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Transformer background

Output
Probabilities

@ SOTA language and vision models are

transformers
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Add & Norm

e Transformer: Neural network

architecture built around AT Norm W Hosd
. . Attention
self-attention units N~
[Vaswani et al., 2017] s E —
Multi-Head Multi-Head
. Attention Attention
o Self-attention: Maps token sequence T ()

H H Positi | iti
to sequence of convex combinations postiondl (- G~ Fostona
of embeddings of the other tokens, = =
weighted by softmax attention score

Inputs Outputs
(shifted right)

[Vaswani et al., 2017]
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In-Context Learning

@ Pretrained language models can perform in-context learning (ICL)
of tasks not seen during pretraining [Brown et al., 2020]

o ICL: few-shot learning with single forward pass (no model updates)

Instruction: Analyze sentiment
Input |: Cheerful

: Positi
Context Output |: Positive
Input n: Lonely Positive
Output n: Negative
+1: Exci
Query Example n+|: Excited

Output n+l:
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In-Context Learning

@ Pretrained language models can perform in-context learning (ICL)
of tasks not seen during pretraining [Brown et al., 2020]

o ICL: few-shot learning with single forward pass (no model updates)

Instruction: Name the capital city.
Input |: United States

Context Output |: Washington D.C.
Input n: Argentina New Delhi
Output n: Buenos Aires
+1: Indi
Query Example n+1:India

Output n+1:
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How to explain ICL?

We follow prior work by considering ICL as regression [Garg et al., 2022]

o ICL task function class: F C {f : RY — R}

o ICL task t: For some f; € F, the model takes as input
» context: (x¢1,ft(Xe1)+€r1),-- ., (Xen, fe(Xen) + €n) Xe)i € Rd
> query: Xt7n+]_

goal: predict fi(x¢ny1)
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How to explain ICL?

We follow prior work by considering ICL as regression [Garg et al., 2022]

o ICL task function class: F C {f : RY — R}

o ICL task t: For some f; € F, the model takes as input
» context: (x¢1,ft(Xe1)+€r1),-- ., (Xen, fe(Xen) + €n) Xe)i € Rd
> query: Xt,n+1

goal: predict fi(x¢ny1)

e Pretraining: train transformer to minimize MSE of its prediction of
f(X¢,nt1) across T such tasks
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How to explain ICL?

We follow prior work by considering ICL as regression [Garg et al., 2022]

o ICL task function class: F C {f : RY — R}

o ICL task t: For some f; € F, the model takes as input

> context: (Xt,17 ft(xt,l) + €t,1), ceey (Xt,nv ft(xt,n) + 6t,n). Xt,i € R?
> query: Xt,n+1

goal: predict fi(x¢ny1)

e Pretraining: train transformer to minimize MSE of its prediction of
f(X¢,nt1) across T such tasks

e Downstream evaluation: given n labelled examples from a new task
T + 1, predict fry1(X741,n+1)
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ICL as Regression

@ Each ICL task is written as a token sequence Z, e R(d+1)x(n+1).

Z, = [ Xt,1 Xt,2 e Xt.n Xt,n+1:|
. fr(xen) +ee1 fe(xep) +ern o0 fi(Xen) +€rn 0

X.
Denote Z; = [z¢1,..., 2], where z;j = [f( b ]
t

° Xe i)+ €
e Each column z,; of Z, is an embedded token

o Context: z¢1,...,2¢p

o Query: z; 1 — Goal is to predict its missing label
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What is known about ICL in this setting?

Popular idea: ICL can be interpreted as gradient descent (GD)

o [von Oswald et al., 2023, Akyiirek et al., 2022, Bai et al., 2023,
Fu et al., 2023]: Existence of transformers that implement GD and
other gradient-based algorithms during ICL on linear regression tasks
» Unclear whether pretraining leads to such transformers

J
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What is known about ICL in this setting?

Popular idea: ICL can be interpreted as gradient descent (GD)

@ [Zhang et al., 2022, Ahn et al., 2023, Mahankali et al., 2023]: Solving
pretraining loss yields transformers that execute preconditioned GD
during ICL

» Only holds for linear attention and linear tasks

J
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What is known about ICL in this setting?

