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Abstract 

 

Mechanics of Bubbles and Tents Formed by 2D Materials 

 

Zhaohe Dai, Ph.D. 

The University of Texas at Austin, 2020 

 

Supervisor: Nanshu Lu 

 

Poking and bulging have been standard methods for characterizing the mechanics 

of thin solids, including biological, metallic, and elastomeric membranes, as well as 

emergent atomically thin 2D materials. We call the poked and bulged thin solids tents and 

bubbles, respectively. Besides their broad uses for fundamental mechanics metrologies, 2D 

material bubbles and tents have seen a surge of interest in the field of condensed matter 

physics. The interest is triggered by the fact that the out-of-plane deformation associated 

with bubbles and tents can produce self-sustained, non-uniform in-plane strains, based on 

which exciting strain-coupled physics (e.g., bandgap engineering and pseudomagnetic 

fields) and unique quantum applications have been extensively demonstrated.  

The deterministic control of these experiments brings the necessity to elucidate the 

kinematics of 2D material bubbles and tents as well as how the geometry is selected by the 

elasticity and the film-substrate adhesive interaction. However, there are significant gaps 

between experimental observations and theoretical understanding of these systems, due to 

the under-appreciation of the atomically smooth/lubricated nature of 2D materials. In 

particular, 2D material-substrate interfaces are extremely susceptible to shear, while 

bubbles and tents have been frequently modeled with clamped boundary conditions that 
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prohibit any motions of their edges. In striking contrast, experimental observations have 

revealed subtle wrinkling instabilities near the edge of 2D material bubbles and tents (even 

at small deflections before further edge delamination occurs). This gives concrete evidence 

for the existence of inward slippage/shear of these atomic sheets on their supporting 

substrates, on which our quantitative understanding has been lacking. 

As a consequence, many questions arise that are of vital importance to both 

metrology and functionality applications of 2D material bubbles and tents. How does the 

shear of 2D material interfaces and the formation of elastic instabilities modify the 

mechanical responses of the sheet to point and distributed transverse loads on tents or 

bubbles? How are the strain fields modified? Besides, in many scenarios, 2D material 

bubbles and tents form spontaneously by trapping liquids and nanoparticles at the 2D 

material-substrate interfaces, respectively. A natural question is how the elasticity of the 

2D material, together with its adhesive and shear interactions with the substrate, select the 

geometry of those spontaneous bubbles and tents. Notably, the geometry may include not 

only the global out-of-plane profiles but also local features such as the extent of the elastic 

instabilities due to edge slippages. 

This dissertation aims to answer these questions concerning the mechanics of 2D 

material bubbles and tents. We study a collection of problems in this area with a particular 

emphasis on the role of the shear deformations associated with the atomic-level interfaces. 

With the understanding of these questions, we proceed to discuss a number of useful 

implications for the elasticity and interface metrology of 2D materials as well as the 

rational design of bubbles and tents for a range of applications with the instabilities being 

either avoided or exploited.  
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Chapter 1:  Introduction1 

In this chapter, we first briefly introduce the thin solid objects that this dissertation 

focuses on: a class of atomically thin films, termed two-dimensional (2D) materials, and 

their layered assemblies, termed vdW structures. We summarize an immense variety of 

mechanical phenomena seen in electronic devices based on 2D materials and vdW 

structures. These phenomena, though lead to structures across scales ranging from a few 

nanometers to a few microns, share a similar physical principle – their geometrical 

characteristics are controlled by the complex interplay between the elasticity of the 2D 

material and the interfacial interactions with its substrate. Such fact motivates this 

dissertation to explore how the elasticity and interface interactions associated with the thin 

sheets can be characterized, particularly with these mechanical phenomena being utilized. 

To this end, we focus on 2D material bubbles and tents that can be seen ubiquitously in 2D 

material devices or in standard indentation and bulge tests. 

  

                                                 
1Part of the content in this Chapter would also be found in: 

Z. Dai, R. Huang, K. M. Liechti, N. Lu. Mechanics at the Interfaces of 2D Materials: Challenges and 

Opportunities. Current Opinions in Solid State and Material Science 2020. (Z.D. wrote the draft for the 2D-

2D part.) 

Z. Dai, L. Liu, Z. Zhang. Strain Engineering of Two-Dimensional Materials: Issues and Opportunities at the 

Interface. Advanced Materials 2019, 31, 1805417. (Z.D. wrote the draft of this perspective.) 
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1.1 2D MATERIALS 

2D materials are a relatively new class of thin materials consisting of a single layer 

of covalently bonded atoms (Geim and Grigorieva, 2013; Liu et al., 2016; Novoselov et 

al., 2016). Graphene is the first 2D material to be isolated in nature and consists of a layer 

of carbon atoms arranged in a hexagonal lattice (Neto et al., 2009; Novoselov et al., 2004). 

In the last decade, graphene research has seen a surge of interest in the fields of physics, 

chemistry, materials science, engineering, and biology. This interest has led to the 

emergence of a variety of other 2D materials with diverse electronic properties (Figure 1.1) 

(Geim and Grigorieva, 2013; Liu et al., 2016; Novoselov et al., 2016), such as insulative 

hexagonal boron nitride (hBN), semi-conductive transition metal dichalcogenide (TMD), 

and metallic two-dimensional inorganic compounds (MXenes), and so on.  

 

 

Figure 1.1: 2D materials with various atomic structures and increasing bandgap from left 

to right. Adapted with permission from (Liu et al., 2016). 

As their dimension approaches the atomic limit, 2D materials not only show 

fundamental mechanical and thermal properties that are superior to conventional materials 

but also enable a number of electronic structures that cannot be seen at the bulk scale (some 

of them only exist theoretically). For example, graphene has been touted as the strongest 

material ever measured and may lead to the next generation of high-performance 

nanocomposites (Dai et al., 2019b; Lee et al., 2008). In general, 2D materials exfoliated 

from bulk crystals can sustain much larger deformation before fracture than their bulk 

counterparts (Akinwande et al., 2017; Androulidakis et al., 2018; Lee et al., 2008; Meng et 

Graphene Black phosphorus Dichalcogenides Hexagonal boron nitride

Metallic Semiconducting Insulating
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al., 2017). They also show excellent electronic properties because of a non-existent 

(overlapping) and direct bandgap between the electronic states of the bonded atoms (Geim 

and Grigorieva, 2013; Liu et al., 2016; Novoselov et al., 2016). The combination of unique 

electronic and mechanical properties of 2D materials has lent them well to many 

technology-focused applications, in particular atomically thin electronic and optoelectronic 

devices (Geim and Grigorieva, 2013; Liu et al., 2016; Novoselov et al., 2016).  

1.2 VAN DER WAALS STRUCTURES 

 

 

Figure 1.2: (a) Schematic and (b) transmission electron microscope (TEM) cross section 

of a graphene/hBN heterostructure. Adapted with permission from 

(Novoselov et al., 2016). 

While the fundamental physics of individual 2D materials is intriguing, a more 

intriguing paradigm can be achieved by stacking different 2D materials on top of each other 

for the material design in a bottom-up manner (Geim and Grigorieva, 2013; Liu et al., 2016; 
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Novoselov et al., 2016). The resulting layered structures, often called vdW 

heterostructures, feature strong intra-layer covalent bonding and weak interlayer vdW 

interactions (Figure 1.2). This unique anisotropy provides vdW structures with tunable 

collective properties via the vertical stacking sequence and the twisting angle between 

stacked 2D materials (Cao et al., 2018a; Cao et al., 2018b; Jin et al., 2019; Lu et al., 2019; 

Ribeiro-Palau et al., 2018; Seyler et al., 2019; Sunku et al., 2018; Yankowitz et al., 2019a). 

Furthermore, a plethora of opportunities appear by adding mechanical loads to the 

structure, including bending, stretching, and hydrostatic pressure (Burch et al., 2018; Levy 

et al., 2010; Yankowitz et al., 2019a; Yankowitz et al., 2018; Yankowitz et al., 2019b). 

