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A micromechanical model to predict the flow of

soft particle glasses

Jyoti R. Seth’, Lavanya Mohan', Clémentine Locatelli-Champagne?, Michel Cloitre?*

and Roger T. Bonnecaze'

Soft particle glasses form a broad family of materials made
of deformable particles, as diverse as microgels’, emulsion
droplets?, star polymers®, block copolymer micelles and
proteins®, which are jammed at volume fractions where
they are in contact and interact via soft elastic repulsions.
Despite a great variety of particle elasticity, soft glasses
have many generic features in common. They behave like
weak elastic solids at rest but flow very much like liquids
above the yield stress. This unique feature is exploited
to process high-performance coatings, solid inks, ceramic
pastes, textured food and personal care products. Much of
the understanding of these materials at volume fractions
relevant in applications is empirical, and a theory connecting
macroscopic flow behaviour to microstructure and particle
properties remains a formidable challenge. Here we propose a
micromechanical three-dimensional model that quantitatively
predicts the nonlinear rheology of soft particle glasses. The
shear stress and the normal stress differences depend on
both the dynamic pair distribution function and the solvent-
mediated EHD interactions among the deformed particles.
The predictions, which have no adjustable parameters, are
successfully validated with experiments on concentrated
emulsions and polyelectrolyte microgel pastes, highlighting the
universality of the flow properties of soft glasses. These results
provide a framework for designing new soft additives with a
desired rheological response.

Soft particle glasses share common features with hard sphere
glasses such as non-ergodicity and caged dynamics. However,
whereas hard sphere colloids experience only forces due to
excluded volume, soft particles at high volume fraction are
compressed against each other by bulk osmotic forces and form
flat facets at contact, with the average deformation depending on
particle elasticity and volume fraction. The solvent forming the
continuous phase is localized in thin films separating the particles
(Supplementary Fig. S1). We model a soft particle glass as a
suspension of N non-Brownian, elastic spheres (Fig. 1a), which are
dispersed at a volume fraction above the random close-packing of
hard spheres (¢ > ¢. ~ 0.64), in a solvent with viscosity ns. The
particles are slightly polydisperse in size, with an average radius R,
which prevents them from crystallizing under flow. We characterize
the contact between two particles by the overlap distance h,5 and
the relative deformation g, = hyg /R, where R, is the contact radius
(Fig. 1b). The suspension is subject to an imposed shear flow in
the plane (x, y) with shear rate y, particle and fluid inertia being
neglected. As two compressed particles move past one another,
a flow of solvent develops inside the liquid films separating the
facets. This generates a net positive pressure, causing a further elastic

Figure 1| Structure and interactions of a model soft glass. a, Typical
configuration of jammed elastic spheres at ¢ = 0.8; y is the applied shear
rate. b, Schematic showing pair-wise interactions between particles a and
B with radii R, and Rg centered at x,, and xg and translating with velocities
u, and ug. rep is the centre-to-centre distance. hog =Ry +Rg —rqp is the
overlap distance; the thickness of the lubricating film separating the facets
is much smaller that the overlap distance. The deformation of the particles
is characterized by e, = hapg/Rc, where R =Ry Rg /(Ry +Rp) is the contact
radius. uqg,|| is the component of the relative velocity parallel to the facets.
The elastic force f; 5 and the EHD drag force fggD are parallel to the unit
vectors normal (n) and parallel (n) to the facets, respectively.

deformation of the particles, which self-consistently maintains
the lubricating films and makes particle motion possible. This
mechanism shares strong similarities with the elastohydrodynamic
(EHD) slippage of soft particles compressed against solid surfaces.
The interaction between « and § is composed of a central repulsive
force £, associated with the elastic contact between the two
particles, coupled to an EHD drag force f3;”, due to the motion
of « relative to B.