Popular idea: ICL can be interpreted as gradient descent (GD)

@ [Cheng et al., 2023] Extension to nonlinear attn and tasks: ICL is
functional GD
» Requires activation to be a kernel (does not include softmax)
» For accurate predictions, requires activation kernel to align with kernel
that generates task labels (implicitly assumed in linear analysis)

Key Question J

How does softmax self-attention learn to perform ICL?
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@ Intuition: Softmax Attention allows for adapting an attention window
@ Results Part I: Attention window adapts to function Lipschitzness

@ Results Part Il: Attention window adapts to direction-wise function
Lipschitzness

Aryan Mokhtari (UT Austin) Softmax Attention for ICL February 20, 2024 9/31



Learning Model: One Layer of Softmax Self-Attention

e Self-Attention: Maps each token in Z to another token of same
dimension (drop subscript t ease of notation)
o Parameters: 8 = {W, Wy, Wy} € (RAHDx(d+1))3

Value Embeddings Key Embeddings Query Embeddings
2 Wi
z Wi
Wyzy | Wyzy e (Wzu| O Woz, | Woz, v | WoZust
Zi Wi

Column-wise
softmax
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Learning Model: One Layer of Softmax Self-Attention

e Self-Attention: Maps each token in Z to another token of same
dimension (drop subscript t ease of notation)
o Parameters: 8 = {W, Wy, Wy} € (RAHDx(d+1))3

Value Embeddings Key Embeddings Query Embeddings
2 Wi
z Wi
Wyzy | Wyzy e (Wzu| O Woz, | Woz, v | WoZust
Zi Wi

Column-wise

softmax
n (Wkz)T(Woz))
e J
hsa(zi, Z;0) = Jz_; M ;,,:1 W) T(Woz)) * (1)

z; value embedding

Attention z; pays to z;
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Pretraining Loss

Recall

- X1 X2 Xn Xnt1
’ f(X1)+61 f(X2)+61 f(X,,)—i—Gn 0

For simplicity, we consider

_ |0dxq 04 _ |Mk 04 _ |Mg 04
WV‘[od 1]’ WK_[od o] We=|o, o

and define M := M Mg € R?*9, thus

x M x;11

hsa(zni1, Z; M)gi1 = Z(f (xi) +ei) (2)

Z T’Wxn+1

o (d+1)-th element of hsa(zpt1,Z; M): prediction of f(xp+1)
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Pretraining Loss

o Let y,; = fi(xs;) + €. Empirical loss on T contexts:

ti Mxt,n+1

‘C(M) Z Zytl

t_ 1e tl

Mxt i1 yt,n—l—l
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Pretraining Loss

o Let y,; = fi(xs;) + €. Empirical loss on T contexts:

T n Mxt ,n+1 2
(M) _
( E yt S Mxe Yen+1

I 1€

@ For simplicity, we consider the population version:

n x| Mx 2
e’i n+1
L(M) :=Er (x3, {e}; (Z(f(xi) + 6,')Z,, T M f(Xn+1)>

i=1 i=1

where f ~ D(F), x; & Dy, ¢ " D,

How do minimizers of (ICL) adapt to D(F), Dy, D.? J
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ICL estimator intuition

Let us return to the ICL estimator:

T
eXi M xpi1

—
n X! Mxpi1
j=1¢"

f(xne1) = Y (F(xi) +€)
i—1

some type of distance between x; and x,41

Lemma 1: Inverting the data covariance
Under natural symmetry conditions:
xi~EV2UY Vi = M* = wyoE !

for any M* € arg min £(M) and some wkq > 0, where U is the uniform
distribution over the d-dimensional hypersphere.