Such unprecedented tunability has led to several observations of new physics (e.g. ‘magic-

angle’ superconductivity (Cao et al., 2018b) and pseudomagnetic fields (Burch et al., 

2018)) and a host of applications (e.g. phototransistors, light-emitting diodes and so on) 

(Geim and Grigorieva, 2013; Liu et al., 2016; Novoselov et al., 2016). 

1.3 ELASTO-INTERMOLECULAR PHENOMENA 

Complementary to these research activities in condensed-matter physics, research 

on mechanics of these 2D materials and their vdW structures has emerged recently 

(Akinwande et al., 2017; Androulidakis et al., 2018; Dai et al., 2019a; Liechti, 2019; Wei 

and Yang, 2018; Xu and Zheng, 2018). A particular finding at such atomic levels is that 

the area-related surface and interface forces start to dominate and interact tightly with the 

volume-related elastic forces. Such interaction has been the source of a variety of 

interesting mechanical behaviors of 2D materials and vdW structures in their functional 

devices; we term this class of mechanical behaviors elasto-intermolecular phenomena.  



 5 

1.3.1 In-plane tension/shear 

 

 

Figure 1.3: Domain walls in bilayer graphene. (a) Near-field infrared image of a sharp L-

shape domain wall containing horizontal shear-type and vertical tensile-type 

solitons. Schematic illustrations of the shear- (b) and tensile-type (c) strain 

solitons. (a-c) are adapted with permission from (Jiang et al., 2016). (d) Dark-

field TEM image of bilayer graphene with electrons selected from the [−1010] 

family of diffraction angles that helps to distinguish AB (gray) from BA 

(black) domains. Adapted with permission from (Alden et al., 2013). (e) 

Dark-field TEM image of bilayer graphene with a uniform twisting angle of 

0.1 degree. Adapted with permission from (Yoo et al., 2019). 

A direct example comes from strain solitons in bilayer graphene (Butz et al., 2014), 

where two commensurate stacking orders (i.e., AB and BA, or collectively called Bernal 

stacking) exist in bilayer graphene (Yankowitz et al., 2014). One can transit to the other 

through a dislocation vector along the armchair direction of the graphene (Alden et al., 
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2013; Kumar et al., 2016; Pochet et al., 2017). It often happens in experiments that two 

graphene layers are not perfectly Bernal-stacked. Then domains, where graphene layers are 

commensurate, are separated by 1D domain walls, where graphene layers are subject to 

mechanical strains and the stacking order changes rapidly in space (Figure1.3a) (Jiang et 

al., 2016; Jiang et al., 2018; Woods et al., 2014). Domain walls in bilayer graphene are 

typically nanometer-wide and called shear-type or tensile-type solitons (Figure 1.3b&c), 

depending on whether the soliton is parallel to or perpendicular to the dislocation vector 

(Alden et al., 2013). The subtle strain solitons in bilayer graphene have provided a platform 

for the studies of novel electronic states (Alden et al., 2013) and fascinating electrical and 

optical properties according to theoretical predictions and recent experimental 

demonstrations (Ju et al., 2015; Yao et al., 2009; Zhang et al., 2011c).  

More broadly, strain solitons and domain walls are common topological features of 

bilayer 2D material systems due to the periodic interlayer interaction potential (Ni et al., 

2019; Woods et al., 2014). Such topology can evolve under thermal annealing (Figure 

1.3d). For example, Alden et al. found that solitons in bilayer graphene became shorter and 

straighter during in situ heating above 1,000 °C, implying that AB and BA domains 

energetically favor regular structures (Alden et al., 2013). The example in Figure 1.3e 

shows triangular patterns of solitons and commensurate domains in 0.1°-twisted bilayer 

graphene that were found to correlate to moiré patterns (Yoo et al., 2019).  

Under thermal stimuli, motions of localized solitons could accumulate and result in 

discernable global motions between two layers towards an interface-favored state (Wang 

et al., 2016a; Wang et al., 2015b; Woods et al., 2016). For example, Wang et al. observed 

a critical angle (∼12°) for the rotation of a monolayer graphene on hBN, below which 

graphene tends to rotate towards a relative twisting angle of ~ 0° (most stable) with hBN, 

and ~30° (metastable) otherwise (Wang et al., 2016a). This interface-driven motion was 
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also found for graphene flakes of tens of micrometers with a translation or rotation of up 

to a few micrometers (Wang et al., 2015b; Woods et al., 2016). The fabrication of vdW 

structures and devices has benefitted from this unique self-rotation behavior; for example, 

a 2D material heterostructure can be aligned automatically by heating though it might be 

assembled with a random orientation of each layer initially (Wang et al., 2015b; Wang et 

al., 2013a). 

Besides these spontaneous deformations, extensive efforts in the literature have 

focused on how in-plane strain could be applied to 2D materials controllably. The main 

motivation is that mechanical strains can tune the electronic and photonic properties of 2D 

materials and may ultimately give rise to high-performance devices (Dai et al., 2019a; 

Deng et al., 2018; Roldán et al., 2015; Sun and Liu, 2019). This principle is termed strain 

engineering; it has been leveraged extensively as a mechanical treatment to traditional 

semiconductors, for example, to reduce inter-valley scattering, increase mobility in Si 

transistors, and reduce the hole effective mass in III–V semiconductor lasers (Del Alamo, 

2011). As an old technique developed for traditional semiconductors (Freund and Suresh, 

2004), epitaxial growth on a substrate with a controlled lattice mismatch is still useful to 

2D materials (Ahn et al., 2017; Akinwande et al., 2014; Amani et al., 2014; Liu et al., 

2014), as illustrated in Figure 1.4a. Recent advances have advanced this technique for 

TMD heterojunctions containing multiple vertically or laterally connected TMD layers 

(Han et al., 2018; Xie et al., 2018; Zhang et al., 2018a; Zhao et al., 2015).  
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Figure 1.4: Introduction of in-plane strain into 2D materials. (a) CVD growth of 2D 

materials on a substrate with a mismatched lattice. (b) Tensile or compressive 

residual strain could be achieved by exploiting the thermal-expansion 

mismatch between the 2D material and its substrate. Adapted with permission 

from (Ahn et al., 2017). (c) Schematic of straining a 2D material by deforming 

its supporting substrate. Adapted with permission from (Mohiuddin et al., 

2009). 

The epitaxial growth of 2D materials typically involves an elevated temperature. 

After cooling, compressive or tensile strain can be deterministically achieved in the 2D 

material by selecting the substrate with different coefficients of thermal expansion (Figure 

1.4b) (Freund and Suresh, 2004; Wang et al., 2017g). For example, Ahn et al. demonstrated 

stable built-in strains ranging from 1% tension to 0.2% compression by growing WSe2 (9.5 

ppm) on substrates with coefficients of thermal expansion ranging from 0.55 ppm to 12 

ppm (Ahn et al., 2017). Notably, besides the growth method, post-heating/cooling of the 

2D material-substrate system could offer a controllable way to introduce the thermal strain 

(Plechinger et al., 2015; Wang et al., 2015a). In this case, substrates could be arbitrary (not 

limited to be crystalline); and intricate strain patterns can be achieved in the 2D material 

by heating the substrate locally, such as with a focused laser (Plechinger et al., 2015).  

2D materials are much more deformable than traditional silicon-based 

semiconductors and they can be readily transferred onto a flexible substrate (e.g., 

elastomer) (Jang et al., 2020; Papageorgiou et al., 2017). To develop mechanical strains in 
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2D materials, a natural way comes from direct tension/compression or bending of the 

substrate (Figure 1.4c) (Gong et al., 2010; He et al., 2013; Liang et al., 2017; Ni et al., 

2008; Raju et al., 2014; Sarwat et al., 2018; Wu et al., 2018; Yang et al., 2017; Yang et al., 

2015). This strategy allows for incremental tuning of the mechanical strain and 

simultaneous characterization of Raman and photoluminescence (PL) responses of 2D 

materials (Androulidakis et al., 2019; Dai et al., 2016b; Dou et al., 2018; Gong et al., 2010; 

Jiang et al., 2014; Wang et al., 2016b; Wang et al., 2017e; Xu et al., 2015; Xu et al., 2016). 

