort 

has thus been stimulated, since the seminal work by einstein 

[S49], to investigate such systems, including their behavior 

characterization, control, and estimation. Because it is prac-

tically infeasible to measure each state of a stochastic sys-

tem, unknown state estimation has been undergoing several 

decades of active research. In this research field, the Kalman 

filtering techniques have established a lead, and in particular, 

the eKf has emerged as the most celebrated estimation tool 

for nonlinear stochastic systems. A brief overview of this tech-

nique is given below. consider the model

 
( ) ,

( ) ,

x f x w

y h x v
k k k

k k k

1 = +

= +

+
 

(S1)

where x Rk
nx!  is the unknown system state, y Rk

ny!  the 

output, and { }wk  and { }vk  are noise sequences assumed to 

be Gaussian and white, with covariances of Q and R, respec-

tively. The nonlinear mappings :f R Rn nx x"  and :h R Rn nx y"  

represent, respectively, the process and measurement mod-

els. The eKf produces the estimate of xk  sequentially through 

time when the measurement yk  becomes available. It consists 

of two steps, prediction and update. The one-step-forward 

prediction yields the estimate of ,xk  denoted as ,xk k 1-t  us-

ing the measurements collected up to time k – 1. Then, upon 

the arrival of ,yk  xk k 1-t  will be updated to x |k kt  leveraging the 

information conveyed by yk  about .xk  In the meantime, the 

estimation-error covariances associated with both estimates 

are computed accordingly.

When the state estimate x |k k1 1- -t  is generated, consider 

the first-order Taylor expansion of ( )f xk 1-  at this point

( ) ( ) , .f x f x F x x F x
f

k k k k k k k k
x

1 1 1 1 1 1 1 1
|k k1 12

2. + - =- - - - - - - -
- -

t t
t

^ h  (S2)

A one-step-forward prediction can be made through

 ,x f xk k k k1 1 1=- - -t t^ h  (S3)

 ,P F P F Qk k k k k k1 1 1 1 1= +<
- - - - -  (S4)

where Pk k 1-  is the prediction-error covariance quantifying the 

uncertainty of .xk k 1-t  After xk k 1-t  is produced, it will be of in-

terest to investigate the updated state estimate. When the new 

measurement yk  becomes available, the update step can be 

performed as follows:

,x x P H H P H R y h xk k k k k k k k k k k k k k1 1 1
1

1

Kalman gain

= + + -<<
- - -

-
-t t t^ ^h h6 @

1 2 344444444 44444444
 (S5)

,P P P H H P H R H Pk k k k k k k k k k k k k k1 1 1
1

1= - +<<
- - -

-
-^ h  (S6)

where Hk  is obtained by linearization of ( ),h xk  that is,

.H x
h

k
xk k 12

2=
-t

The eKf then consists of (S3)–(S4) for prediction and (S5)–

(S6) for update. The eKf addresses the nonlinearities through 

linearization of the system functions and then adapts the lin-

ear Kf to the linearization. A schematic diagram of the eKf is 

shown in figure S1.

Since the 1960s, the eKf has gained wide use in the areas 

of aerospace; robotics; and biomedical, chemical, electrical, 

and civil engineering and has achieved notable success in 

numerous real-world applications. This is often ascribed to its 

conceptual straightforwardness as an extension of the linear 

Kf and, consequently, its relative ease of design and execu-

tion. Another important reason is its good convergence from a 

theoretical viewpoint. In spite of linearization-induced errors, 

the eKf has provable stability under some conditions that 

can be satisfied by many practical systems; see [S51]–[S54]. 

However, the eKf also suffers from some shortcomings. The 

foremost is the inadequacy of its first-order accuracy for highly 

A
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where x1  is the SoC, x2  the voltage cross the RC circuit, x3

the hysteresis voltage, I  the current in discharging )(I 02  
or charging ),  ( yI 01  the terminal voltage, ( )V xhs

1  the 
equilibrium of the hysteresis voltage dynamics, and ( )h x1  
represents the SoC-OCV relationship. The model (3) 
includes parameters ,a  ,Rd  ,Cd  ,Rs  and ,c  where 

/( )C1 3600 0a =  with C0  the maximum capacity, c  is the 

inverse of the hysteresis voltage dynamics time constant, 
and ,Rs  ,Rd  and Cd  are as defined in Figure 3. The function 

( )I 1sign =  for I 0$  and –1 otherwise. Here, the self-dis-
charge phenomenon is not considered to have a negligible 
influence because its dynamics are much slower than the 
dynamics of ,x1  ,x2  and .x3  The capacity fading can be 
reflected by the change in .a  However, it is also a slow pro-
cess, at a rate several orders of magnitude smaller than the 
battery state evolution, which implies that a  can be treated 
as a constant during the SoC estimation. The thermal 
effects are not explicitly included in battery model (3), but 
their effects can arguably be compensated by adjusting 
model parameters.

nonlinear systems. In addition, the need for explicit derivative 

matrices not only renders the eKf inapplicable for discontinu-

ous or other nondifferentiable systems, but sometimes makes 

it difficult to program and debug, especially for systems with 

complex nonlinear functions. This linearity, together with the 

computational complexity of ( ),O nx
3  limits the application of 

eKfs mostly to low-dimensional systems. It should be pointed 

out, however, that most practical systems are not that compli-

cated in terms of either dimension and nonlinearities and thus 

can typically be simplified without much loss of model integrity. 

As a result, the eKf can be applied effectively to a large num-

ber of estimation problems, thus it is widely regarded as the 

most popular estimation technique.

modified eKfs have also been developed for improved ac-

curacy or efficiency in the past years. In this regard, a natural 

extension is through the second-order Taylor expansion, which 

will lead to the second-order eKf with more accurate estima-

tion [S55]–[S57]. Another important variant, called iterated EKF, 

iteratively refines the state estimate around the current point at 

each time instant [S58], [S59]. Though coming at the expense of 

an increased computational cost, it can achieve higher estima-

tion accuracy even when severe nonlinearities are present 

in systems.
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figure s1 A schematic structure of the extended Kalman filter 
(eKf), modified from [S50]. The eKf comprises two steps 
sequentially executed through time—prediction and update. 
for prediction, look at xk  at time k – 1. The forecast is denoted 
as x |k k 1-t  and subject to uncertainty quantified by the predic-
tion-error covariance .P |k k 1-  The update step occurs upon the 
arrival of the new measurement .yk  In this step, yk  is lever-
aged to correct x |k k 1-t  and produce the updated estimate .x |k kt  
meanwhile, P |k k 1-  is updated to generate P |k k  to quantify the 
uncertainty imposed on .x |k kt

Initial State
Guess Based

on Prior
Knowledge

of Initial State

xk–1|k–1
Pk–1|k–1

xk |k–1
Pk |k–1

Q

Q

xk |k
Pk |k

Q

Next Timestep
k ← k + 1

Prediction Step
Based on Physical
Model, e.g., State

Equation

Update Step
Compare

Prediction to
Measurements M

ea
su

re
m

en
ts

yk

Export State
Estimate



80 IEEE CONTROL SYSTEMS MAGAZINE » AUGUST 2017

The following notation will be adopted for a vector .g  Its 
ith element is denoted by .ig  At the kth time step, the ith ele-
ment is represented by ,kig  and the jth power of k

i
g  is denoted 

as ( )ki jg . In  is the n n#  identity matrix. Given a smooth func-
tion ( )h g  and a smooth vector field ( ),f g  the function 

