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Many rheological properties of concentrated suspensions of soft particles jammed together beyond the
random close packing limit for hard-spheres are determined by the contacts between the particles and
are computable from the short range value of the pair distribution function. It is a challenge to compute
the structure of these amorphous suspensions because they are athermal, non-equilibrium materials.
Here we develop a microscopic theory to predict the short ranged pair distribution function with

a transport or conservation of mass equation for the stationary state that includes a concentration
dependent mean force that captures the effect of the bulk suspension on the pair interaction. The
resulting distribution function is singular as the concentration approaches random close packing as
expected from the theory for hard spheres. The pair distribution function and elastic properties that can
be calculated from it are validated by computer simulations and experiments with concentrated

suspensions of particles with varying soft potentials.

1. Introduction

Concentrated suspensions of soft particles are useful as rheo-
logical modifiers for food, cosmetics, organic inks and coatings.
They possess both solid- and liquid-like characteristics. At rest,
they behave like elastic solids, and they are typically shear-
thinning when continuously deformed. These disordered
suspensions consist of deformable and impenetrable particles
jammed beyond the random close packing fraction for hard
spheres (¢, = 0.64).! Examples include microgel suspensions,*?
polymer coated colloids*, and compressed oil in water emul-
sions.’ The dispersed particle sizes in these jammed systems range
from a few nanometres® to hundreds of micrometres.* The elas-
ticity of the particles is derived from surface tension, osmotic or
entropic/steric forces, depending on their composition.” Despite
the different particle sizes and sources of elasticity, these
concentrated suspensions of soft particles share many common
properties.”®

In these suspensions it is the elastic repulsion forces that are
dominant and not the thermal forces thus they are referred to as
athermal. The microstructural and rheological properties of
these materials are determined by the contacts between the
particles. The high packing fraction leads to particles pushing
against each other and forming an elastic cage of contacts around
each particle.>**!° In the stationary state when the particle
distribution function becomes time independent, the elastic
interactions among the particles determines their microstructure.
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Given the microstructure embodied by the pair distribution
function, the bulk elastic properties of these concentrated
suspensions can be determined, e.g., the high frequency modulus
via the Zwanzig-Mountain relationship."* Since the interaction
potentials between soft particles often vanish beyond contact,
only the short-ranged pair distribution function (at radial sepa-
rations less than a particle diameter) is needed to compute their
bulk properties.

The athermal nature, ultrasoft interactions and high packing
fractions make theoretical determination of the microstructure of
these concentrated suspensions of soft particles a challenge.
Theories to predict the pairwise distribution function of systems
of hard spheres have been developed extensively.'®!* In the case
of soft particles, several closure relationships have been coupled
with the Ornstein-Zernike relation’*!” to obtain the pairwise
distribution function. Hard sphere perturbation theories have
been developed for the same, where equivalent diameters with
respect to hard sphere systems are chosen based on matching the
free energies,'®?® Boltzmann factors,* liquid structure factors®
or second virial coefficients®® of the system. However, these
methods are only applicable at volume fractions below random
close packing, where a hard sphere reference states exists.
Further, the temperature factor or thermal energy that plays
a major role in these theories is not significant in the case of the
soft particle suspensions examined here, where the elastic inter-
actions due to the large compressions are dominant, again
making it difficult or impossible to apply these theories in prac-
tice for highly concentrated, athermal suspensions of soft
particles.

In this paper we develop a microscopic theory to predict the
radial pair distribution function g(r) that describes the structure
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of these amorphous, jammed systems. The constituent particles
are impenetrable and form flat facets at contact and the behavior
at these facets determine the properties of these materials. Elastic
properties of the soft particle glasses, such as the osmotic pres-
sure and high frequency modulus can be determined from the
pairwise radial distribution function.'** Further, since interac-
tion potentials between soft particles vanish beyond contact,
only the distribution function resolved over a short range is
needed. In Section 2 we describe a pairwise theory to compute the
radial pair distribution function. Particle scale simulations and
the insights gained from them are discussed in Section 3. Theo-
retical predictions of the short ranged pair distribution function
and the elastic properties that can be calculated from it are
presented in Section 4. The theory is validated by comparison
with data from computer simulations and experiments. Finally,
because the particles are impenetrable, the pair distribution
function should diverge at random close packing. The nature of
the divergence of contact value of g(r) at random close packing
has also been studied and the predictions from our theory agree
well with previously published results.