For the remainder of the talk, X = I, WLOG.
Does not explain ICL completely. — What is wkg?
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ICL Estimator Intuition

w,
o= 52l xi = Xnea |2

KQ . 2
§ :n — || X Xn+1
j 1 e 2 ” J n ”

Attention x,411 — Xj:

© Observation 1: Attention is larger for points closer to x,11
» convenient if || x; — xp41 || is @ proxy for |f(x;) — f(xpt1)]
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ICL Estimator Intuition

Attention x,411 — Xj:

e

YK
- 20 ” X

— Xp+1 ||2

J

YK
S e a2l xj = xns1 |2

© Observation 1: Attention is larger for points closer to x,11
» convenient if || x; — xp41 || is @ proxy for |f(x;) — f(xpt1)]

@ Observation 2: How much larger? Controlled by wgg

n=2, ||x1 — x3||?=0.25, ||x2 —x3]|?=0.5

Aryan Mokhtari (UT Austin)

Attention x3 - Xx;

1.0

Wko

» Larger wxq — attention concentrates on the closest point(s)

Softmax Attention for ICL

February 20, 2024
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ICL estimator intuition

13—— Attention Window —-ir

Xquery

8

—— Softmax
os —=—- Linear

o o

0.010

s o
g &

Attention Weights
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Position Relative to Xquery

100 I e =g

- Linear

ICL Error

——

-10 -05 0.0 05 10

——

——

100 200 00 400
Number of Context Samples

Top:
attention windows. Middle:

100 200 300 400

100 200 300 400

Varying Lipschitzness in the ground truth results in different optimal
Attention unit can adapt to these attention

windows using softmax. Bottom: ICL error with varying number of context

tokens.
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ICL estimator intuition

VAL

\/ VU

How ||M|| changes the prediction.

Tradeoff M large

M small

Attention decays quickly with distance

slowly with distance

Number of points

that are attended to fewer more
Estimator bias Low High
Noise Variance High Low
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Intuition Summary

Function change | Desired (attention window, wkq)
Rapid (Small, Large)
Slow (Large, Small)

To formally capture these intuitions, we consider the following ReLU-based
function class (see paper for additional classes):

Fo={f  f(x) = 01(q" x)4 + La(—q " x)4 + b, 1,62, b€ [~L, L]*}
where D(F;") is induced by ¢4, £5, b ~ Unif([—L, L]), and (z)+ :=max(z,0).

Definition (Lipschitzness)

The Lipschitzness of a function f is defined as:

Lip(F) i= jnf{L: [IF(x) = F(x)]| < Lk =X ¥ x,x'}

e For any f € F, Lip(f) = max(|¢1], [£2]).
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Results Part |: Softmax Attention Adapts Attention Window

to Lipschitzness

Theorem 2

For sufficiently large n, the minimizer of the of the pretraining population
loss induced by D(F;") is M* = wxql g where

2((%)") <me<o((2%))
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Results Part |: Softmax Attention Adapts Attention Window

to Lipschitzness

Theorem 2

For sufficiently large n, the minimizer of the of the pretraining population
loss induced by D(F;") is M* = wxql g where

2((%)") <me<o((2%))

Some extreme examples

@ 0 — o0: no signal, average the noise, wxg — 0.

@ L > o: no point aggregating noise, pick the nearest neighbour,
WKQ — OQ.

@ n — oo: the query token is in the context! Choose the nearest
neighbour, wkg — 0.

o To our knowledge, first result showing how pretrained softmax
attention facilitates ICL.
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Pretraining Loss

@ Pretraining population loss, where f ~ D(F), x; HEd- Dy, ¢€; bid- D.:

2
N (F(xi)+c) e Mxnn
Zl—l( ( ) ) _ f(X,H_l))

.
iy Mo

L(M) = Ef 1x}.1e} <
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Pretraining Loss

@ Pretraining population loss, where f ~ D(F), x; Hid Dy, €; Hid D:

2
= ZI,'1:1(f-(xi) + 6,‘) ex,T M xpi1
L(M) = Ef,{x;}v{ei} < Zn_l oXi Mxpi1 — f(Xnt1)

@ Decomposition:

n ex;r M x,11 2
[,(M) = Ef,{x,-}, Z f(X,’) n xT Mxnia - f(X,H_]_)
i=1 Dim1 €

['signal (M)

n x! M x 2
. 6,’ e’ n+1
+ Efx} ) (Z’l ) (ICL)

-
Z/n:]_ ex,' Mxn}l

. /

‘Cnoise(M)
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Proof Sketc

o Concentrations of various functionals of the empirical distribution of
tokens on the hypersphere:

2
2 e 2wkl xj = xnta |l
> H = .
Recall Lnoise(Wkq) = %) ; (5, e el o Hz)z. For the relevant
)

g
ws+1
range of wk@, Lnoise(Wkq) = © <J2K‘f]> .