( ) ( ) ( )L h h ff 2 2g g g g= ^ h  is the Lie derivative of ( )h g  along 
( )f g , and repeated Lie derivatives ( ) ( ( )),L h L L hf

k
f f

k 1
g g= -  

k 1$  with ( ) ( )L h hf
0
g g= .

offline model calibration
Battery model (3) must be calibrated prior to SoC estimation 
due to the presence of ( ), ( ),V x h xhs

1 1  and unknown parame-
ters. Calibration of a  can be achieved by depleting and then 
fully charging the battery with small currents. Impedance 
parameters ,Rd  ,Cd  and Rs  can be calibrated by: 1) injecting 
a zero-mean current signal into the battery and collecting 
the input and output data, 2) linearizing the model (3) 

around a certain equilibrium [ , , ]x x 0 0e
1= <
*  to obtain a 

linear time-invariant (LTI) model with linear parameteri-
zations, and 3) following standard procedures to identify 
parameters [7], [15], [16]. While offline adaptation is straight-
forward to understand and execute, online adaptation of all 
parameters is usually preferred. This is particularly true for 
a  because its offline calibration can be rather time consum-
ing and even unrealistic for some practical applications. The 
same observation extends to the other parameters because 
they vary with the current, SoC, and temperature.

Specifically, when small constant charge and discharge 
currents are applied to battery model (3), the voltage across 
the RC circuit and hysteresis dynamics will both reach 
equilibria. According to (3), these equilibria can be described 
as odd functions of the current. Therefore, the true SoC-
OCV data can be derived as the average of the charge and 
discharge SoC-OCV curves.

The next step is to parameterize the functions ( )h x1  and 
( ),V xhs

1  which relies on a battery’s energy-storage dynamics 
and has been studied by many researchers. As an exam-
ple, [7] proposes ( ) ( )exph x a a x1

0 1
1=  ( )a a x a x2 3

1
4

1 2+ + + + 
( ) ,a x5

1 3  where a j  for j0 5# #  are unknown parameters; 
i n [17], ( )h x1  is parameterized by ( ) ;loga x a a0

1
1 2+ +  

whereas [6] takes the Nernst parameterization ( )h x1 =

( ) ( ) .log loga a x a x10 1 2
11+ + -  The parameterization of 

( )h x1  should be determined in a way such that it can predict 
the true SoC-OCV curve and give rise to a simple expression 
of the hysteresis voltage ( ) .V xhs

1  Ideally, the equilibrium 
of ( )V xhs

1  can be represented as a constant so as to allow for 
a decoupling from x1  [6]. However, this is not the case for the 
battery used in the experiment according to the SoC- ( )V xhs

1  
plot shown in Figure 2. Figures 4 and 5 illustrate how to choose 
the parameterization of ( ) .h x1  As shown in Figure 4, with a 
fixed x1  and parameterization #1, ( )V xhs

1  is not an odd func-
tion of I. With parameterization #1, it necessitates two indi-
vidual functions of ( )V xhs

1  for the charge and discharge 
processes. On the other hand, with parameterization #2, 

RdRs

Cd

OCV

Vh Vh

I

y

h (x1)

figure 3 An equivalent circuit model corresponding to battery 
model (3) consists of an rc circuit , ,R Cd d^ h  a series resistor ,Rs  
a hysteresis voltage source ,Vh  and a voltage source [open circuit 
voltage (ocV)]. Both the hysteresis voltage and the ocV are 
state-of-charge (Soc) dependent. The ocV is parameterized by a 
static function ( )h x1 , where x1  is the Soc. Here, I > 0 for dis-
charge, and I < 0 for charge.
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( )V xhs
1  is virtually an odd function of I and thus can be rep-

resented by one simple function, ( ) ( ),V x s x1hs
1 1= -  for both 

charge and discharge processes. Figure 5 verifies that the 
( ),V xhs

1t  if parameterized by ( )s x1 1-  with s = 0.0755, fits the 
measured data with high precision.

STATE-Of-ChARGE ESTIMATION IN BATTERIES
A BMS enables the safe and efficient use of batteries only 
when it maintains an accurate estimate of the battery state 
and parameters including the SoC and SoH. Given the non-
linear battery model and measurements, the SoC and SoH 
estimation problems can be formulated as nonlinear state 
and parameter estimation, respectively. The rest of this arti-
cle will focus on the SoC estimation because state and 
parameter estimation are mingled and can be addressed 
through similar techniques [15], [18]. As such, a focus on the 
SoC estimation can still put SoH estimation into perspec-
tive, without compromising the value and contribution of 
this article.

In this section, both nonadaptive and adaptive SoC esti-
mation problems are examined through a thorough observ-
ability and sensitivity analysis. Baseline and new EKF-based 
SoC estimators are provided and validated using both sim-
ulation and experimental data. Synthetic data for simula-
tion are generated from battery model (3) with parameters: 

. , ,C R4 9302 3 10Ah d0
3# X= = -  , . ,C 9 10 2 47 10Fd

3 3# #c= = -  
. ,s 0 0755=  and .R 5 10s

3# X= -  Experimental data are col-
lected from a 18650-type Li+ battery cell run on a battery 
tester at the Advanced Technology R&D Center, Mitsubishi 
Electric Corporation. The battery cell has a nominal capaci-
ty of . .4 9302 Ah  The sampling period is .T 1 ss =  During the 
experiment, the ambient temperature in the chamber was 
maintained at 25.8 ºC. Throughout this section, the default 
units for voltage and current are V and A, respectively. The 
battery capacity has units of ampere-hour (Ah). While the 
performance of estimators can be assessed on multiple met-
rics, including the root-mean-square error and the 3-norm 
of the estimation-error signal, it is known that all norms are 
equivalent in a certain sense, so the 3-norm of the SoC esti-
mation error is adopted as the single evaluation metric here 
for the sake of simplicity.

Nonadaptive State-of-Charge Estimation
Dynamic model-based nonadaptive SoC estimation aims to 
reconstruct the SoC without parameter adaptation, based on 
battery model (3) and the current and voltage measurements. 
Observability analysis of battery model (3) establishes that 1) 
battery model (3) is not uniformly observable, and 2) with a 
constant control, battery model (3) is observable almost over 
the entire range of the SoC. Subsequently, the EKF is applied 
to solve the nonadaptive SoC estimation problem. Validation 
using the synthetic and experimental data reveals that the 
EKF estimator performs well with exact model knowledge 
but fails to provide accurate estimates in the presence of 
model-plant mismatch.