2. Theory

Consider a reference particle located at the origin surrounded by
a suspension of compressed soft particles as shown in Fig. 1. The
constituent particles being deformable as well as impenetrable
form flat facets (indicated by the dark colored contact regions) at
contact in high concentration suspensions. The probability of
finding a test particle located at r is proportional to the pair
distribution function g(r), which we would like to determine in
order to compute the elastic properties of the concentrated
suspension of soft particles. The transport or conservation
equation for the pair distribution function is given by,*’

V-[g()V ()] =0, (1

Fig. 1 (Color online). Schematic of forces acting on a test particle
located a distance r from the reference particle. The radial pair distri-
bution function g(r) is determined by the transport eqn (1). The forces
acting on a particle (dark red) a distance r from the reference particle
(dark red at origin) are the pairwise contact force Fy and the effective
many body force of the concentrated suspension surrounding the particle
Ff. These forces are balanced at the stationary state and determine pair
distribution function. The darker contact regions represent the flat facets
formed due to the impenetrable nature of particles.

where V(r) is the velocity of the test particle, located at r, relative
to the reference particle due to elastic forces of all the particles.
We imagine the velocity of the test particle to be the result of two
contributions: the pairwise elastic interaction with the reference
particle and the effect of all the other particles surrounding it.
Thus, V(r) = M-[Fy + Fg], where M is the mobility of the
particles. Although the eqn (1) is expressed in terms of the net
flux of the pair distribution function, we may still use it to
determine the stationary state of the system by considering the
point where the net flux or V(r) vanishes, which will occur when

The pairwise elastic repulsion between the test particle and the
reference particle is given by

(@)

where u(r) is the interaction potential between the particles and
e, is the radial unit vector. Fy is the sum of the forces or the
effective mean elastic force of all the other particles
surrounding the test particle except for the reference particle.
Since the reference particle is excluded, this force will act in the
opposite direction of Fy, thus providing the balancing force at
the stationary state. We postulate this many body force is the
sum of the negative pairwise elastic force —Fy(r,,), where r,, is
the radius of maximum pairwise density (separation between
dg(r)
dr
Brownian force in thermal systems,?® so that,

particles where

=0), and a force analogous to the

Fi(r) = =Fp(r,) — (U)VIn g(r), 3)

where the thermal energy kT is replaced by the average elastic
energy (U). This average elastic energy depends on the pairwise
interaction potential and increases with increasing volume frac-
tion ¢. The rationale for this postulate is that at r,, the many
body force on the test particle must balance the force on the test
particle due to the reference particle, hence the first term in eqn
(3). In addition to the analogy to a Brownian force, the second
term in eqn (3) may be considered a potential of the mean force
acting on the test particle. The average energy (U) is used as the
prefactor because it is the natural energy scale for this system of
particles that only interact with one another elastically.

At the stationary state (no flow) the pair distribution function
of the suspension is radially symmetric, and thus eqn (1) becomes

dl, ding(r)\] _
&P (R = Faten) - 0 ) | <0,
. du(r) ..
where the scalar function Fy (r) = — T.Note that the mobility

drops out and thus its value is not needed for the remaining
analysis. Because the potential vanishes beyond contact, eqn (4) is
only valid for radial positions less than the particle diameter and
so only describes the short-ranged pair distribution function.
However, only the short-ranged value is needed to compute the
bulk properties of the suspension. From the integration of eqn (4)
and the fact that the g(r) is finite and continuous, it is found that

=a(¢p)exp| — L [u(r) + Fu(rm)(r —ra)]| - (5)

g(r) @)
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What remains is the determination of the three constants, (U ),
a and r,,, all of which depend on volume fraction. They are
determined by the following conditions. First, the average energy
(U) is proposed to be the energy per contact per particle and is
determined self-consistently using the relationship,

2fR471'11r2u(r)g(r)dr
(U) =" (6)
2 [ Amnr2g(r)dr
0

The factor of two in the denominator is included because each
contact is shared between two particles. Second, the number of
contacts per particle N is also constrained so that