The elastic force £, between soft particles such as elastomeric
particles®, microgels”®, and emulsion droplets’ can be modelled
using Hertzian-like potentials. The classical Hertz theory applies at
rest and near equilibrium®, where &,4 less than 0.1. When the glass
flows at high shear-rates, £,5 can be much larger and Hertz theory
underestimates the contact force. We used a modified approximate
expression®, which is valid up to g,4 2 0.6 : £, =4/3CE*¢] ,Rin
where E* = E/2(1—v?) is the contact modulus (E: Young modulus;
v = 0.5: Poisson’s ratio for incompressible spheres). The values
of n and C vary with the degree of compression (Supplementary
Fig. S2). It is interesting to note that the elastic energy associated
with the elastic contact forces is generally much larger than kT
(Methods), indicating that the origin of the dynamics resides in
the elastic properties of the particles themselves. The EHD drag
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Figure 2 | Computed shear stress and first and second normal stress differences of model soft glasses. Each colour refers to a particular volume fraction:
¢ =0.70 (grey circle), » = 0.75 (blue circle), ¢ = 0.80 (green circle), ¢ = 0.85 (black circle), ¢ = 0.90 (red circle). The shear stress and first normal stress
differences data are denoted by full symbols, the second normal stress difference by open symbols. In a, the continuous lines represent the best fits to a
Herschel-Bulkley equation (Supplementary Fig. S3); the inset shows the variations of the elastic and viscous components of the stress for ¢ =0.70 and
¢ =0.90; the full line has a slope 2/3. In b, we have plotted data only for ¢ = 0.70 and ¢ = 0.90 for the sake of clarity; the inset shows the variations of the

elastic and viscous components of the first normal stress difference.

force f;” is coupled to the repulsive elastic force f;, because
the hydrodynamic pressure in the lubricating film supports the
Hertzian pressure due to f; ;. We use the following expression
based on the solution for a single particle dragged along a smooth
surface™: f50 = —(nsCuys | E*R) ey ™ ny.

Both £, and ;" are assumed to be pairwise additive so that
the net forces on particle o, F and FEPP, are the sum of the
contributions from all facets. The motion is then described by the
equation: u, = dx,/df = u® + M,[F’ + FEMP], where u° is the
velocity field due to the applied shear rate, and M, =f,(¢) /67 1sR,
is the mobility coefficient, which is that of a particle corrected by a
factor f,(¢) that accounts for its reduction at high volume fraction.
The equation of motion is made dimensionless by scaling lengths,
time and velocity by R, y ' and y R respectively, so that

dx, £($) [4 oo -
= — | =Cy nsR
kT a, +6nRa 3 14 Xﬁ:gaﬁ ng

~—1/2 - 53\1/2 _(2n+1)/4
=7 (CitapyRY) ey 'y
[

where the tilde quantities are dimensionless. The form of this
equation shows that the dynamics is characterized solely by the
dimensionless shear rate y = yns/E*, which represents the ratio
of viscous to elastic forces, and the overlap deformation &,4, which
depends on the volume fraction.

The N coupled equations of motion were integrated numerically
to determine the evolution of the spatial position and velocity of
each particle, and the normalized steady-state shear stress o /E* and
first and second normal stress differences, N, /E* and N, /E*, of the
glass (see Methods). Figure 2a shows the simulated flow curves for
five volume fractions between ¢ = 0.7 and 0.9. The results are well
described by the Herschel-Bulkley equation: o /E* =0, /E* +k, y ",
with m =0.50+£0.02; k, « Gy/E*, where G is the low-frequency
storage modulus, which has been determined independently’;
0, = Gy, is the yield stress, where the yield strain y, ranges from
0.02 to 0.04 (Supplementary Fig. S3). The shear thinning exponent
m = 1/2 has been observed for soft particle suspensions very close
to the jamming transition'®!!, in compressed emulsions'?, and in
microgels". Figure 2b shows the variations of the non-dimensional
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normal stress differences. They are roughly equal but opposite in
magnitude (N, = —2N;), indicative of a so-called film fluid". At
low shear rates they tend to a constant value whereas at high shear
rates they grow proportionately to y **. In the inset of Fig. 2a, we
present the elastic component of the stress, o°, which arises from
the distortion of particles during rearrangements and the viscous
component, ¢, due to the EHD drag force. The latter increases like
oV oy, which differs from the variation oV oc )31 : predicted for a
2d array of emulsion droplets>!>. Most importantly the magnitude
of o¢ is at least two orders of magnitude larger than ¢". The inset
of Fig. 2b shows similar results for normal stresses. The important
result here is that the rheology of soft glasses is dominated by the
elastic component of the stress associated with the alteration of the
structure under flow.