Such advantage has given rise to well-established relations between mechanical strains and 

electronic structures (e.g., bandgap) in monolayer and multilayer 2D materials, especially 

TMDs (He et al., 2013; Wu et al., 2018). Alternatively, once the Raman and PL response 

of the 2D material to the strain is calibrated, their monolayer nature makes 2D materials 

particularly promising for applications as conformable wireless strain sensors (Raju et al., 

2014). Central to these applied in-plane strains is the interface mechanics between the 2D 

material and its substrate, particularly the tangential interfacial interactions (Dai et al., 

2016b; Gong et al., 2010; Guo and Zhu, 2015; Jiang et al., 2014). The atomic smoothness 

of 2D materials renders their interfaces susceptible to slippage that limits the stress transfer 

efficiency from the substrate to the sheet. The interfacial shear stress during slippage has 

been modeled with a nonlinear shear lag model to explain the strain/Raman band gradient 

revealed in experiments (Dai et al., 2016b; Gong et al., 2010; Guo and Zhu, 2015; Jiang et 

al., 2014; Na et al., 2016).    

1.3.2 Out-of-plane bending 

In addition to in-plane deformations and rotations/translations, a range of out-of-

plane deformations of 2D materials may interplay with interfacial interactions (Dai et al., 

2019a; Deng and Berry, 2016; Kushima et al., 2015). As we mentioned in Section 1.3.1, 



 10 

the CVD growth of 2D materials typically requires a high temperature, and a mechanical 

strain (either compressive or tensile) can be generated after cooling (Ahn et al., 2017; Dai 

et al., 2019a). Cui et al demonstrated the spontaneous formation of nanoscrolls by CVD-

grown TMDs (Figure 1.5a), which was triggered by an ethanol droplet and energetically 

favored by the release of the residual strain and the formation of 2D-2D interfaces (Cui et 

al., 2018).  

 

 

Figure 1.5: Scrolls and folds. (a) Schematic of the spontaneous rolling of a CVD-grown 

TMD monolayer. Adapted with permission from (Cui et al., 2018). (b) AFM 

images of self-folding of bilayer graphene ribbons with different initial width. 

Adapted with permission from (Annett and Cross, 2016).  

2D material folds have been frequently observed with a nanoscale curvature 

(Hallam et al., 2014; Ortolani et al., 2012; Shenoy and Gracias, 2012) in 2D material 

devices, reminiscent of carbon nanotube folds (Buehler et al., 2006; Mikata, 2010; Tawfick 

et al., 2011). By electron diffraction, Zhang et al. examined the edge structure of ~100 

suspended graphene folds and found that about ~1/3 were armchair (global energy 
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minimum) and 1/3 were zigzag (local energy minimum) (Zhang et al., 2010). More 

recently, Annett and Cross pierced a graphene layer on a substrate by an indenter and found 

that small tabs of folded-over graphene initiated and grew with spontaneous sliding, 

peeling, and tearing over time (Figure 1.5b) (Annett and Cross, 2016). This finding 

highlights the remarkable driving force provided by the 2D-2D interactions that can 

overwhelm both the edge energy of the sheet and the 2D material-substrate adhesion. 

Though folds are undesirable from the point of view of the device reliability, this type of 

out-of-plane deformation could be useful in mechanical metrologies (Chen et al., 2015; 

Han et al., 2019; Qu et al., 2019; Zhao et al., 2015), vdW structure fabrications (Rode et 

al., 2018; Schmidt et al., 2014), 2D material-based 3D origami and composites (Akius and 

van Ruitenbeek, 2018; Wang et al., 2019a; Wang et al., 2018; Xu et al., 2017). Extensive 

efforts have focused on controlling the folding and unfolding of these atomically thin 

sheets, and hence the physical properties of folds (Akius and van Ruitenbeek, 2018; Chang 

et al., 2018; Chen et al., 2019; Schniepp et al., 2008; Wang et al., 2017a; Yi et al., 2019). 

For example, Chen et al. used scanning tunneling microscope tips to tune the folding 

directions of monolayer graphene such that the folded, tubular edge can be precisely 

designed with specified chirality and thus 1D electronic properties (similar to those of 

carbon nanotubes) (Chen et al., 2019).  

Another type of bending-dominated deformations arises from elastic instabilities 

when a compressive strain appears in the 2D material/substrate system (Dai et al., 2019a; 

Dai et al., 2020). As illustrated in Figure 1.6a-c. The compressive strain could come from 

several origins, including the compression or pre-tension of the substrate, thermal residual 

stress, and the growth or transfer of 2D materials on substrates (including other 2D 

materials) with a relatively smaller lattice constant. In general, when the substrate is 

relatively stiff, buckle delamination is typically observed (Figure 1.6d-f) (Carbone et al., 
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2019; Castellanos-Gomez et al., 2013; Hattab et al., 2012; Lou et al., 2018; Ly et al., 2017; 

Yang et al., 2015); When the substrate is relatively compliant, wrinkles are more likely to 

occur (Figure 1.6g-i) (Chen et al., 2016b; Hattab et al., 2012; Meng et al., 2013a; Quereda 

et al., 2016; Sampathkumar et al., 2019; Xie et al., 2018). In some systems, wrinkles and 

buckle delamination can co-exist and co-evolve with the magnitude of the applied/existing 

compressive strain (Brennan et al., 2015; Pan et al., 2014). Of particular interest is the 

localized strain at the crest of these buckles and wrinkles, where the curvature reaches the 

maximum. Recent works have shown that such localized strain could alter the electronic 

and optical properties of 2D materials remarkably, such as effective reduction of the direct 

bandgap in MoS2 multilayers and 0.7-eV shift of the absorption edge in black phosphorus 

flakes (Castellanos-Gomez et al., 2013; Quereda et al., 2016). In addition, the wavelength 

of wrinkles and the crest curvature of buckles have been used for measuring Young’s 

modulus of 2D materials (Iguiñiz et al., 2019) and 2D material-substrate adhesion (Dai et 

al., 2019a; Deng and Berry, 2016), respectively.  
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Figure 1.6: 2D material buckles and wrinkles. Schismatic of 2D material buckles and 

wrinkles stemming from different origins: (a) the compression or pre-stretch 

of the substrate, (b) shrinking of the 2D material/substrate system due to a 

temperature change, and (c) heterostructures with an intrinsic lattice 

mismatch between layers. (d) Scanning electron microscope (SEM) image of 

a MoS2 flake buckling on an elastomeric substrate. Adapted with permission 

from (Castellanos-Gomez et al., 2013). (e) PL intensity image of a triangle 

monolayer WS2 where edge buckle delamination occurs due to the thermal 

residual strain. Adapted with permission from (Ly et al., 2017). (f) SEM 

images of buckle delamination at edges of Bi2Se3/Bi2Te3 heterojunctions 

where the bottom layer is compressed by the top layer due to the ~5.9% lattice 

mismatch. Adapted with permission from (Lou et al., 2018). (g) Optical image 

of a multilayer black phosphorus wrinkling on an elastomer. The inset shows 

a sketch of the crystal lattice orientation. Adapted with permission from 

(Quereda et al., 2016). (h) SEM image of a wrinkled graphene grown on 

copper as this system cools. Adapted with permission from (Meng et al., 

2013a). (i) SEM images of WS2/WSe2 superlattices with wrinkled/rippled 

structures at edges (greyish regions). Adapted with permission from (Xie et 

al., 2018). 
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1.3.3 Out-of-plane stretching 

Although these 2D material folds, scrolls, wrinkles, and buckles experience large 

out-of-plane deformations, their material length is almost preserved, and the gross 

Gaussian curvature of the structure nearly remains zero in the deformation configurations 

(Audoly and Pomeau, 2000; Holmes, D.P., 2019; Vella, 2019). Another class of out-of-

plane deformation arises when a Gaussian curvature of the deformed sheet changes.   