2R

N = J47rnr2g(r)dr. @)

0

It has been found that N = N. + Ky(¢ — ¢.)", where N. = 6 is
the number of contacts at random close packing, Ky = 7.7 + 0.5
and v = 0.5 £ 0.03.2* The constraint on the number of contacts
is useful in determining the coefficient a(¢) in eqn (5). Finally, the
non-dimensional overlap distance 2 — r,,/R has been observed to
follow the scaling K(N — N.)**! A preliminary estimate for K,
can be obtained by the following mass conservation argument.
Consider a random close packing of spheres with radius R,, in
a fixed volume V. Imagine the particle radius being increased to
R such that the final volume fraction is unity. The final radius R
would be R,,¢. . Assuming that the spheres were just touching
each other at random close packing, the overlap distance 2 —
rn/R at the final volume fraction is thus given

by % (R — R,p) = 2(1 — ¢!/3). Comparing this to the scaling for

the overlap distance and the relationship between number of
contacts and volume fraction already available, we find that
K, = 0.013. Thus, using the scaling for r,, in eqn (5), and self
consistently determining (U) using eqn (6), and a(¢) using eqn
(7), we can determine the short-range pair distribution function
for any given volume fraction and interaction potential.

Given the short-range pair distribution function, the osmotic
pressure T of the suspensions may be determined according to'?

2R
47n? ; du(r)
e O

®)

0

and the high-frequency modulus G, can be computed with the
Zwanzig-Mountain formula'

i Zng(r)i{ﬂd“—(”} dr ©)

o = En 0 dr dr

In the next section the constants (U) and a are evaluated by
numerical integration.

It is insightful to develop an approximate analytical expression
of g(r) as follows. For r close to r,,, u(r) can be written as the
Taylor-series expansion

u”(r,,,)
2

u(r)y =u(r,) + u,(r,”)(r —rm) +

(r— r,,1)2+0<(r — rm)3>.
(10)

Using this approximation up to the quadratic term in eqn (5),
we find the pair distribution to have the Gaussian form*?

u \r, (1 1)
= g0(¢)ex {_ 2<(l7>) ( rm)z] .
where
2(9) = a(@)exp [ - ”f{}"))} . (12)

The constant a(¢) and thus go(¢) are determined by the
constraint on the number of contacts in eqn (7). Using the form
of g(r) in eqn (11), a(¢) is determined to be given by

¥l

a(#) = 4mnl (U)

(13)

(14)

and

0=

() (15)
is the width of the peak of g(r). The peak value go(¢) can be
determined from a(¢) using eqn (12).

In general the pairwise interaction potential depends on the
overlap, say u(r) ~ (2 — r)*, where A is some positive exponent.
The average elastic energy (U) ~ u(r,,) ~ (2 — ;)" And o' (r,,,) is
the second derivative of the interaction potential and scales as
(2 — r,)* % This makes 6 ~ (2 — r,,). The overlap 2 — r,,)) ~
(N — N.)* ~ (¢ — ¢.) as indicated previously. Thus, the width of
the peak scales as 6 ~ (¢ — ¢.).

3. Particle scale computer simulations

Particle scale simulations were done to validate the predictions
from theory for three different interparticle potentials. The pair
distribution functions, osmotic pressure and the shear moduli
were computed using the methodology described elsewhere in
detail®* and briefly recapitulated here. To create highly concen-
trated packings of soft spheres, three-dimensional, periodically
replicated random close packed configurations of hard spheres
were first generated using the compression algorithm introduced
by Lubachevsky and Stillinger.** After forming the close-packed,
hard-sphere microstructure, the spheres were treated as soft
particles. Each close packed configuration was compressed by
reducing the box size in small decrements until the desired
concentration was achieved. After each decrement, the system is
allowed to relax using a conjugate gradient algorithm to mini-
mize the system energy or equivalently ensure the net contact
forces on each particle vanish. These configurations were used to
compute the pair distribution function,  and G.. The three
pairwise interaction potentials are listed in Table 1 for Hertzian
contacts for linearly elastic spheres, the potential for
a compressed emulsions and the potential for spheres composed
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Table 1 Pairwise interaction potentials used in simulations