5 2
» Recall Lbias(WKQ) = (Z’ f(xi) ekl Xi = xny1 | . f(Xn+1)> .

zj e WkQll Xj — xnt1 12

L2 L2 L2
Q (T) < ﬁbias(WKQ) <O <— + —> .

Wi WKQ n
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Proof Sketch

o Concentrations of various functionals of the empirical distribution of
tokens on the hypersphere:

2
2 e 2wkl xj = xnta |l
> H = .
Recall Lnoise(Wkq) = %) ; (5, e el o Hz)z. For the relevant
)

g
ws+1
range of wk@, Lnoise(Wkq) = © <J2K‘f]> .

5 2
» Recall Lbias(WKQ) = (Z’ f(xi) ekl Xi = xny1 | . f(Xn+1)> .

zj e WkQll Xj — xnt1 12
L2 L2 L2
Q —— < ﬁbias(WKQ) <O <— + —> .
Wi WKQ n

@ Use these to get a range for wkq.

—— overall upper bound
—— overall lower bound
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Empirical Scaling of ||M|| with L

@ ||M|| grows faster during pretraining with larger L, on both ReLU and
Cosine tasks, with both isotropic and non-isotropic x;.

RelU -- Isotropic RelLU -- Non-Isotropic
100 100
80 80 o i
= 60 60 PRI S S
=
T 40 | e s — 40
20 é/:/" 20
0 0
0 500 1000 1500 2000 0 500 1000 1500 2000
Pretraining Iterations Pretraining Iterations
Cos -- Isotropic Cos -- Non-Isotropic
100
80
60
40
20
0
0 500 1000 1500 2000 0 500 1000 1500 2000
Pretraining Iterations Pretraining Iterations
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Generalization Guarantees

Shared Lipschitzness across (train, test) is both necessary and sufficient
for ICL.

Theorem 3: Generalization

Suppose M is pretrained on the loss induced by D(]—“Z“). Suppose it is
tested on D(F,") then for large enough n, L(M) < 127 ("—;)diz
Meanwhile, if it is tested on D(F},),

2
L2 (nifg Ir2 L'’ > L (worse dependence on L')
>

L2 2(d+2)
(%)

L(M)

L' <L (no benefit of L)
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Empirical Generalization

Shared Lipschitzness across (train, test) is sufficient for ICL.

Test on Affine, L=1 = =
100 100 TestonRelU, L=1 100 Teston Cos, L=1
Trained on (all L=1) Trained on (all L=1) Trained on (all L=1)
—— Affine —— Affine —— Affine
- == "RellJ ==i"RellJ ==i"RellJ
g B CO5! o (e o (G
w \‘
o107t 107!
=
(%]
i)
1072 1072 1072
0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000
Pretraining lterations Pretraining lterations Pretraining lterations

@ 3 attention units, pretrained on Affine, ReLU, and Cosine tasks with
L=1

o Tested on (Left) Affine, (Middle) ReLU, (Right) Cosine, with L =1

@ All three attention units generalize to all test distributions since

L is the same
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Empirical Generalization

Shared Lipschitzness across (train, test) is necessary for ICL.

Teston Cos, L=1

10°
e -—
o
10 "\
Trained on
— Affine, L=1
—
== Cos, L=0.1
—- Cos, L=10
1072

0 250 500 750 1000
Pretraining Iterations

@ 3 attention units, pretrained on Affine tasks with L = 1, Cosine with
L =0.1, Cosine with L =10
@ Test on Cosine tasks with L =1

@ Only pretraining on the same Lipschitzness generalizes
> Please see paper for formal results (Theorem 3.5)
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Results Part II: Softmax Attn Learns Attn Window Direction

@ Now suppose labels depend only on a low-dimensional component of
the input
o 3 B € Rk such that all f; € F satisfy f;(x) = g:(B" x) for some
g RF SR
» Let B have orthonormal columns WLOG
@ Interesting case: k < d, then learning col(B) drastically reduces ICL
problem dimension