Uniform observability Analysis
Uniform observability is of great importance as a prerequisite 
for applying diverse nonlinear observer design tools [19], [20]. 
It is also often a critical condition to establish the convergence 
of estimation-error dynamics. See “Observability for Nonlin-
ear Systems” for details on uniform observability for nonlinear 
single-input, single-output (SISO) affine control systems. The 
state equation of battery model (3) is of the form

( ) ( , ( )) ,x f x g x I Isign= +o

where [ , , ] , ( ) [ , / , ]x x x x f x x0 0d
1 2 3 2 x= = - <<  is a smooth vec-

 tor field with ,R Cd d dx =  and ( , ( )) [ , / ,g x I C1sign da= -  
[( ) ( ) ]]x s I x1 sign1 3c- - + <  is a nonsmooth vector field. With 
,I 0=  battery model (3) reduces to the uncontrolled form
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A requirement for (3) to be uniformly observable is the ob-
servability of the uncontrolled model (4). For (4), the ob-
servable coordinates ( ) [ , , ]x y L y L yf f

2
z = <  are ex pressed by

( ) ,y h x x x1 2 3= - +

/ ,L y xf d
2 x=

/ .L y xf d
2 2 2

x=-

The Jacobian of the observable coordinates, also referred to 
as the observability matrix ( ),Q xo  is singular. The uncon-
trolled model (4) is not state observable, and thus battery 
model (3) is not uniformly observable.

An interpretation of the unobservable space can be 
obtained by considering the LTI system
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1= - = )
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( )/ .h x x x
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)

 System (5) is derived from the linearization of 
the uncontrolled model (4) around .xe  For an n-dimen-
sional LTI system

 
,
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g g
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= +

=

g g

g
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(6)

where ,Rn!g  state observability can be examined by veri-
fying the rank condition ([ , ] )A C nrank Inm - =< < <

g g  for all 
eigenvalues m  of .Ag  Regarding system (5), the rank condi-
tion is violated for the eigenvalue .0m =  Hence, the unob-
servable space constitutes an eigenvector corresponding to 
the eigenvalue .0m =

The observable subspace of the uncontrolled model (4) 
can also be established. According to [21, Def. 3.29], 
the observable space is the linear space (over R ) of 
functions ( )h x x x1 2 3- +  and .x2  Similarly, based on [21,  
Prop. 3.34], the unobservable submanifold is derived 
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as { ( ) , }.S x h x x x x0 00
1 2 3 2= - + = =  Physical interpreta-

tion of the unobservable submanifold is that with I = 0, 
both the hysteresis voltage x3  and the OCV stay constant, 
but only their sum can be inferred from the output. Hence, 
x1  and x3  are indistinguishable.

observability Analysis: constant control case
In demonstrating the basic procedure for observability 
analysis, the above shows that zero control input will render 
battery model (3) unobservable. However, this does not 
imply the infeasibility of SoC estimation. Since SoC estima-
tion is meaningful during battery operation, it is more rele-
vant to investigate whether battery model (3) is observable 
when practical control inputs exist. Similar problems have 
been studied for general nonaffine control systems [22]. 

Observability analysis can be performed when battery 
model (3) is subject to a specific form of control inputs.

For illustration purposes, the observability analysis is 
performed when battery model (3) is subject to constant 
control inputs. Without loss of generality, assume I I 00 2=  
with I0  constant. Battery model (3) is rewritten as 

( ), ( )x f x y h x x x R Is1 2 3
0= = - + -o  with ( ) [ , /f x I x d0

2a x= - -

/ , [( ) ]] .I C I x s x1d0 0
1 3c+ - - + <  The observable coordinates are
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Observability for Nonlinear Systems

Observability is a fundamental system property that con-

cerns whether the system state can be reconstructed from 

measurements. Its precise characterization relies on state in-

distinguishablility, which is defined as follows.

Definition S1 (State Indistinguishablility) [S60] 

consider a nonlinear control system

 
( , ),
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f u

y h

g g

g

=

=

o
 

(S7)

where Rn!g  is the system state, u Rm!  the control input, 

y Rp!  the output, and f and h are smooth. Two states g  and gr  are 

indistinguishable if, for every input [ , ]u T0! , the system outputs 

corresponding to two pairs ( , )ug  and ( , )ugr  are exactly the same.

A system (S7) is observable if it does not have indistin-

guishable states. regarding a single output uncontrolled sys-

tem, the observability verification is reduced to performing a 

simple algebraic test, which induces the following observability 

definition.

Definition S2 (Observability) [S61]

The system
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(S8)

is said to be locally observable in ,U0  a neighborhood of the 

origin, if

 { ( ), , ( ( ))} , .L h n Urank d dh f
n 1

0f !g g g=-  (S9)

If (S9) holds for every ,Rn!g  then the system is observable.

for a nonlinear control system (S7), observability does not 

imply that every input distinguishes arbitrary system states, 

and thus is input dependent. The input-dependent observ-

ability is mathematically rigorous but provides little guidance 

in observer synthesis. of practical importance is determining 

whether the system is observable for a given control input [22] 

or whether the observability is input independent [S61]. Given 

a control input, the verification of observability for system (S7) 

is straightforward following Definition S2. The input-indepen-

dent observability, named after uniform observability, is impor-

tant and interesting because it enables observer designs for 

bilinear systems [S62], affine control systems [S61], and nonaf-

fine control systems [22].

Definition S3 (Uniform Observability) [S61, Def. 2]

A SISo controlled nonlinear system

 
( ) ( ) , ,

( ),

f g u x

y h

Rn!g g g

g

= +

=

o
 

(S10)

is uniformly observable if system (S8) is observable, and if sys-

tem (S10) is observable for any input, that is, on any finite time 

interval [ , ],T0  for any measurable bounded input u(t) defined 

on [ , ]T0 , the initial state is uniquely determined on the basis of 

the output y(t) and the input u(t).

Verifying the uniform observability of a generic system is 

not easy except for certain special cases. for instance, [S61] 

and [S63] establish necessary and sufficient conditions to 

guarantee that system (S7) with affine control inputs is uni-

formly observable.
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and the observability matrix is given by
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The determinant of the observability matrix is ( )det Qo =

/ ( )( ),x1 1d d
2 1x t cx -  where

( )
( )
( )

( )
( )

( )
( )

.x
x
h x

I I
x
h x

x
h x

s1d d
1

1 3

3 1
2

0
2

0 1 2

2 1

1

1

2

2

2

2

2

2
t a x a cx c c= - + + +

The observability matrix is singular only when one of 
the following conditions holds:

 » ,1dcx =  which holds only if the RC circuit and the 
hysteresis voltage dynamics have exactly the same 
time constant.

 » ( ) ,x 01t =  which imposes conditions on the func-
t ion ( ) .h x1  With ( ( )/ ( ) ) , ( ( )/h x x h x03 1 1 3 2 12 2 22
( ) ) ,x 01 22 1  and ( ( )/ ( )) ,h x x 01 12 2 2  for almost all 

[ , ],x 0 11 !  as shown in Figure 6, it follows that 
( ) .x 01 2t

Battery model (3) with nonzero constant control inputs is 
therefore observable for almost all [ , ] .x 0 11 !