The excellent flexibility of 2D materials, together with their strong vdW 

interactions to substrates, usually guarantees an excellent conformability. As a 

consequence, the Gaussian curvature change of 2D materials can be naturally achieved by 

transferring them onto pre-patterned substrates (Li et al., 2016b; Reserbat-Plantey et al., 

2014; Shin et al., 2016; Zhang et al., 2018b). Recently, a variety of substrate patterns have 

been demonstrated, along with technical strategies for the transfer of 2D materials onto 

such patterns (Choi et al., 2015; Li et al., 2015; Li et al., 2016a; Li et al., 2016b; Nemes-

Incze et al., 2017). The resulted configurations have been practically useful in many 

situations, where the mechanical strains in the 2D materials couple with interface chemistry 

and physics. For example, Zheng et al. transferred MoS2 to SiO2 nano-domes with the aid 

of capillary pressures (Figure 1.7a) and demonstrated the applications of the strained 

structure in hydrogen evolution and bandgap engineering (Li et al., 2015; Li et al., 2016a; 

Li et al., 2016b) Notably, Choi et al. proposed a ‘three-step’ graphene integration technique 

that essentially allows arbitrary 3D graphene patterns; elongated pyramids, rectangular 

pillars, and inverse pyramids were demonstrated in (Choi et al., 2015). 
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Figure 1.7: 2D materials with large out-of-plane deformations. (a) SEM image of a MoS2 

layer fully conforming on a dome-patterned substrate. Adapted with 

permission from (Li et al., 2015). (b) AFM image of spontaneously formed 

graphene bubbles on bulk hBN (Khestanova et al., 2016). (c) SEM image of 

tents formed by transferring a graphene sheet onto pillar-patterned silicon 

substrate. Adapted with permission from (Reserbat-Plantey et al., 2014). 

Applications of 2D materials and their vdW structures have to involve multiple 

transfer process of 2D materials. 2D material bubbles and tents frequently form due to the 

trapping of fluids (e.g., water, gas, hydrocarbons) and solid nanoparticles at the interface 

(Figure 1.7b&c) (Ghorbanfekr-Kalashami et al., 2017; Khestanova et al., 2016; Vasu et al., 

2016; Yoshida et al., 2018; Zamborlini et al., 2015). Initially, those circular blisters have 

been viewed as an inconvenience for device applications (Kretinin et al., 2014; Pizzocchero 
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et al., 2016). However, recent studies showed that the considerable in-plane strain 

associated with these bubbles and tents could, in turn, create opportunities for the study of 

new fundamental physics and applications of 2D materials emerging at large strain levels 

(Branny et al., 2017; Klimov et al., 2012; Levy et al., 2010; Settnes et al., 2016). 

Alternatively, many 2D material bubbles and tents are designedly created by confining 

interface liquids or gas (Chen et al., 2017; Ghorbanfekr-Kalashami et al., 2017; Jia et al., 

2019; Tedeschi et al., 2019) or pre-patterning substrates with pillars (Figure 1.7c) (Branny 

et al., 2017; Jiang et al., 2017; Reserbat-Plantey et al., 2014). Applications include strain-

caused pseudo-magnetic fields (up to 300 T) in graphene bubbles and tents (Jiang et al., 

2017; Klimov et al., 2012) as well as large-scale quantum emitters enabled by draping 2D 

semiconductors over an array of micropillars (Branny et al., 2017). 

1.4 MOTIVATION 

These interesting elasto-intermolecular phenomena could be understood as a result 

of the balance between elastic and surface/interface forces. In fact, a qualitatively similar 

class of problems concerning the deformation of solids caused by surface forces (mainly 

from liquids) have been widely studied at sub-millimetric scales and frequently referred to 

as elasto-capillarity (Andreotti and Snoeijer, 2019; Bico et al., 2018; Style et al., 2017). 

Distinctively, the unique combination of the atomic thinness of 2D materials and the rich 

behaviors at 2D material interfaces make these small-scale elasto-intermolecular 

phenomena particularly interesting. There are natural needs to achieve a mechanistic 

understanding of such phenomena. In this context, extensive efforts have been reported in 

the literature; however, the atomically smooth nature of 2D material interfaces has been 

largely under-appreciated (see further discussion in Chapters 2-7), which motivates this 

dissertation. In the following, the features of 2D material interfaces will be briefly 
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reviewed. We then highlight bubbles and tents that could be powerful tools for the 

characterization of the mechanics of 2D materials and their interfaces.  

1.4.1 2D material interfaces 

Clearly, normal interfacial tractions at 2D material interfaces could be “strong" 

(Boddeti et al., 2013a; Boddeti et al., 2013b; Koenig et al., 2011), relatively to elastic 

forces. We have reviewed that the interfacial adhesion can compete with the elastic 

energies associated with the bending and stretching of 2D materials. The competition 

typically gives rise to a characteristic length scale or geometry for the deformed 2D 

materials. Examples include the curvature for graphene scrolls (Li et al., 2018; Zhang et 

al., 2018c) and folds (Meng et al., 2013b; Zhang et al., 2010; Zhao et al., 2015) as well as 

2D material buckles (Dai et al., 2019a; Deng and Berry, 2016; Vella et al., 2009), the lateral 

size of strain solitons (Braun and Kivshar, 2013), the tapering angle (Fonseca and Galvão, 

2019; Gao et al., 2018) and final width of self-torn graphene (Annett and Cross, 2016; He 

et al., 2018), and the aspect ratios of 2D material bubbles and tents (Dai et al., 2018; Jia et 

al., 2019; Khestanova et al., 2016; Lyublinskaya et al., 2019; Sanchez et al., 2018; Tedeschi 

et al., 2019). Besides, adhesion energies between 2D materials and substrates (including 

2D materials themselves) play an essential role in the fabrication of 2D material devices 

and vdW structures. For instance, the manufacturing typically involves extensive transfer 

processes (Frisenda et al., 2018), such as the exfoliation of 2D materials from their bulk 

crystals and (multiple) deliveries from donor substrates to target substrates. A so-called 

vdW pick-up transfer method has been developed that used an hBN flake (instead of 

elastomer) as the stamp to grab the 2D material from its substrate (Frisenda et al., 2018; 

Pizzocchero et al., 2016; Wang et al., 2013a), which essentially leveraged the strong vdW 

interactions between atomically smooth sheets, 
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On the other hand, the tangential interfacial tractions are relatively “weak” (Hod et 

al., 2018a; Song et al., 2018; Wang et al., 2017b) that facilitate the shear deformation of 

2D-material-based interfaces. Examples include the slippage at 2D material-polymer 

interfaces (Dai et al., 2016b; Jiang et al., 2014), self-peeling/folding of graphene sheets 

(Annett and Cross, 2016), self-rotation of vdW structures (Wang et al., 2016a; Wang et al., 

2015b; Woods et al., 2016), and thermal motion of strain solitons (Alden et al., 2013). The 

weakness of 2D material interfaces in shear could also degrade the stretching and bending 

resistance of multilayer 2D materials (Liu et al., 2011; Nazemnezhad et al., 2014; Pan et 

al., 2019; Ruiz et al., 2015; Shen and Wu, 2012). The weak shear interaction between 2D 

materials can also be indicated by the softened bending rigidity of multilayer 2D materials 

– a crucial parameter controlling their out-of-plane behavior (e.g., scrolling, folding, 

wrinkling, and so on) (Chen et al., 2015; Han et al., 2019; Qu et al., 2019; Zhao et al., 

2015). For example, a limiting case comes from classical plate theory that assumes 

perfectly glued interfaces between layers and leads to a bending rigidity proportional to 𝑁3 

for a 𝑁-layer 2D material (Gao and Huang, 2011). However, when the interface is ultra-

lubricated, another limiting case is that each layer would bend independently so that the 

overall bending rigidity of a multilayer would scale linearly with 𝑁. The actual bending 

rigidity of a number of 2D materials has been found to close to the lower limit (Wang et 

al., 2019b).   

These examples again indicate the importance of understanding the interfacial 

properties as well as the mechanical properties of 2D materials. The understanding would 

be highly beneficial to the control of the overall structural and mechanical behavior of 2D 

material devices and vdW structures, the optimization of fabrication methods, and the 

design of their functionalities. Numerous techniques have been developed to characterize 
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these properties (Akinwande et al., 2017; Liechti, 2019), among which 2D material bubbles 

and tents that can form either spontaneously or designedly stand out as versatile platforms. 