» Attention window of softmax attention should depend only on
projections of the input onto col(B)

Key Question

Does softmax attention recover col(B)?
<= Does attention window depend only on projections onto col(B)?
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Function Class and Connection with Lipschitzness

o Function class: Fi" := {f : f(x) = a'B' x, a € S}, and D(F¥)
is induced by drawing a ~ Unif(Sk~1).
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Function Class and Connection with Lipschitzness

o Function class: Fi" := {f : f(x) = a'B' x, a € S}, and D(F¥)
is induced by drawing a ~ Unif(Sk~1).

Definition (Direction-wise Lipschitzness - Informal)

For any direction s € S9~1;

Lips(f) := l{gﬂf{{L f(ss' x) —f(ss' xX)<Lls"x—s"x'| ¥V x,x'}
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Function Class and Connection with Lipschitzness

o Function class: Fi" := {f : f(x) = a'B' x, a € S}, and D(F¥)
is induced by drawing a ~ Unif(Sk~1).

Definition (Direction-wise Lipschitzness - Informal)

For any direction s € S9~1;

Lips(f) := ignfg{l' f(ss' x) —f(ss' xX)<Lls"x—s"x'| ¥V x,x'}

e If s € col(B) (label-relevant direction)
> maxrer,,, Lipg(f) =1, Recovering col(B) = s"Ms >0
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Function Class and Connection with Lipschitzness

o Function class: Fi" := {f : f(x) = a'B' x, a € S}, and D(F¥)
is induced by drawing a ~ Unif(Sk~1).

Definition (Direction-wise Lipschitzness - Informal)

For any direction s € S9~1;

Lips(f) := ignfg{l' f(ss' x) —f(ss' xX)<Lls"x—s"x'| ¥V x,x'}

o If s € col(B) (label-relevant direction)
> maxrer,,, Lipg(f) =1, Recovering col(B) = s"Ms >0

e If s € col(B)" (spurious direction)
> maxrer,,, Lipg(f) =0, Recovering col(B) = s"Ms=0

Recovering col(B) = Learning direction-wise Lipschitzness of Fi" J
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Main Result

Theorem 4 (Informal)

Suppose n =2 or o = 0. Then for some C = Q(1), any optimal solution
M* of the ICL pretraining loss induced by the task distribution D(F, ,’5’;")
optimized over the set M := {M: M = M" |BTMB||, < C} satisfies,
for c € (0, C],

M* = cBB'.

o If s € col(B) then s"M*s >0
o If s € col(B)™* then s"M*s =0

= M" learns direction-wise Lipschitzness, recovers col(B)
<= softmax attn window depends only on projections onto col(B)

@ To our knowledge, first result showing softmax attention learns
low-dimensional structure among ICL pretraining tasks.
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Conclusion

@ Softmax attention learns shared Lipschitzness — both scale and
direction — among pretraining tasks that facilitates downstream ICL.

o Future work:
» Moving beyond ICL-as-regression framework.

* Auto-regressive pretraining
* Sequences in which position is relevant to prediction
* Discrete data

» Role of MLPs.
» Multiple attention layers and parallel heads.
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Softmax Attention Learns Low-Dimensional Structure in

Nonlinear Functions

@ We consider generalized linear models (GLMs) with affine, quadratic,
and cosine link functions
> Affine: f(x) =w' x+2
» Quadratic: f(x) = (w' x)?
» Cosine: f(x) = cos(4w ' x)

Affine Tasks Quadratic Tasks Cosine Tasks
. Rep.Leaming EMOr sk oy  TestiCLEmor 052 e 1
—e— Softmax —+— Softmax : o Ay KA‘ A i
Linear 4~ Linear Nl AL AN, oo

Tes‘t ICL‘Error

Test ICL Error

Test ICL Error

Representation Learning Error

Representation Learning Error
Representation Learning Error

2500 o 2500 2000 2500

s00 o0 as 2o s00 w0 150 000 500 000 a0 2o
Pretraining Iteration Pretraining Iteration Pretraining Iteration
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