A nonsingular observability matrix, however, is not 
enough to guarantee accurate state estimation because the 
state-estimation performance can be compromised by the 
existence of weakly observable modes [23], [24]. A linear 
system is weakly observable if the observability matrix is 
ill-conditioned. Similar criteria have been used for nonlin-
ear systems [25]. The observability matrix of a nonlinear 
system often depends on the control inputs. A common 
practice is to check the observability matrix for a given con-
trol input. As an example, the observability matrix of bat-
tery model (3) is checked for a constant current input 
I 2C-rates,=  with the condition number plotted in Figure 7. 
The observability matrix has condition number on the 
order of 104. Despite a possible issue for a high-dimensional 
matrix, the condition number of around 104 is not a prob-
lem for a 3 × 3 matrix [26]. The nonadaptive SoC estimation 
problem is therefore considered well posed.

Observability analysis of battery model (3) can be alter-
natively conducted in nonlinear switched-system setting, 
since (3) can be reformulated as a switched system with 
( , ( )) , / , [( ) ] ,g x I C x s x1 1sign d

1 3a c= - - - +
<6 @  for ,I 0$  or 

( , ( )) , / , [( ) ]g x I C x s x1 1sign d
1 3a c= - - - -

<6 @  other wise 
(see [27] for details).

Applicability of the extended Kalman filter
The observability analysis above shows that battery model 
(3) is not transformable to special structures due to the de-
ficiency of uniform observability and thus defies many 
commonly used nonlinear observer designs, such as normal-

form-based observer designs [19], [22], [28]–[36]. On the oth-
er hand, nonlinear stochastic-estimation techniques do not 
impose such restrictions on the system structure. The incen-
tive to explore SoC estimation in the stochastic framework 
is further strengthened by the practical necessity to accom-
modate measurement and process noises. Thus, in this re-
gard, nonlinear stochastic estimators such as the EKF, the 
unscented KF [37], [38], the ensemble KF [39]–[41], the parti-
cle filter [42], and the moving-horizon estimator [43] are 
preferable because they can deal with noise and quantify 
uncertainties and confidence intervals of the estimates. 
Compared with the particle filter and the moving-horizon 
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estimator [43], the EKF is attractive because it is relatively 
easy to design and implement and has only moderate com-
putational expense for low-order systems. However, the 
EKF suffers from several shortcomings, such as perfor-
mance degradation due to linearization-induced errors or 
non-Gaussian noises, lack of stability results, and large 
computational costs for high-dimensional systems. The ad-
vantages still outweigh the disadvantages for low-dimen-
sional stochastic systems as many real-world applications 
are. Therefore, the EKF is still an appealing tool for in-
dustrial practitioners. As such, the EKF is promising as a 
solution for the nonadaptive SoC estimation problem. A con -
sideration of the noise and linearization error for SoC esti-
mation below will corroborate this point.

Noise in sensors and actuators of the BMS mainly come 
from quantization errors, constant offsets, and noise due to 
power electronics. The constant offsets in sensors and ac-
tuators can be readily dealt with by introducing constant 
bias parameters in the estimator [23], [44]. Noise from power 
electronics is typically at much higher frequencies than the 
sampling frequency or the bandwidth of the battery dy-
namics and thus is negligible. There has been much re-
search toward analyzing the stochastic properties of a 
quantization error and mitigating its adverse effects on con-
trol systems. For instance, [45] establishes necessary and 
sufficient conditions to ensure that the quantization error is 
white and additive. Reference [46] establishes that uniform 
quantization often leads to additive quantization errors 
with white spectrum. In [47], the effects of different quanti-
zation schemes on KF-based state estimation for LTI sys-
tems are analyzed, and it is demonstrated that certain 
quantization schemes render the output error y y- t  an as-
ymptotic Gaussian process, validating the KF-based state 
estimation. Thus, it is appropriate to assume that the quan-
tizers have been designed to produce white and additive 
quantization errors. Last but not least, the detrimental ef-
fects of the linearization-induced error on the EKF-based 
SoC estimation are insignificant because:

 » Battery model (3) does not possess strong nonlinear-
ity. Specifically, the state equation is linear in the 
state; as shown in Figure 6, the nonlinearity in the 
output equation has a gradient bounded by [ . , ]0 75 3 ;

 » The model-plant mismatch due to linearizing the 
output equation can be effectively alleviated by set-
ting the initial SoC of the EKF estimator close to the 
true value. This is possible because the output y is 
dominated by the OCV and thus can be used to gen-
erate a good initial guess of the SoC.

extended Kalman filter-Based State-of-charge estimation
To facilitate the EKF-based nonadaptive SoC estimation, bat-
tery model (3) is discretized to give the discrete-time model

 
( , ) ( , ) ,

( ) ,
x A u x B u u w

y h x x x I v
k k k k k k k k

x

k k k k
k

k

1

1 2 3 5

i i

i

= + +

= - + - +

+
 

(7)

where [ , , ] ,1 5fi i i= <  k is the time index, [ ; ] ,u I 1k k= <  
[ , , ]w w wk

x
k k
1 3f=

<  includes the process noises, and vk is the 
measurement noise. The noise covariances are Wk

x = 
[ ( ) ] { , , }E w w W Wdiagk

x
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1 3f=<  and [( ) ] .V E vk k
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where ,Ts
1i a=  ( / ),exp Ts d

2i x= -  ( ),R 1d
3 2i i= -  4i = 

( ), ,exp T Rs s
5c i- =  s = 0.0755, and sT 1s =  is the sampling 

period. For ease of presentation, xk1  is treated as a constant 
during the discretization of the hysteresis-voltage dynamics.

The sampling period is determined by battery dynam-
ics, the sensor resolution, and computation resources. 
Given that the time constant of battery dynamics is typi-
cally longer than  10 s [6], [7], [13], [14], the sampling period 
can be a few seconds. On the other hand, the sampling 
period should be long enough so that the data-acquisition 
hardware in the BMS can produce accurate readings. 
Accuracy is primarily constrained by the sensor resolution, 
the impact of which can be exemplified by the voltage 
sensor. Based on the specification of the battery terminal 
voltage, the voltage sensor range can be selected as [ , ] .0 5 V  
With a 12-b A/D converter, the resolution of the voltage 
sensor is / . .5 2 0 0012 V12 =  As pointed out in [48], typical 
electric vehicles and hybrid electric vehicles are ideally dis-
charged at 1–3 C-rates. Assume that the battery is charged 
at 3 C-rates. The SoC increases at a rate of  0.084% V/s. Con-
sidering the gradient plot in Figure 6, the terminal voltage 
increases at the rate ranging  [0.00063, 0.00252] V/s. The 
changes of the terminal voltage within a sampling period 
T 1 ss =  can be barely detected by the voltage sensor. Hence, 
a sampling period shorter than 1 s will be unnecessary.

Given the discretized model (7), the EKF design for the 
full-state estimation follows the steps in “Extended Kal-
man Filter” and thus is omitted. The EKF-based non-
adaptive SoC estimator is first validated by synthetic 
data, which are generated by exciting the discretized 
model (7) with two current profiles: pulses and an urban 
dynamometer driving schedule (UDDS). The initial condi-
tions (ICs) of the battery model and the EKF estimator are 
taken as [ . , . , ]x 0 95 0 1 100

3= <-  and / ,x x 20 0=t  respectively. 
The tuning parameters of the EKF are , ,Q R10 10Ix 4

3
4= =- -  

and . .P 0 5I0 3=  The EKF estimator is fairly robust to chang-
es in Q and R, and the tuning is straightforward. Simula-
tion results for both the pulse and the UDDS current 
profiles are shown in Figures 8 and 9. When both the dis-
cretized model (7) and the EKF estimator use the same 
values of model parameters, the SoC estimates converge 
to the true states. However, when the parameter values 
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are incorrect by 20%, the EKF estimator could not give 
convergent SoC estimates.