1.4.2 Spontaneous bubbles and tents 

Due to the extremely high surface-to-volume ratio of 2D materials, ambient 

contaminants such as water molecules and hydrocarbons are inevitably absorbed on the 

surface of 2D materials. The fabrication of 2D material devices and vdW structures 

involves intensive transfer processes. Consequently, bubbles (also called blisters, pockets) 

are frequently formed at the 2D material-substrate interfaces as the interfacial interactions 

can lump adsorbed molecules together (Khestanova et al., 2016; Novoselov et al., 2016; 

Sanchez et al., 2018). At first, interfacial bubbles were viewed as a result of the self-

cleansing of the interfaces (Novoselov et al., 2016). They have been used as indicators of 

good adhesion between the constituents of vdW heterostructures. In essence, bubbles are 

energetically favorable only when the adhesion between layers is substantial enough to 

drive the cleansing (Novoselov et al., 2016). Similarly, when the contaminants are 

nanoparticles, 2D material tents can form spontaneously as the sheet comes into contact 

with the substrate and drapes over the nanoparticles (Gao et al., 2017; Zong et al., 2010). 

Based on the deformed configuration of graphene tents, Zong et al. achieved the first 

estimation of adhesion energy (~0.15 J/m2) between graphene and silicon oxide (Zong et 

al., 2010).  

1.4.3 Indentation and bulge tests 

More detailed information about the mechanical properties of 2D materials and 

their adhesion to substrates can be provided by 2D material bubbles and tents created by 

controlled loading (Figure 1.8) (Cao and Gao, 2019; Cao, 2015; Cao et al., 2015, 2016; 
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Cao et al., 2014; Wang et al., 2013b; Yue et al., 2012). For example, nanoindentation of 

2D material drumheads represents a common type of inverse tents and now has been widely 

used for the stiffness and strength measurements of various 2D materials (Bertolazzi et al., 

2011; Castellanos‐Gomez et al., 2012; Dai et al., 2019b; Lee et al., 2008; Lipatov et al., 

2018; Tu et al., 2018; Xu et al., 2018). Bunch and co-workers invented gas-pressurized 

graphene bubbles with controlled sealed gas molecules (Boddeti et al., 2013a; Boddeti et 

al., 2013b; Koenig et al., 2011). This set-up has not only detected the stiffness of the sheets 

but also achieved stable sheet-substrate contacting and separating that led to systematic 

studies of the normal interfacial interactions between graphene and silicon oxide (Liu et 

al., 2013; Lloyd et al., 2017; Lloyd et al., 2016). Liechti and co-workers developed the 

graphene bubbles with associated analysis to characterize the mixed-mode traction-

separation relations between graphene and copper (Cao, 2015; Cao et al., 2015, 2016; Cao 

et al., 2014).  

 

 

Figure 1.8: Suspended 2D materials under a point load or pressure. Schematic depiction 

of the indentation experiment (a) and blister test (b) on 2D materials. (a) and 

(b) are adapted with permission from (Bertolazzi et al., 2011) and (Koenig et 

al., 2011), respectively. 
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1.4.4 Questions to be answered 

These experiments have demonstrated the potential of bubbles and tents to establish 

themselves as standard methods for characterizing the rich mechanics of 2D materials as 

well as 2D material interfaces. Besides, 2D material bubbles and tents have found extensive 

opportunities and applications in strain engineering: the associated in-plane strains have 

been exploited in a range of exciting strain-coupled physics (e.g., bandgap engineering and 

pseudomagnetic fields) and unique quantum applications. 

Surprisingly, a key feature of 2D material interfaces has been neglected in the 

modeling of these systems – the weak resistance to tangential shear. Such shear can even 

vanish at incommensurate 2D-2D interfaces, which is called structural superlubricity. 

However, bubbles and tents have been frequently modeled with a clamped boundary that 

prohibits any shear motions of the tangentially weak sheet-substrate interface. In striking 

contrast to such modeling, experimental observations have revealed subtle instabilities at 

the edge of 2D material bubbles and tents, even at deflections far from the occurrence of 

vertical interfacial delamination (see details in Figure 2.2 in Chapter 2). These instabilities 

take the form of wrinkling in the suspended region and buckling delamination in the 

supported (if occurs). Essentially, they result from the radially inward sliding of the 

bubble/tent boundary or the 2D material atop its substrate (Dai et al., 2018; Huang and 

Zhang, 2011).  

It is natural to ask how the shear of 2D material interfaces and the formation of 

elastic instabilities modify the mechanical resistance of the sheet to applied point loads or 

pressure. The answer would help to precisely characterize the elastic properties of 2D 

materials in those indentation and blister tests (Akinwande et al., 2017). Also, the strain in 

bubbles and tents seems useful to tune the physical and chemical properties of the atomic 
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sheet (Dai et al., 2019a). It is, therefore, vital to know how strain fields are modified as 

well so that the strain engineering of 2D materials can be guided in a deterministic way. 

These monolayers have to contact substrates to realize the promised functionalities. 

Adhesion energies between 2D materials and various surfaces would play an important 

role. The task of detecting the adhesion of each interface is highly challenging due to both 

technical issues associated with the atomic dimension of 2D materials and the fact that over 

100 different materials in principle can be isolated into atomic monolayers. However, 

spontaneously formed bubbles and tents would be useful for quick estimations of the 2D 

material/substrate adhesion, particularly given their ubiquitous appearance in 2D material 

devices (Sanchez et al., 2018). To this end, we need to answer a general question about 

how the elasticity of the 2D material (together with its adhesive and shear interactions to 

the substrate) selects the bubble and tent geometry. This general question can raise several 

specific questions: What is the role of the trapped substances (especially the liquids trapped 

by bubbles) at the small scales in addition to providing a geometrical constraint? What are 

governing equations for regimes with and without instabilities in these spontaneous 

bubbles and tents? What are the conditions to match different regimes?  

1.5 STRUCTURE OF THE DISSERTATION 

This dissertation aims to answer these questions concerning the mechanics of 2D 

material bubbles and tents. We study a collection of problems in this area with a particular 

emphasis on the role of the shear deformation associated with atomically smooth interfaces.  

In Chapter 2, we present the theoretical framework for point-loaded and pressurized 

circular elastic sheets. We consider the previously mysterious edge slippage of 2D material 

sheets upon loading as the sheet-substrate vdW interactions allow the sheet edges to move 

inward. Furthermore, such edge slippage can cause interesting elastic instabilities of those 
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highly bendable sheets. Based on the observation of deformed thin sheets that are revealed 

in experiments, we consider three possible situations where instabilities perturb the 

instability-free base state to different degrees. 

The numerical analysis of the three possible cases discussed in Chapter 2 is 

presented and discussed in Chapter 3. The results include the effective stiffness of the sheet 

and the extent of the wrinkling in the suspended region as well as the buckling (if any) in 

the supported area. We identify a single parameter for the system, sliding number, which 

compares tractions due to interfacial friction and sheet stretching. We discuss how this 

single parameter controls the growth of the wrinkling or buckling region as well as the 

softening of the effective stiffness of the sheet under poking and bulging. 

In Chapter 4, we focus on a particular case of the bulge test of 2D materials when 

the bending contribution to the vertical loading is considerable. We start with theoretical 

modeling of a pressurized thin sheet with bending rigidity that is independent of Young’s 

modulus – a unique property of 2D materials or 2D-material-based structures. We suggest 

the signatures of the bending effect being dominant and a simple analytical formula with 

excellent approximation across two asymptotic regimes (i.e., bending-dominated and 

stretching-dominated). This understanding helps the design of experiments and the 

interpretation of experimental data, which eventually leads to direct measurements of the 

bending rigidity of three types of multilayer 2D materials, say graphene, molybdenum 

disulfide (MoS2), and hexagonal boron nitride (hBN).  

In Chapter 5, we provide the analytical solution to the strain fields in blisters, 

including bubbles and tents formed by 2D materials. We are motivated by their uses for 

strain engineering of 2D materials. We first show recent experiments that inspired us to 

characterize a simple and unified power law for the profiles of a variety of 2D material 

bubbles and tents. Using membrane theory, we draw an analytical relation between the in-
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plane strains of these blisters and their shape and interface characteristics (i.e., friction and 

adhesion). We offer direct ties between the aspect ratio (height-to-radius ratio) of a 2D 

material blister and the strain fields in it. 