The elastic stress o, can be expressed in terms of the dynamic pair
correlation function g(r), which characterizes the distortion of the
microstructure during shearing. Figure 3a shows azimuthal plots of
g(r) in the flow-gradient planes, which are indicative of the density
of particle centres around a test particle of radius unity. During
shear, neighbouring particles tend to accumulate in the upstream
quadrant (0 <6 < /2), where they are more compressed, and
deplete along the extensional axis (6 = 37 /4), where they are less
distorted. To relate these observations to the shear stress and normal
stress variations, we have decomposed g(r) into an orthogonal
series of spherical harmonic functions'®! (see Supplementary
Information). The coefficient g _,(r) of the expansion, which
measures the asymmetry of the pair distribution between the
compression and extension axes, is shown in Fig. 3b. The negative
minimum at the radial distance r,, is due to the accumulation of
particles in the compressive region. The larger is the shear rate,
the smaller r,,, indicating that particles are pushed closer. The
depth of the minimum indicates more particles are on average in
the compressive region; conversely the height of the maximum
indicates fewer particles are on average in the extensional region.
The elastic component of the shear stress can be computed from
&.2(r) through'®: o« = —p2«/71'/ISfOZRr3fe(r)g2,_2(r)dr, where p
is the average number density of particles and f* is the magnitude
of the elastic force between two particles. The integral in the
expression of o° is dominated by the force at the point of maximum
accumulation, where the particles are highly compressed. Thus, the
stress can be accurately estimated by o = f,,X,,, where f,, is the
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Figure 3 | Microstructure of sheared soft particle glasses. a, Azimuthal plots of the pair distribution function in the flow-gradient plane at different shear
rates yns/E*, which is indicative of the probability of finding a particle centre at position (r, 8) from a test particle centred at (0,0). Dark red colour
indicates the highest probability of finding particle centres. The dashed line indicates the average centre-to-centre distance between particles at rest

(¢ =0.80). b, Spherical harmonic coefficients g _»(r) at different shear rates (¢ = 0.80). ¢, Dimensionless force at the radius of maximum accumulation
versus applied shear rate for volume fractions studied in Fig. 2: ¢ = 0.70 (grey circle), ¢ = 0.75 (blue circle), ¢ = 0.80 (green circle), ¢ = 0.85 (black

circle), ¢ =0.90 (red circle).

magnitude of the elastic force at r =r,, and X, is the above integral
of & _»(r) over the domain where g _,(r) < 0. X,, represents
the surface density of contacts over a particle that significantly
contributes to the stress. When the shear rate varies, X, is
approximately constant (Supplementary Information), indicating
that the contacts are redistributed but their surface density remains
the same. The elastic force f;, represents the force barrier that
particles overcome to slide on top of one another. It is derived
analytically using simple sc&hng arguments in the Supplementary
Information: f,, =f, + k;y ', where fn,) = fn()/E*R?. The term
in the right-hand side, ﬁ, o Gy/E*, represents the elastic force
associated with a caged particle at the yield strain. The second term
is an extra contribution due to the EHD deformation of the particles
under flow; k¢ is a dimensionless coefficient that is proportional to
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the reduced low shear modulus G,/E*. To verify this prediction,
fm was computed numerically from r,, and the interparticle force
law. Figure 3c shows the results for the five volume fractions
investigated The curves are well represented by a Herschel-Bulkley
expression with a shear thlnnlng exponent m=0.50£0.02.