The EKF-based nonadaptive SoC estimator is further 
validated by experimental data, with results shown in Fig-
ure 10, which reveals that the SoC estimation is unsatisfac-

tory. This is because the model parameter values used in 
the EKF estimator may differ from the truth. Since no pa-
rameter adaption is used here, the plant-model mismatch 
remains throughout the entire estimation process, which 
impacts the estimation performance.
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values. (c) red dashed line: Soc estimation error with true values of model parameters; green dashed line: Soc estimation error where 
model parameters are 20% off from true values.

Time (s)

0 200 400 600 800

–5

–10

0

5

10

C
ur

re
nt

 (
A

)

(a)

Time (s)

0 200 400 600 800

(b)

0.5

0.6

0.7

0.8

0.9

1

S
ta

te
-o

f-
C

ha
rg

e

Time (s)

0 200 400 600 800

(c)

–0.1

0

0.1

0.2

0.3

0.4

S
ta

te
-o

f-
C

ha
rg

e 
E

rr
or

figure 8  A validation of extended Kalman filter-based nonadaptive state-of-charge (Soc) estimator using synthetic data pulse-current 
case. (a) Pulse-current profile. (b) Blue solid line: true Soc; red dashed line: Soc estimated by using true values of model parameters; 
green dashed line: Soc estimated where model parameters are 20% off from true values. (c) red dashed line: Soc estimation error with 
true values of model parameters; green dashed line: Soc estimation error where model parameters are 20% off from true values.

Time (s)

–50

0

50

C
ur

re
nt

 (
A

)

(a)

0 500 1000 1500 2000
0.2

0.3

0.4

0.5

0.6

0.7

S
ta

te
-o

f-
C

ha
rg

e

(b)

Time (s)

0 500 1000 1500 2000
–0.2

–0.1

0

0.1

0.2

S
ta

te
-o

f-
C

ha
rg

e 
E

rr
or

(c)

Time (s)

0 500 1000 1500 2000
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Adaptive State-of-Charge Estimation
As shown above, nonadaptive SoC estimation fails to 
deliver adequate performance in the experimental val-
idation. This does not come as a surprise because an 
exact knowledge of the battery parameters is absent, 
which is often likely to happen in practice. Even worse, 
the battery parameters can fluctuate with the input 
current, SoC, or temperature. Adaptive SoC estimation, 

therefore, is of considerable importance in the real-
world battery use, with its capability of updating the 
parameter values in real time to provide a better  model. 
This sect ion offers a series of EKF-based adaptive 
SoC est imators. For self-completeness and compar-
ison purposes, a baseline joint EKF estimator is first 
presented to expose its weaknesses: the relat ively 
high computational cost and tuning efforts. The high 

Two-Stage Extended Kalman Filter

The two-stage eKf aims to reduce the computational cost of 

the joint eKf while maintaining comparable performance. 

The basic idea is that the computational complexity can be re-

duced by decomposing the high-order joint eKf into multiple 

low-order filters. This notion has been employed to develop a 

two-stage Kf in [S64], where the Kf is decomposed into two 

parallel, but coupled, reduced-order filters. Due to its ad hoc 

decomposition, the two-stage Kf is not exactly equivalent to 

the Kf and therefore potentially suboptimal. An optimal two-

stage Kf (oTSKf) is developed and mathematically equivalent 

to the Kf [S65]. The oTSKf applies linear state transforma-

tions to diagonalize the estimation-error covariance matrices 

and achieves a complete decoupling of two reduced-order 

filters. The state-transformation-based diagonalization and 

decoupling stimulated extensions of the oTSKf, such as the 

oTSKf for time-varying and disturbance-driven systems [S66], 

[S67], the multistage Kf [S68], the optimal two-stage eKf (oT-

SeKf) for nonlinear systems [S69], and the optimal two-stage 

eKf for linear parameter-varying systems [S70]. It is noteworthy 

that the oTSeKf involves nonlinear state transformations and 

thus incurs a relatively high computational burden.

consider a nonlinear discrete-time system
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(S11)

where x Rk
nx!  is the system state, Rk

n!i i  the parameter,  

y Rk
ny!  the output, u Rk

nu!  the input, : ,f R R R Rn n n nx u x"# #i  

: ,h R R R Rn n n nx u y"# #i  and : .g RRn n"i i  The sequences 

{ }, { },w wk
x

k
i  and { }vk  are zero-mean Gaussian random pro-

cesses with covariance matrices of , ,Q Qk
x

k
i  and ,Rk  respec-

tively, and { }, { },w wk
x

k
i  and { }vk  are independent of each other. 

System (S11) is also referred as the augmented system with 

the augmented state [ , ] .x xk
a

k ki= < <<  The joint eKf for the aug-

mented system can be designed as described in “extended 

Kalman filter.”

Assume that the two-stage eKf has state estimates 

x |k k
at  and ,xk k

a
1-t  covariance matrices Pk k

a  and ,Pk k
a

1-  and 

the gain matrix .Kk
a  next, the formula is derived for the two-

stage eKf. Different from the oTSeKf, the two-stage eKf 

adopts linear state transformations ( )x T U x| |k k
a

k k k
a

1 1= -- -r t  and 

( )x T V x| |k k
a

k k k
a= -r t  to block diagonalize covariance matrices 

P |k k
a  and ,P |k k

a
1-  respectively. As in [S65], the transformation 

matrices take the form
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I0

n n

n n

x x
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#

#i i
; E

where M Rn nx! # i  is the argument matrix to be determined. 

note that ( ) ( ) .T M T M1 = --  In the transformed state coordi-

nates, ,P P| |k k
a

k k
a

1- , and Kk
a  are given by

( ) ( ) ,P T U P T U|k k
a

k k k
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k1 1= - - <
- -

r
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k= - - <r

( ) .K T V Kk
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a= -r

matrices P |k k
a

1-
r  and P |k k

ar  become block diagonal, and thus two 

reduced-order filters are decoupled.

The two-stage eKf estimation for the augmented system 

can be performed in the new state coordinates. figure S2 

shows the two-stage eKf scheme, which is summarized 

as follows.

Initialization: Given the Ics [ , ]x xa
0 0 i= < <<t t t  and ,Pa

0 0  the 

Ics for the two-stage eKf in the transformed coordinates are 

, ( ) ,P P V P Px
0 0 0 0 0 0 0 0 0

1= =i i i i -r  ,|0 0 0 0i i=r t  ,x x V0 0 0 0 0 0 0i= -r t r  

and .P P V P Vx x
0 0 0 0 0 0 0 0= - <ir  matrices Px

0 0  and P0 0
i  are the 

initial error covariance matrices of the state and parameter, re-

spectively, and Px
0 0
i  is the initial error cross-covariance matrix 

between the state and parameter.