Previous chapters have revealed the crucial role of the aspect ratio of 2D material 

bubbles and tents in controlling their strain fields as well as the edge slippage and elastic 

instabilities. In Chapter 6, we further show that the aspect ratio often appears constant in 

experiments, which could be understood as a result of the balance of elastic and 

surface/interface forces in the system. 2D material bubbles are the focus of this chapter 

though the underlying physical idea discussed here also applies to 2D material tents. We 

develop a simple scaling law and a rigorous theoretical model for liquid-filled bubbles, 

predicting that the fourth power of the aspect ratio of the blister is related to the interfacial 

work of adhesion and the surface tension of the liquid. This prediction is further used to 

estimate the adhesion between the 2D material and its substrate.  

Unlike previous chapters where we have mainly studied buckle-delamination-free 

blisters, Chapter 7 presents the discussion on microscale tents that are formed when 2D 

materials are transferred over nanoparticles or nanopillars – in the periphery of which radial 

buckle delamination has been often observed. We obtain theoretical predictions for the 

extent of those buckles by exact closed-form solutions to Föppl–von Kármán (FvK) 

equations in this chapter. Analytical solutions to both near-threshold and far-from-

threshold conditions are provided. 

Chapter 8 summarizes our findings and discusses a number of avenues for further 

research as well as several important questions that remain unanswered in this dissertation. 

The theoretical setting for Chapter 3 relies on the framework and notation 

developed in Chapter 2. Otherwise, the chapters are self-contained and include an 

introduction to relevant research areas.  
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Chapter 2:  Theory1 

Motivated by the vast uses of indentation and bulge tests on small-scale thin sheets, 

we present theoretical modeling of point-loaded and pressurized circular elastic sheets. We 

consider the edge slippage of the sheet upon loading as the sheet edges are usually held by 

the sheet-substrate vdW interactions that are extremely susceptible to shear deformations. 

Furthermore, such edge slippage involves interesting elastic instabilities of those highly 

flexible sheets. Based on the deformed configurations of thin sheets revealed in our 

experiments, we discuss the following three situations to different extents to which the 

instabilities perturb the base state. Case I describes the base state where the applied load 

causes the interfacial slippage inward radially, but elastic instabilities are suppressed 

(though unrealistic for 2D materials). Case II allows the formation of wrinkles in the 

suspended region to release any (hoop) compression while assumes that instabilities are 

suppressed by the strong interfacial adhesion in the supported region. In Case III, elastic 

instabilities are permitted in both the suspended region (in the form of wrinkling) and the 

supported region (in the form of buckling delamination). These results are the basis of the 

membrane analysis performed in Chapter 3 and the nonlinear plate analysis undertaken in 

Chapter 4.  

  

                                                 
1A paper will be prepared based on the work in this Chapter and Chapter 3: 

Z. Dai, N. Lu. Poking and Bulging of Ultrathin Elastic Sheets: Edge Slippage and Instabilities. (The 

manuscript is in preparation.)  
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2.1 INTRODUCTION 

2D materials are frequently deformed by forces in the 3rd dimension. In particular, 

poking by indentation (Bertolazzi et al., 2011; Castellanos‐Gomez et al., 2012; Dai et al., 

2019b; Lee et al., 2008; Lipatov et al., 2018; Tu et al., 2018; Wang et al., 2017d; Xu et al., 

2018) and bulging by pressurization (Boddeti et al., 2013a; Boddeti et al., 2013b; Cao et 

al., 2015, 2016; Koenig et al., 2011; Liu et al., 2013; Lloyd et al., 2017; Lloyd et al., 2016; 

Wang et al., 2017b; Wang et al., 2013b; Yue et al., 2012) have been popular tools with 

which to characterize the mechanics of a variety of 2D materials and their interfaces. In 

this dissertation, we call the deformed configurations of the sheet upon indentation and 

pressurization tents and bubbles, respectively, to underline their shape characteristics. Both 

are also frequently referred to as blisters in the literature. Tents and bubbles are also 

ubiquitous in a range of 2D material devices due to the spontaneous trapping of solids, 

gases, or liquids at the material interfaces. The trapped substances are typically absorbed 

from the ambient during device fabrication processes; More recently, extensive 

experimental efforts have focused on controlling the types and amounts of these interfacial 

substances for desired functionalities (Branny et al., 2017; Chen et al., 2017; Gao et al., 

2017; Ghorbanfekr-Kalashami et al., 2017; Jia et al., 2019; Jiang et al., 2017; Khestanova 

et al., 2016; Kretinin et al., 2014; Novoselov et al., 2016; Pizzocchero et al., 2016; 

Reserbat-Plantey et al., 2014; Sanchez et al., 2018; Tedeschi et al., 2019; Vasu et al., 2016; 

Yoshida et al., 2018; Zamborlini et al., 2015; Zong et al., 2010).  

Mathematical modeling of blisters usually assumes an edge-clamped, moderately 

deformed, linearly elastic thin sheet subjected to a point force for a tent or a uniform 

pressure for a bubble (Begley and Mackin, 2004; Komaragiri et al., 2005; Vella and 

Davidovitch, 2017; Wan et al., 2003). These assumptions largely simplify the modeling 

and give rise to analytical formulae that have been widely used for the analysis and 
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interpretation of experimental data (Bertolazzi et al., 2011; Castellanos‐Gomez et al., 2012; 

Dai et al., 2019b; Freund and Suresh, 2004; Lee et al., 2008; Lipatov et al., 2018; 

Mansfield, 2005; Tu et al., 2018; Xu et al., 2018). However, issues appear if we consider 

the subtle nature of the 2D material-to-substrate interface. Mainly, the atomic smoothness 

and flexibility of the sheet render a robust vertical contact with its substrate (Boddeti et al., 

2013a; Boddeti et al., 2013b; Koenig et al., 2011) but a quite weak tangential resistance of 

the interface to shear deformations (Hod et al., 2018a; Song et al., 2018; Wang et al., 

2017b). As a result, the sheet could be readily pulled to slide over its substrate by the 

vertical load, even when the deflection is small, and the vertical interfacial contact remains 

intact (Dai et al., 2020; Kitt et al., 2013; Wang et al., 2017b). These important subtleties 

have been hidden in the modeling based on clamped boundary assumptions (Begley and 

Mackin, 2004; Komaragiri et al., 2005; Vella and Davidovitch, 2017; Wan et al., 2003). 

We thus pose a question of how the interfacial slippage modifies the mechanical responses 

of 2D material to out-of-plane loading, which remains unanswered despite extensive 

theoretical and experimental studies of the 2D material blisters for more than a decade. 

In this chapter, we present a theoretical framework for the point-loaded and 

pressurized circular sheets, in which the annulus edges of the sheets are allowed to slide on 

the supporting substrate to account for the shear behavior of 2D material interfaces. 

Without loss, we assume a finite, constant interfacial shear/sliding resistance. Since such 

interfacial slippage would compress a material circle circumferentially, our theoretical 

framework involves the analysis of radial elastic instabilities of thin sheets in the suspended 

and supported regions. 
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2.2 PROBLEM DESCRIPTION 

 

 

Figure 2.1: Free body diagrams of the base state of a 2D material tent and bubble. 

Figure 2.1 shows the diagrams of the point-loaded and pressurized thin sheet. The 

thin sheet is suspended in [0, 𝑅] while supported by the substrate in [𝑅,∞]. Typically, the 

radius 𝑅  is prescribed in indentation and bulge tests, for example, by the patterned 

geometry on the substrate. When delamination occurs or for spontaneously formed blisters, 

the radius becomes unknown, while we will show in Chapter 6 that it could be related to 

other given geometrical or mechanical quantities. Interfacial slippage is assumed to take 

place in [𝑅, 𝑅𝑜], where 𝑅𝑜 is not known a priori.  