Interaction potential u(r)

Parameters

Hertz potential*>3*

8 23
— _E*R}(2-—
15v2 ( )

35

Compressed emulsions
2yR2C
Rivi al3 +
Mooney-Rivlin material 4 E*R3 (2 - L>n
3V2n R

E* — particle contact modulus, R — particle radius

v — interfacial tension, C = 0.36, a = 2.32

C=1,n=15forr/R>19 C =31.62,n=23 for
1.8<r/R<19C =790.57,n=5forr/R>1.8

of a non-linear elastic Mooney-Rivlin material. The pairwise
elastic repulsion force for these interaction potentials is presented
in Fig. 2.

The simulations confirm that N = N, + Ky(¢ — ¢.)""> where
N.=6,¢.=0.64and 2 — r,/R = K(N — N.). The constants Ky
and K, were found to depend slightly on the nature of the
interacting potential. They were found to be very close to the
values in literature and our preliminary estimate cited earlier.
Fig. 3 shows the effect of volume fraction and interaction
potential on the number of contacts and overlap at r,,, respec-
tively. The effect of the interaction potential is more evident at
higher volume fractions as the particles are more compressed and
the interaction energy is more important. The average energies
(U) from simulations match very closely the self consistently
determined values from theory. The agreement between theo-
retical predictions and simulation values are shown in Fig. 4a.
The average elastic energy vanishes as we move towards the
random close packing limit as shown in Fig. 4b, a necessary
condition for the pair distribution function to become singular at
¢. = 0.64.

4. Results and discussion

Fig. 5 shows the theoretical predictions of the radial distribution
functions computed using eqn (5) with the three constraints
discussed and their comparison to simulation results. Calcula-
tions were done with three different pairwise interaction poten-
tials for linear elastic Hertzian spheres, compressed emulsions,
and non-linear elastic Mooney-Rivlin spheres as given in Table 1.
Appropriate values of Ky and K, were used for each interaction
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Fig. 2 (Color Online) Elastic Repulsion forces for hertz potential (solid
lines), compressed emulsion potential (dashed) and Mooney-Rivlin
material potential (dash-dot).

N
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potential. Unlike concentrated hard sphere suspensions, the
centers between soft particles can be less than two radii apart.
The results have been shown for volume fractions 0.675, 0.7,
0.75, 0.8, 0.85 and 0.9 in the insets and for volume fractions of
0.7,0.8 and 0.9 in the main figures. Indeed the peak sharpens and
narrows as the volume fraction approaches that for hard spheres
at random close packing. This transition is shown most clearly,
for example, in Fig. 5d for the Hertz potential.

For the Hertz potential and compressed emulsions, the peak of
g(r) decreases while the spread increases with increase in volume
fraction. For a given volume fraction, the spread of the curve is
lower for stiffer potentials. In the case of the Mooney-Rivlin
material at ¢ = 0.90, compressions > 20% become more likely
and the interaction at these compressions becomes stiffer which
leads to a narrower g(r) curve with a larger peak. The theoretical
predictions closely match the results from simulations and thus
validate the theory.
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Fig. 3 (Color online) Simulation results (symbols) and corresponding
models for N — N.(a) and 2 — r,,/R(b). Lines: fits with scaling laws using
constants K, = 0.0091, 0.0105, 0.016 and K = 8.67, 8.49, 7.31 for Hertz
(circles), compressed emulsions (squares) and Mooney-Rivlin materials
(diamonds), respectively. Insets: linear scale.
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Fig. 4 (Color online) a) Comparison of theoretical predictions (lines) of
average elastic energy with simulation results (symbols). b) Variation of
average energy with volume fraction for Hertz (circles), compressed
emulsions (squares) and Mooney-Rivlin materials (diamonds).
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Fig. 5 (Color online) Comparison of theoretical predictions from eqn
(5) (dashed lines) of g(r) with computer simulations (solid lines) for a)
Hertz potential, b) Compressed emulsions and ¢) Mooney-Rivlin mate-
rial. Right to left in a), b) and ¢): volume fraction =0.7, 0.8 and 0.9. Insets:
Theoretical predictions for volume fractions 0.675,0.7,0.75,0.8,0.85 and
0.9 (right to left). d) Hertz potential — volume fractions 0.645, 0.65, 0.675,
0.7, 0.725 (right to left).