State and parameter prediction: By linearization of f and g 

at ( , , ),x uk k k k kit t  and h at ( , , )x u| |k k k k k1 1i+ +t t , compute matrices 
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 computation cost is alleviated leveraging a two-stage 
EKF described in “Two-Stage Extended Kalman Fil-
ter.” The tuning difficulty is addressed by sensitivity 
analysis, which singles out a set of most identifiable 
parameters to exclude weakly observable modes. Based 
on the sensitivity analysis, an enhanced adaptive SoC 
estimator is developed. Finally, simulation and ex-
periments demonstrate the effectiveness of both the 

 enhanced adaptive SoC estimator and the two-stage 
EKF design.

Joint extended Kalman filter Approach
A joint EKF frequently appears as a viable solution for 
many applications involving state and parameter estima-
tion. A comprehensive description of its application to 
adaptive SoC estimation is presented in [49]. The joint 

State and parameter update:
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The state-estimate xat  can be recovered by the inverse two-stage 

state transformation as ( ) , ( ) .x T U x x T V x| | | |k k
a

k k k
a

k k
a

k k k
a

1 1= =- -t r t r
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EKF-based adaptive SoC estimator is based on the aug-
mented battery model

 
( , ) ( , )

( ) ,

,x
A u x B u u w

w
y h x x x I v

k
a k k k k k k k k

k

k
x

k

k k k k k k k

1

1 2 3 5

i i

i

i

=
+

+

= - + - +

i+ ; ;E E
 

(8)

where , ] R!i[x xk
a

k k
8= << <  is the augmented state and 

[ , , ]w w wk k k
4 8f= <i  [ , , ]w w wk k k

4 8f= <i  with the covariance 
matrix Wk =

i  [ ( ) ] { , , } .E w w W Wdiagk k k k
4 8f=<i i  The augmen-

ted battery model (8) is derived by assuming battery param-
eters are constant, which is arguably valid when battery 
parameters vary at a temporal scale much larger than the 
sampling period. Fluctuations of the temperature and SoC 

are typically slow, and thus their influences on battery pa-
rameters can be characterized by the term .wk

i  The charge 
rate might change faster than the sampling rate, and the re-
sultant parameter variations cannot be captured by model 
(8). This limitation, however, can be addressed by consider-
ing rate-dependent parameter models as in [7]. It is not theo-
retically justifiable to assume a diagonal ,Wk

i  because the 
components of wk

i  are induced by the state and tempera-
ture variation and are thus correlated.

Given the augmented model (8), the joint EKF-based 
adaptive SoC estimator can be readily developed using the 
process in “Extended Kalman Filter.” For the simulation of 
the joint EKF-based adaptive SoC estimator with the syn-
thetic data, its ICs and tuning parameters are
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figure 11 A validation of the joint extended Kalman filter (eKf)-based adaptive state-of-charge (Soc) estimator by synthetic data pulse-
current case. (a) current profile. (b) Blue solid line: true Soc; red dashed line: estimated. (c) Soc estimation error. (d) Blue solid line: true 

;1i  red dashed line: estimated. (e) Blue solid line: true ;2i  red dashed line: estimated. (f) Blue solid lie: true ;3i  red dashed line: estimated. 
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results, tuning of the joint eKf is difficult to make the estimate of 2i  and 4i  converge.
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[ . , . ] ,x x0 75 0 8a
0 0 0i= < <<t

{ , , , , , , , },Q 10 10 10 5 10 10 10 10 10diag 6 8 8 11 8 10 4 8#= - - - - - - - -

,R 10 4= -

{ . , . , , , . , , . , },P 0 0625 0 01 10 10 0 0625 10 0 0625 10diag0
6 10 7 3= - - - -

where [ . , . , ]x 0 95 0 1 100
3= <-  is the true state, and [ .6 940 #i =  

, . , . , . , . ]10 0 989 3 31 10 0 998 0 085 4# <- -  is the true parameter 
values, computed according to nominal values of ,Rs  ,Rd  

,Cd  ,Rs  and .C0  Simulation results are given in Figure 11 for 
the pulse current and Figure 12 for the UDDS current. Sim-
ulation results for both current profiles lead to the follow-
ing observations:

 » Unlike the nonadaptive case, the joint EKF-based 
adaptive SoC estimator can provide accurate 
SoC estimation.

 » Significant effort is required to tune the Q and P0  to 
ensure the convergence of the state and parameter 
estimation. Parameters ,2 4i i  are much more difficult 
to estimate than other parameters. This is consistent 
with the sensitivity analysis offered below.

 » The adaptive SoC estimator takes longer to converge 
than the nonadaptive case. This is expected due to 
the additional parameter identification process.

The joint EKF estimator is also verified by the experi-
mental data, as shown in Figure 13. Both simulation and 
experimental studies confirm that the adaptive SoC esti-
mation outperforms the nonadaptive case in terms of the 
estimation accuracy, though it should be noted that 
tuning the joint EKF for adaptive SoC estimation is more 
time consuming.
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Figure 7 plots the condition number of the observability 
matrix when the eighth-order augmented model (8) is excited 
by a constant current. The observability matrix is nonsingu-
lar but ill-conditioned, which implies that the eighth-order 
augmented model (8) is weakly observable. The tuning dif-
ficulty of the joint EKF can be explained by the fact that the 
full-state estimation performance can be dramatically com-
promised by the existence of weakly observable modes [23], 
[50]. Even for a strongly observable nonlinear system, EKF 
tuning may be difficult. Meanwhile, adaptive EKFs, which 
attempt to alleviate the amount of tuning needed by using 
online identification of noise covariance matrices, have also 
been intensively investigated [50]–[52]. Such methods can 
incur a significantly increased computation load, making 
their practical utility in BMSs uncertain.

Performance of the EKF heavily depends on matrices Q, 
R, and .P0  For linear systems, ideally, Q, R, and P0  are the 
covariances of the process noise, measurement noise, and 
initial state error. For nonlinear systems, the tuning of Q, R, 
and P0  is not straightforward and typically resorts to the 
trial-and-error approach, though the existing work does 
establish some useful insights [53], [54]. A general tuning 
guideline is that Q and R should take into account the lin-
earization errors as well as noise [53]. Next, the tuning 
practice followed in the simulation is shown. Denote a con-
stant matrix { , , } .Q q qdiag 1 8f=  Guidelines to determine Q 
and R are illustrated by exemplifying the determination of 
q1, q8, and R from the first state equation, the eighth state 
equation, and the output equation of battery model (8). 
Assume that the noise covariance of the current source is 

.W 10x
1

4= -  Considering

( )
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x x K y y
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| | |

| |
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Let [( ) ]q E dk1 1 2=  to compensate for linearization errors and 
noise such that [ ] ( ) .E x x K y y| |k k k k k k k