2.2.1 Föppl–von Kármán equations 

We first discuss the force equilibrium in the suspended region of a blister. In the 

vertical direction, the load 𝑞(𝑟), which is 𝐹𝛿(𝑟)/2𝜋𝑟 for the point load and 𝑝 for the 

pressure, is balanced by the bending and stretching of the sheet (Mansfield, 2005), 

 ∇2(𝐵∇2𝑤) − (𝑁𝑟𝑟𝜅𝑟𝑟 + 𝑁𝜃𝜃𝜅𝜃𝜃) − 𝑞(𝑟) = 0, (2.1) 

where 𝐵 is the bending stiffness of the sheet, 𝑁𝑟𝑟 and 𝑁𝜃𝜃 are the radial and hoop stress 

resultants, respectively, 𝑤 represents the out-of-plane deflection of the sheet. We assume 

moderate rotation, linear elasticity, and axisymmetry such that ∇2𝑓 = d2𝑓/d𝑟2 +

𝑟−1d𝑓/d𝑟 and the curvatures can be approximated by 

 𝜅𝑟𝑟 ≈
d2𝑤

d𝑟2
 and 𝜅𝜃𝜃 ≈

d𝑤

𝑟d𝑟
. (2.2) 

BubbleTent

ℎ

𝑅
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𝐹
ℎ
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The in-plane force balance leads to  

 
d

d𝑟
(𝑟𝑁𝑟𝑟) − 𝑁𝜃𝜃 = 0. (2.3) 

The equilibrium equations with linearized curvatures are often called Föppl–von 

Kármán (FvK) equations. It is convenient for numerical computations in Chapters 3 and 4 

to introduce the Airy stress function. By this, the in-plane equilibrium can be satisfied 

automatically by setting the radial and circumferential stress resultants as 

 𝑁𝑟𝑟 =
d𝜙

𝑟d𝑟
 and 𝑁𝜃𝜃 =

d2𝜙

d𝑟2
. (2.4) 

FvK equations can then be rewritten in terms of Airy stress function and the out-of-plane 

deflection (Mansfield, 2005), 

 ∇2(𝐵∇2𝑤) − [𝜙,𝑤] − 𝑞(𝑟) = 0 (2.5) 

and 

 ∇4𝜙 +
1

2
𝐸2D[𝑤,𝑤] = 0, (2.6) 

where 𝐸2D is the in-plane stiffness of the membrane, [𝑓, 𝑔] = 𝑟−1d(
d𝑓

d𝑟

d𝑔

d𝑟
) / d𝑟, and ∇4=

∇2∇2 . Equations (2.5) and (2.6) are invariant under 𝑤 → −𝑤 , 𝑞(𝑟) → −𝑞(𝑟) ; the 

equilibrium, therefore, is identical to the cases of pushing downward and pulling upward. 

It is advantageous to write FvK equations in terms of vertical and horizontal 

displacements if one of them could be analytically expressed (or approximated), for 

instance, in the experimental observations in Chapter 5. To this end, the stresses in (2.1) 

are linked to strains according to Hooke’s law (linear elasticity) that are further presented 

regarding displacements based on nonlinear kinematics (moderate rotation). The vertical 

and horizontal equilibrium now become (Timoshenko and Woinowsky-Krieger, 1959; 

Wang et al., 2013b) 

 𝐵 (
d3𝑤

d𝑟3
+
1

𝑟

d2𝑤

d𝑟2
−

1

𝑟2
d𝑤

d𝑟
) +

𝐸2D

1−𝜈2
d𝑤

d𝑟
[
d𝑢

d𝑟
+ 𝜈

𝑢

𝑟
+
1

2
(
d𝑤

d𝑟
)
2

] −
1

𝑟
∫ 𝑞𝑟d𝑟
𝑟

0
= 0 (2.7) 

and 
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d2𝑢

d𝑟2
+
1

𝑟

d𝑢

d𝑟
−
𝑢

𝑟
+
1−𝜈

2𝑟
(
d𝑤

d𝑟
)
2

+
d𝑤

d𝑟

d2𝑤

d𝑟2
= 0, (2.8) 

respectively, where 𝜈 is the Poisson’s ratio of the sheet, and we integrated (2.1) once to 

obtain (2.7). The integration constant over the domain [0, 𝑟] is set to be zero to satisfy the 

vertical shear force balance (Timoshenko and Woinowsky-Krieger, 1959).    

2.2.2 Clamped boundary conditions 

Numerical calculations could be performed based on either (2.5) and (2.6) or (2.7) 

and (2.8). For the latter, five boundary conditions are required; they are straightforward 

when the edge of the sheet is clamped. Specifically, we have, at the center of the blister,  

 (
d𝑤

d𝑟
)
𝑟=0

= 𝑢(0) = 0 (2.9) 

and, at the edge of the sheet, 

 𝑤(𝑅) = (
d𝑤

d𝑟
)
𝑟=𝑅

= 0, 𝑢(𝑅) = 𝑢𝑝𝑟𝑒, (2.10) 

where 𝑢𝑝𝑟𝑒 is caused by the pretension, 𝑡𝑝𝑟𝑒, in the sheet and can be calculated according 

to Hooke’s law 

 
𝑢𝑝𝑟𝑒

𝑅
= (1 − 𝜈)

𝑡𝑝𝑟𝑒

𝐸2D
. (2.11) 

Seemingly, (2.5) and (2.6) could be solved along with eight boundary conditions. 

However, physical considerations, i.e., the equilibrium of the vertical shear force and the 

absence of shear components in the applied load, would reduce the order of (2.5) and (2.6) 

by integrating them over [0, 𝑟] once with zero integration constants. In addition to the five 

conditions in (2.9) and (2.10), the missing boundary condition comes from the fact that 

only 𝜙′ can change the stress field; we thus can have an arbitrary choice of 𝜙 at a given 𝑟 

(Box et al., 2017); here we take, 

 𝜙(0) = 0. (2.12) 
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2.2.3 Non-dimensionlization 

In the following chapters except Chapter 5, our calculations will be based on FvK 

equations in terms of Airy stress function and out-of-plane deflection, i.e., (2.5) and (2.6). 

The stiffness 𝐸2D is typically fixed under the linear elasticity assumption, the blister radius 

𝑅 is frequently prescribed by the dimension of holes patterned on the substrate. We thus 

use these two quantities to normalize the variables 

 𝜌 =
𝑟

𝑅
, 𝜌𝑜 =

𝑅𝑜

𝑅
,𝑊 =

𝑤

𝑅
, 𝐻 =

ℎ

𝑅
, 𝓊 =

𝑢

𝑅
, ℱ =

𝐹

𝐸2D𝑅
, 𝑃 =

𝑝𝑅

𝐸2D
, 𝛷 =

𝜙

𝐸2D𝑅2
. (2.13) 

The FvK equations can then be rewritten in a dimensionless form 

 ∇2(𝒦−1∇2𝑊) − [𝛷,𝑊] − 𝑄 = 0 (2.14) 

and 

 ∇4𝛷 +
1

2
[𝑊,𝑊] = 0, (2.15) 

where 𝑄 is 
ℱ𝛿(𝜌)

2𝜋𝜌
 for a point load and 𝑃 for a pressure, and  

 𝒦 =
𝐸2D𝑅

2

𝐵
 (2.16) 

is often referred to as FvK number (Blees et al., 2015). 𝒦 can also be thought of as the 

bendability of a thin sheet since sheets with higher numbers are more comfortable to bend 

than to stretch. 

For classical plates, the bendability simply compares the blister radius with plate 

thickness, scaling as (𝑅/𝑡)2. Along with this line, monolayer 2D materials are expected to 

be highly bendable due to their atomic thinness. However, the thickness of a monolayer 

2D material is not well defined, though the interlayer distance, 𝑑spacing, is frequently used 

as the nominal thickness. Instead, we assess the bendability of a monolayer 2D material 

via its bending stiffness and in-plane tensile stiffness directly. In particular, unlike classical 

plates that resist bending deformations via tension and compression across the neutral 

plane, 2D materials resist stretching by the strong in-plane covalent bonds and bending by 

a different physical origin (i.e., weak out-of-plane 𝜋 bonds) (Zhang et al., 2011). This leads 
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to a much smaller bending stiffness for 2D materials than the prediction of classical plate 

theory and, thus, an extremely high bendability for 2D material blister problems (Wang et 

al., 2019b). For example, 𝒦 of a monolayer graphene in a blister with a radius of ~100 nm 

is ~107 (Androulidakis et al., 2018). 1  By contrast, 𝑊~𝒪(10−1)  and 𝛷 ≳ 10−3  in 

experiments. 