Using fi, =f, +k;p" and 0, = f,, X, we then predict the follow-
ing constitutive equation: ¢ /o, = l—i—k(yns/yzE*)‘/2 where k is a
numerical coefficient and y, = Emf; (Go/E*)~! is the yield strain.
This result is successfully tested in Fig. 4a, Wthh shows that the
flow curves calculated for different volume fractions collapse onto a
universal flow curve which is close to the prediction. The calculated
yield strains also agree with the values determined directly from
the simulated flow curves (see Supplementary Fig. S3). A similar
analysis based on coefficients g, ,(r) and g o(r) of the expansion
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Figure 4 | Universal constitutive laws for shear stress and normal stress differences from simulated data. a-c, The dashed lines are the best fits to the
constitutive equations derived in the text and Supplementary Section (k=8043; k' =2042; k" =2642).
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Figure 5 | Universal scaling of shear stress and first normal stress difference experimental data. a,b, Data for concentrated emulsions rescaled using o,
7y, and E* determined independently; solid symbols: oil in water-glycerol emulsions with s = 7.9 mPa's; open symbols: oil in water emulsions with s =
1mPas. ¢,d, Data for microgel suspensions (E* = 40 kPa). The dotted lines are the best fits to Herschel-Bulkley variations of the shear stress data and first
normal stress differences obtained from the simulations. The raw data are presented in the Supplementary Figs S4 and S5.

(see Supplementary Information) yields similar relationships for  stress differences produce sets of data resembling those obtained
the normal stress differences N, and N, (Fig. 4b-c). from simulations (Supplementary Figs S4 and S5). The data for

To test these predictions we have studied the rheological prop-  emulsions are rescaled in Fig. 5a,b using the values of E* and y,
erties of concentrated emulsions and suspensions of polyelectrolyte  determined experimentally. Both the shear stress and the normal
microgels with different volume fractions and solvent viscosities  stress differences collapse onto universal curves that are in good
(see Methods). Measurements of the shear stress and first normal  agreement with the theoretical predictions. For microgels, the
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contact modulus is unknown and cannot be measured easily. To
circumvent this difficulty, we determine E* in Fig. 5¢c by adjusting
the experimental shear stress variations to the predicted flow
curve. In Fig. 5d, we find that the resulting value also collapses
the experimental first normal stress differences onto a universal
curve that agrees with the prediction from the simulations. As an
interesting application, we also deduce the effective shear modulus
of individual microgels, Gp &~ 20 kPa, in qualitative agreement with
independent estimates (Methods), and with values measured in
macroscopic polyelectrolyte gels with similar composition™!8.

The constitutive equations established here demonstrate the
universality of the flow behaviour of soft glasses as a result
of a subtle interplay between elastic interactions and structural
rearrangements. This distinguishes our approach from other
models of glassy dynamics which do not include contact forces
and hydrodynamic contributions'®?. The importance of EHD
lubrication between deformed particles is reflected by the key role
played by the characteristic time 7s/E*, which can be tuned by
changing the viscosity of the continuous phase and/or the local
elasticity through the particle architecture and composition. The
alteration of the pair distribution function under flow together
with the elastic contact forces accounts for the generic shear
rate dependence of the shear and normal stress differences.
At high shear rates, concentrated hard sphere suspensions also
exhibit an accumulation and depletion of particle density along
the compression and extension axes, but the stress is linearly
proportional to the shear rate??2, These results indicate that the soft
particle glasses considered here form a class of materials singularly
distinct from non-Brownian ideal hard sphere suspensions.

The theory and the experimental data we have presented are
not very sensitive to the exact form of the interacting potential,
so the generic properties reported here will be found in many
other systems?. Our results open new strategies to estimate particle
properties from macroscopic rheology and conversely provide
rational tools for manufacturing and processing soft materials in
industrial applications.