The analytical expressions for a(¢), go(¢) and d(¢)determined
using the perturbation expansion [eqn (12)—(15)] are plotted as
a function of (¢ — ¢.) in Fig. 6 and are compared with the

numerically evaluated values using eqn (5). As expected, a(¢) and
go(¢) diverge while the width 6(¢p) vanishes as (¢ — ¢,), the hard
sphere random close packing limit. The scaling for this behavior
in the region (¢ — ¢.) = 107 to 10" are given by

a(p) ~ (¢ — ¢p)0908 = 00144 (16)
g0(¢) ~ (¢ _ ¢L‘)—0.933 + 0.0073 (17)
6(¢) ~ (¢ _ ¢C)0,986 + 0.0098 (18)

These scalings are close to those derived by Jacquin et al.?®
where it was predicted that the peak of g(r), go(¢) ~ (¢ —
¢.)'and that the width of the peak, 6(¢) ~ (¢ — ¢.). Thus, the
theory here predicts closely, the behavior of suspensions near
the jamming transition as well as for more compressed
suspensions.
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predictions of a(¢) and peak and width of g(r) for different volume
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—compressed emulsion potential, diamonds/dashed-dotted lines —
Mooney-Rivlin potential).
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Fig. 7 (Color Online) Theoretical universal curve (black solid line) and
scaled simulation data (symbols). Hertz (circles), compressed emulsions
(squares) and Mooney-Rivlin materials (diamonds). Volume fractions:
0.65 (green), 0.8 (blue) and 0.9 (red).

g(r) _ r—=Tm
From eqn (11), mexp{—( 5

curve for concentrated soft particle suspensions. Fig. 7 shows the
theoretical curve (black line) and the scaled simulation data. The
simulation data has been scaled with the peak, r,, and width from
the simulation results. The agreement is good, especially close to
1, since the Gaussian form has been derived using a quadratic
expansion of the potential about r,,.

Elastic properties of these materials can be predicted using
g(r). The osmotic pressure and the high frequency elastic
modulus can be computed theoretically using eqn (8) and (9).
Fig. 8 shows the theoretical predictions of these properties for
different interaction potentials as well as predictions from
simulations and experimental osmotic pressures for compressed
emulsions and foams. The osmotic pressure and elastic moduli
for the Hertzian and compressed emulsion potentials appear to
approach a plateau value at the higher concentrations. However,
for the Mooney-Rivlin material, the bulk materials stiffen with
increasing volume fraction and no such plateau is observed.
There is good agreement among the theoretical, computational
and experimental values.

2
) } is a universal

5. Conclusions

A theory and methodology have been developed to predict the
short ranged radial distribution function for athermal, highly
concentrated, amorphous suspensions of soft particles based on
the transport equation for the distribution function and
a component of its flux from a proposed mean elastic force. The
theory accurately predicts the distribution function for a variety
of soft particles compared to computational simulations. The
predicted distribution functions can further be used to accurately
predict the osmotic pressure and high frequency modulus. The
elastic properties and the radial distribution function g(r) do not
change significantly for polydispersities up to 20%.3* Thus the
theory can be used even for mildly polydisperse systems with the
average particle radius. Although the main focus of theory is to
predict the microstructure and elastic properties at concentra-
tions much larger than random close packing for hard spheres,
the predicted radial distribution function becomes singular with

‘G

o/

T(yR),G_/(y/R)

*

n/E ,G_/E

Fig. 8 (Color online) Comparison of theoretical predictions (lines) of
elastic properties for a) hertz potential, b) compressed emulsion potential
and c¢) Mooney-Rivlin material potential with computer simulations
(circles — osmotic pressure and squares — high frequency modulus) and
experiments on osmotic pressure of compressed emulsions (diamond)*®
and foams (triangle).’” Upper lines: high frequency elastic modulus and
lower lines: osmotic pressure.

the expected scalings as the volume approaches random close
packing. This theory provides a new tool for predicting the
microstructure for these concentrated soft particle materials.
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