1 1 1
1- =- - -t t  Considering 

that ( )~ , ~ , ~ ,w I10 10 10|k k k k k1 1
5 1 2a a- - -
- -t  the covariance of 

dk1  is on the order of 10 8- . Hence, q1  should take a value 
around 10 8- . Conditions on q2  and q3  can also be similarly 
derived. On the other hand, , ,q q4 8f  are associated with 
parameter dynamics ,wk

i
k
i

k
i

1i i= ++  which are not subject to 
a linearization error. For ,i4 8# #  qi  depends on the nomi-
nal value of the parameter ii  and how fast the parameter 
changes. Taking 5i  as an example, its nominal value is 
around .10 3-  Assume that parameter 5i  changes at a time 
constant of about 100 s. Given the sampling period ,sT 1s =  
the goal is to tune q8  so that the EKF can track the parameter 
within its time constant. That is to say, q8  should be on the 
order of .10 10-  Similar ideas are applicable to tune , , .q q4 7f

The matrix R accounts for uncertainties in ,y y |k k k 1- -t  
namely, the linearization error and noises. Assume that the 
voltage sensor has a noise covariance .10 6-  With the Taylor-
series expansion of ( ),h x1  uncertainties in y y |k k k 1- -t  are 
approximated as

( )
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k k k s k k k k k k1 2

2 1
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1
1 2 1 1
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|k k 1
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2
- - + + -- -
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t t
t

The first term is approximately of the same order as 
( )x x |k k k

1
1

1 2- -t  or .10 2-  Given ~ , ~ ,R w10 10s k
3 1 2- -  and ~ ,v 10k

3-  
the second and third terms are on the order of 10 5-  and 

,10 3-  respectively. Overall, the order of the linearization 
error is .10 2-  This implies that R should be around 10 4- . 
Note that the above selection for Q and R is a worst-case 
design. In fact, as the EKF estimator converges, the linear-
ization error decreases, which calls for a decline of Q and R 
accordingly. In the simulation, the matrices Q and R are set 
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figure 13 A comparison of the enhanced  extended Kalman filter (eKf) and the joint eKf using experimental data. (a) Blue line: true 
state-of-charge (Soc) from the coulomb counting; green line: joint eKf; red dashed line: enhanced eKf. (b) Soc estimation error; green 
line: joint eKf; red dashed line: enhanced eKf.
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to be constant for simplicity. A similar tuning technique 
has been developed and used to tune the EKF for chemical 
processes [55].

Two-Stage extended Kalman filter Approach
A two-stage EKF based on the optimal two-stage KF 
(OTSKF) [56], [57] is designed and validated for the adap-
tive SoC estimation, aiming at balancing the computation 
complexity and estimation performance. The two-stage 
EKF is applied to the augmented battery model (8). See 
“Two-Stage Extended Kalman Filter” for a detailed design 
of the two-stage EKF for a nonlinear system.

With the same ICs and tuning parameters, both the two-
stage and joint EKFs are validated using experimental data. 
The SoC estimation results are plotted in Figure 14, where 
the two-stage EKF produces performance comparable to 
the joint EKF. The computational burden of the two-stage 
EKF and the joint EKF for the adaptive SoC estimation 
problem can be evaluated as in [56] and [57]. Given that the 
dimensions of the state, parameter, input, and output are 

,n 3x =  ,n 5=i  ,n 1u =  and ,n 1y =  respectively, the two-
stage EKF takes 558 fewer arithmetic operations per sample 
time than the joint EKF.

Sensitivity Analysis
When addressing an adaptive estimation problem, two 
important questions to ask are whether adaptive estimation 
is possible and how difficult it is. These questions can be 
answered by rigorous observability/identifiability analysis, 
which has been carried out in different ways. As a standard 
approach, the observability analysis can be performed on 
the augmented model (8). Provided that the observability 
matrix is nonsingular and well-conditioned, stable adaptive 
SoC estimation is possible [58, Lem. 2.2.4]. When the aug-
mented model (8) is subject to a constant current input, the 

observability matrix Qo  is nonsingular but ill-conditioned, 
as shown in Figure 7. To determine which parameter causes 
the ill-conditioning of ,Qo  augment battery model (3) with 
different parameters and then examine the condition num-
bers of the augmented battery models. This procedure is 
tedious because it requires an exhaustive enumeration of all 
possible parameter sets, and the matrix Qo  is rather intricate. 
See [59] for an example of applying rigorous algebraic identi-
fiability conditions to an HIV/AIDS model.

Another approach makes use of the sensitivity analysis to 
determine whether parameter variations can propagate to 
the output y. Sensitivity analysis is the study of how change 
in the model output can be apportioned to different sources 
of change in the model input [60]. Its successful application 
stretches across many engineering problems, for instance, 
identifying critical regions in the parameter space [60] or 
determining the most identifiable subset of parameters to 
facilitate model reduction and parameter estimation. Partic-
ularly, a multitude of recent studies report how sensitivity 
analysis is used to choose the most significant parameters 
for diverse engineering systems, for example, in waste-water 
treatment processes [61]–[63], the activated sludge model 
[64], and synchronous generators [65], [66]. See [60] for more 
information about sensitivity theory and applications. Com-
pared with observability analysis, sensitivity analysis is 
straightforward to troubleshoot an ill-posed estimation 
problem and thus is instructive in practice.

Sensitivity analysis can be employed to establish that the 
adaptive SoC estimation based on the augmented model (8) 
suffers from a fundamental limitation caused by the overpa-
rameterized battery model and limited data. Sensitivity 
analysis can further provide guidelines to bypass this limi-
tation. For simplicity, local sensitivity analysis is performed, 
where small perturbations of parameters at specified nomi-
nal values are first assumed, and then the impact of the 

0 500 1000 1500 2000

Time (s)

0.2

0.3

0.4

0.5

0.6

0.7
S

ta
te

-o
f-

C
ha

rg
e

(a)

0 500 1000 1500 2000

Time (s)

(b)

–0.1

–0.05

0

0.05

0.1

S
ta

te
-o

f-
C

ha
rg

e 
E

rr
or

s

figure 14 A comparison of the two-stage extended Kalman filter (eKf) and the joint eKf using experimental data. (a) Blue solid line: 
true state-of-charge (Soc) from the coulomb counting; green solid line: joint eKf; orange dashed line: two-stage eKf. (b) Soc estima-
tion error; green solid line: joint eKf; orange dashed line: two-stage eKf. 
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perturbations on the output is quantified [60], [63]. Regarding 
the augmented model (8), the sensitivity of y with respect to 
the parameters can be derived
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Provided that , , ,x x1 1 12 3 4% % .i  and s = 0.0755, 2i  and 
4i  barely affect y and are difficult to identify. This qualita-

tive reasoning is affirmed by the simulation results shown 
in Figure 15. Since the sensitivities of y with respect to 3i  
and 5i  are equal to – I, Figure 15 only plots / , / ,y y1 22 2 2 2i i  
and / ,y 42 2i  when battery model (3) is subject to the pulse 
and the UDDS currents.