Methods

Simulation technique. The model is implemented using a molecular dynamics-like
simulation on random packings of N elastic spheres confined in a cubic box

that is periodically replicated. N = 10° in the simulations reported here, but the
results with a much larger number of spheres (N = 10*) were not significantly
different. The radii of the spheres have a 10% polydispersity with an average radius
of R, similar to that in the experimental systems examined later. We first created
compressed random packings of force-free particles at the prescribed volume
fraction ¢ following ref. 7. Constant shear rate simulations were then performed
using the open source LAMMPS code** assuming Lees—Edwards boundary
conditions. The position and the velocity of each particle were obtained by solving
the N equations of motion above using the Verlet integration algorithm?®. The
mobility coefficient correction factor f, (¢) was equal to 0.01 for these simulations,
but the results did not vary significantly for values of f, (¢) less than 0.1. The viscous,
elastic and total stress tensors were computed from the Kirkwood formula®:
0= LYNSN B, —x), 0 = — b 3N S, B (%~ Xp), 0 =0 0,
where V' is the box volume. The shear stress o = 0, the first, and second normal
stress differences, Ny = 0« — 0, and N, = 0,, — 0., respectively, were computed
from the appropriate components of the stress tensor. These simulations were
performed at non-dimensional shear rates y = y7,/E* between 10~° and 10~*. For
every (y,¢) combination, o, N; and N, were calculated at regular time intervals
until steady state was reached. Steady-state values were then determined by
averaging over several strain units. The results reported in this paper were obtained
by averaging over five runs with different initial configurations of particles for each
volume fraction and shear rate.

Preparation of emulsions. The emulsions are dispersions of silicone oil (viscosity:
0.5 mPa s) in aqueous solvents stabilized by the non-ionic surfactant Triton

X. They were prepared according to the well established protocol previously
described’. To ensure purely repulsive interactions, the emulsions were washed
after preparation to eliminate the excess surfactant and avoid depletion interactions
between droplets. The droplet size distribution and the structure of the emulsions
were determined from confocal microscopy observations. The mean particle
radius is R~ 1.25 wm with a polydispersity of about 20%. The structure of
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the emulsions remains disordered at all volume fractions. The contact elastic
modulus E* was determined from the radius R and the interfacial tension y; using
the relation’: E* = 9.92 ;/R. The latter was measured using the pendant drop
method. The solvents are water (7s =1 mPas, y; ~5m] m~2, E* ~ 40kPa) and a
water—glycerol mixture (ns = 7.9 mPas, y; &~ 4mJ m~2, E* &~ 32kPa). The volume
fraction was set by centrifugation and was measured both by gravimetry and by
image processing. With these values of R and E* and & = 0.1, the ratio E*¢*?R? /kT
is much larger than 1 (~ 10°).

Preparation of microgels. We used polyelectrolyte microgels consisting of a
cross-linked copolymer network of ethyl acrylate and methacrylic acid. The
microgels are collapsed at low pH and swell when there are ionized by NaOH. At
low concentrations, the collapsed and swollen microgels are spherical particles
with a hydrodynamic radius R = 50 nm and R = 230 nm, respectively. They form
glasses above close-packing. The particles tend to shrink when the concentration
is increased so that the actual volume fraction cannot be determined accurately?.
We used the polymer concentration C as the control parameter. At swelling
equilibrium, the shear modulus of the particle, Gp, and the osmotic pressure of
the counterions inside the particles are expected to be equal?®, which provides an
order of magnitude?” of Gp & 50 kPa. With the values of E* and R for microgels and
£=0.1, the ratio E*¢*?R® /kT is also much larger than 1 (~10°).

Rheological measurements. Measurements are made using an Anton-Paar MCR
501 rheometer mounted with a cone and Peltier plate geometry and a solvent trap
(diameter: 50 mm; angle: 2°; truncation: 48 um; temperature: 20 °C). The shearing
surfaces are coated with waterproof sandpaper, providing a surface roughness of
20 um which prevents the occurrence of slip®.
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