The above sensitivity analysis result can be nicely inter-
preted in the adaptive framework [15]. Considering that the 
gain from the control input to x1  is /( )C1 3600 10 % , the state 
x1  can be treated as a constant for a reasonably long time 
interval. Additionally, states x2  and x3  always stay in a small 
neighborhood of the origin. Within a reasonably long time 

interval, the battery state barely changes, and thus battery 
model (8) can be treated as an LTI system. With this in mind, 
a connection between the sensitivity analysis result and the 
persistent excitation condition can be established [15]. This 
connection is elucidated by studying a SISO LTI system (6), 
where , ,A Bg g  and Cg  are unknown matrices. It is under-
stood that system (6) can be transformed into the form

 
,

,
x Kx B y B u

y Cx
y u= + +

=

o
 

(10)

where both K and C are known and have special structure 
[15]. Unknown parameters of (10) only appear in By  and .Bu  
A set of filters can be constructed to generate known sig-
nals ( )t}  such that y takes a linear parameterization [15] 
( ) ( ) ,y t t} i=  where [ , ]B By ui = < <<  and ( ) [ ( ), , ] .t t n1 2f} } }=  

Applying local sensitivity analysis gives ( )/ ( ) .y t ti i2 2i }=  
Thus, parameter ii  is deemed critical only if the auxil-
iary signal ( )ti}  has a relatively large magnitude over 

[ , ) .t 0 3!  On the other hand, the persistent excitation 
condition requires there exist constants T0 31 1  and 
0 31 1 1a b  such that ( ) ( ) .dtI In

t

t T
n2 2# #a } x } x b<+#

Sensitivity Analysis-Based  
extended Kalman filter Approach
An enhanced adaptive SoC estimation scheme is provided 
to reduce the tuning work associated with the joint EKF. As 
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a direct application of the sensitivity analysis, select a 
subset of parameters to which the output is strongly sensi-
tive, and then augment battery model (3) with the selected 
parameters instead of the entire set of parameters. With the 
most easily identifiable parameters to estimate, the condi-
tions that result from the sensitivity analysis are more 
likely satisfied. The scheme is also validated by performing 
the observability analysis on the fourth-order battery 
model, which is obtained from augmenting battery model 
(3) with an additional state a . With a constant current applied 
to the fourth-order battery model, the condition number of 
the observability matrix is shown in Figure 7. Compared with 
the eighth-order augmented model, the observability matrix 
is significantly better conditioned.

This enhanced scheme is validated by conducting two 
studies based on the experimental data. In the first study, a 
reduced-order EKF-A is implemented to estimate the bat-
tery state x and two parameters 1i  and ;5i  results are 
shown in Figure 16. As anticipated, tuning of EKF-A is 
much more straightforward. The EKF-A provides more 
consistent estimation of 1i  and 5i  than the joint EKF. 
However, the SoC estimation produced by EKF-A is less 

accurate than the joint EKF case. With an averaging window 
size of 1000 time steps, EKF-A outputs parameter estimates: 

.5 719 101
5#i = -t  and . .7 634 105

4#i = -t

In the second study, a reduced-order EKF-B is used to 
estimate the battery state and parameters , , .2 3 4i i i  Experi-
mental results of EKF-B are given in Figure 17, from which 
the following facts are observed:

 » The SoC estimation from EKF-B is not satisfactory. 
This is associated with the use of the incorrect maxi-
mum capacity value.

 » The SoC estimation accuracy of EKF-B is dominated 
by the error between the a  value used in EKF-B and 
the true value.

 » The unknown parameters , ,2 3i i  and 4i  are still dif-
ficult to identify. This phenomenon is caused by their 
weak identifiability and agrees with the sensitivity 
analysis results.

With this analysis and validation, the sensitivity-analy-
sis-based enhanced adaptive SoC estimation scheme is the 
following:

 » Initially, EKF-A estimates the battery state and two 
parameters 1i  and .5i
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 » After EKF-A produces convergent parameter esti-
mates, EKF-B estimates the battery state and the 
remaining parameters, using 1i  and 5i  from EKF-A. 
The SoC produced by EKF-B constitutes the final SoC 
estimate.

 » Both EKF-A and EKF-B run in the cascade mode. 
Specifically, EKF-B runs with the sampling period 

,sT 1s =  and EKF-A runs at a much slower time scale 
compared with EKF-B. This arrangement is justified 
by the fact that both 1i  and parameter 5i  change at a 
pace much smaller than .Ts

The experimental data are applied to validate the en -
hanced adaptive SoC estimation scheme, and results are 
compared with the joint EKF case. As shown in Figure 13, 
the SoC estimation error of the enhanced adaptive scheme 
is about %1!  versus %2!  for the joint EKF case. Addition-
ally, the enhanced adaptive scheme enjoys advantages 
including a reduced level of effort in tuning the resultant 
EKFs and a lower computational burden.

One of the challenges that a real BMS faces is how to mit-
igate the adverse effects resulting from variations of the am-
bient temperature. This is important because the ambient 
temperature can change the noise properties and battery 

model parameters. An ideal SoC estimator can either adapt 
to or reject the fluctuation of the ambient temperature. Im-
proving the enhanced EKF by adapting Q and R to the ambi-
ent temperature can be part of the future work.

CONCLuSION ANd fuTuRE WORk
This article offered an in-depth case study of nonlinear 
SoC estimation for Li+ battery management. SoC monitor-
ing is at the heart of an advanced BMS to ensure safe and 
high-performing operation of Li+ batteries. This article 
demonstrated how the celebrated EKF technique can be 
effectively applied to solve the SoC estimation problem and 
how fundamental concepts in nonlinear estimation theory 
can be used to enable the estimator design and interpret 
the estimation results.

This article performed a thorough observability and sen-
sitivity analysis with a simple ECM battery model, which 
serves as a backbone for developing effective solutions to SoC 
estimation. An existing joint EKF-based adaptive SoC esti-
mator, which performs simultaneous state and parameter 
estimation, is capable of producing accurate SoC estimation 
but suffers from being difficult to tune and having a rela-
tively high computational cost. The tuning difficulty is, in 
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large part, due to fundamental limitations originating from 
the overparameterized battery model and the limited data. 
Inspired by this analysis, this article further presented two 
custom EKFs, an enhanced EKF and a two-stage EKF, for 
adaptive SoC estimation. Compared with the joint EKF, the 
enhanced EKF has improved estimation accuracy, reduced 
tuning efforts, and a lower computational burden. The two-
stage EKF shows comparable estimation performance but 
requires considerably less computation. This article presents 
a systematic observability and sensitivity analysis, revealing 
and overcoming the potential pitfalls that can undermine a 
successful application of EKF to SoC estimation.

Despite the success of EKF-based techniques in the SoC 
estimation, a few questions still remain open, which may 
represent opportunities for further investigation. The first is 
how to prove the convergence properties of the SoC estima-
tors. While there exist some results about the convergence of 
EKF, they have not yet been effectively transitioned to SoC 
estimation. Most nonlinear SoC observers also lack conver-
gence analysis because the battery models usually do not 
admit the special structures often needed for the relevant 
proofs. Second, the full-state estimation pursued in the exist-
ing works is indeed unnecessary since not every state or 
parameter will be of interest or use to the BMS. Thus, a key 
question is how to construct reduced-order estimators or 
functional observers for higher computational accuracy. 
Third, going beyond the cell level, is how to perform SoC 
monitoring and tracking for Li+ battery packs. SoC estima-
tion at the pack level is rendered more challenging and inter-
esting by the increased system sophistication and mutual 
cell-to-cell influence. Along these lines, how to make the best 
use of the battery dynamics to reduce the number of voltage 
and current sensors without a significant sacrifice of estima-
tion accuracy is an interesting problem.
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