The high bendability of 2D materials motivates us to clarify the condition that the 

bending contribution in the vertical equilibrium can be neglected. We consider a scaling 

analysis: the compatibility equation (2.15) indicates that 𝛷~𝑊2~𝐻2, and hence stretching 

of the sheet dominates in (2.14) when 𝒦−1𝐻 ≪ 𝐻3. In other words, the bending effect of 

a sheet becomes negligible when 𝐻 ≫ 𝒦−1/2 or ℎ ≫ 𝑁𝑑spacing ≫ (𝐵/𝐸2D)
−1/2, where 𝑁 

is the layer number of the 2D material. In Chapter 4, we will show a particular case of 

slightly pressurized multilayer 2D materials on a small hole with 𝑁 ranging from 7 to 70. 

In this case, the bending of the 2D material will contribute to the pressure in a nontrivial 

manner so that the bending stiffness could be measured. In general, however, in most 2D 

material (including multilayer) blister experiments, the criterion of ℎ ≫ 𝑁𝑑spacing can be 

readily satisfied. Therefore, in the remainder of this dissertation except Chapter 4, our 

primary interest will be to discuss the deformation of 2D materials without considering the 

bending term in (2.15); such treatment is often referred to as the membrane limit of FvK 

equations (Vella and Davidovitch, 2017).   

2.3 RADIAL SLIPPAGE AND OCCURRENCE OF INSTABILITIES 

2.3.1 Experimental observations 

Clamped conditions at the edge of a blister hide rich behaviors in the substrate-

supported region that have been recently observed (Figure 2.2). For example, Kitt et al. 

                                                 
1 See details about the mechanical properties of other 2D materials in http://2dmechanics.com/.  

http://2dmechanics.com/
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(Kitt et al., 2013) and Wang et al. (Wang et al., 2017b) found a strain gradient (equivalently, 

Raman G-band position gradient) in the annulus region outside the graphene bubbles. The 

mechanism is attributed to the shear stress associated with the relative slip between the 

sheet and the substrate, acting as an in-plane body force on the sheet.  

 

 

Figure 2.2: AFM amplitude images of a spontaneous multilayer graphene tent (left, 

courtesy of Daniel Sanchez) and a gas-pressurized bilayer graphene bubble 

(right, courtesy of Guorui Wang).1  

Furthermore, the inward sliding could compress the thin sheet circumferentially. 

Thin sheets usually relieve the compression by the formation of elastic instabilities, as 

evidenced in AFM images of a point-loaded few-layer graphene tent and a pressurized 

bilayer graphene bubbles in Figure 2.2. The instability typically takes the form of wrinkling 

in the suspended region and buckle delamination in the supported region. Notably, the 

delamination may be absent when the interfacial sliding is not substantial enough to 

overcome the substrate adhesion (e.g., in the right panel of Figure 2.2). 

 

 

                                                 
1 These two images are also adapted for the Graphic illustration in Phys. Rev. Lett. 121, 266101 (2018) 

https://journals.aps.org/prl/issues/121/26.  

2 m 1 m

Wrinkle
Wrinkle

Delamination

https://journals.aps.org/prl/issues/121/26
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2.3.2 Three cases  

 

 

Figure 2.3: (a-c) Schematics for three possible deformed configurations when the sheet 

is allowed to slide over its supporting substrate. (d) Schematic illustration of 

Case III (top view) where the thin sheet wrinkles in [𝜌𝑤, 1] and delaminates 

in [1, 𝜌𝑜]. 

We release the clamped boundary conditions at the blister edges and consider a 

finite shear stress at the sheet-substrate interface (Kitt et al., 2013; Wang et al., 2017b). 

The interface then behaves like an ideal plastic “material” (Dai et al., 2019a; Gong et al., 

2010; Jiang et al., 2014) and how large the sliding zone can grow under a given pressure 

or point load would be the question we aim to answer. The geometrical parameters (e.g., 

the blister radius and the center deflection) and the mechanical properties (e.g., the stiffness 

of the 2D material and the friction/adhesion of the sheet to the substrate) would work 

together as controlling factors. The essence of this problem may be thought of to clarify 

how the extent of instabilities in the deformed sheet alters the size of the domain where 

regular FvK theories apply. Motivated by the full propagation of the indentation test for 

measuring the mechanical behavior of 2D materials, we focus on point-loaded sheets 
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(tents) and discuss three possible configurations in the following sections. We will 

conclude in Section 2.7 by discussing that the formulations for tents can be readily 

extended for bubbles (i.e., pressurized sheets). 

Before proceeding, we introduce several useful parameters and their dimensionless 

forms. The shear stress, 𝜏, is assumed to be constant, arising within [𝑅, 𝑅𝑜] (see Figure 

2.3), where the slippage takes place, and the in-plane displacement is negative (we thus 

term this domain to be the sliding zone). In Cases II and III, wrinkling occurs in the domain 

of [𝑅𝑤, 𝑅]; in Case III, the buckle delamination is in [𝑅, 𝑅𝑏] where 𝑅𝑏 ≤ 𝑅𝑜 when 𝜈 ≥ 0. 

Along with the line of non-dimensionlization in (2.13), we adopt 

 𝜌𝑤 =
𝑅𝑤

𝑅
, 𝜌𝑏 =

𝑅𝑏

𝑅
, 𝑇 =

𝜏𝑅

𝐸2D
, 𝑁̃𝜌 =

𝑁𝑟𝑟

𝐸2D
, 𝑁̃𝜃 =

𝑁𝜃𝜃

𝐸2D
. (2.17) 

We expect there to be a ~𝜌−1/3 singularity in the stresses for point-loaded tents as 𝜌 → 0, 

according to Schwerin’s solution (Schwerin, 1929), though the edge sliding may slightly 

ameliorate this singularity. It is convenient for numerical computations to introduce  

 𝛹 = 𝜌𝛷′, 𝑁̃𝜌 =
𝛹

𝜌2
 and 𝑁̃𝜃 =

𝛹′

𝜌
−

𝛹

𝜌2
. (2.18) 

such that the variable corresponding to stresses (i.e., 𝛹) becomes regular, where ( )′ 

denotes differentiation with respect to 𝜌.  

2.4 CASE I: THE BASE STATE 

We begin by discussing the base state of a point-loaded thin sheet whose edge is 

allowed to slide inward. At the same time, the elastic instability is prohibited such that 

hoop compressive stress, if any, remains. The assumption for this limiting case would be 

appropriate only when the instability is absent or in its very early stage so that the stresses 

in the base state are not significantly perturbed. We suggest that this situation is more likely 

to be true for thick plates or thin sheets with strong adhesion to their substrate under a small 

center deflection.  
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2.4.1 Inside the tent 

With (2.18), the dimensionless form of the membrane limit of FvK equations for a 

tent reads 

 𝛹𝑊′ = −
𝜌ℱ

2𝜋
 (2.19) 

and  

 𝛹′′ −
𝛹′

𝜌
= −

1

2
𝑊′2, (2.20) 

where we integrated (2.14) and (2.15) once. For a given load ℱ, the equations are to be 

solved with three boundary conditions; the zero in-plane deformation at the tent center and 

out-of-plane deformation at the tent edge give 

   lim
𝜌→0

𝓊 (𝜌) = 0 and 𝑊(1) = 0, (2.21) 

respectively. The third condition should match the continuity of the displacement across 

the tent edge, which needs a bit of thought. We thus move on to the supported region. 

2.4.2 Outside the tent 

Within the supported domain, i.e., 𝑟 ∈ [1, 𝜌𝑜], the only equilibrium equation comes 

from the in-plane force balance (Kitt et al., 2013; Wang et al., 2017b),1 

 
d

d𝜌
(𝜌𝑁̃𝜌) − 𝑁̃𝜃 + 𝑇𝜌 = 0. (2.22) 

Assuming a constant interfacial shear stress as well as linear elasticity and kinematics for 

this flat region, we can rewrite (2.22) in terms of 𝑁̃𝜌, 

 𝜌𝑁̃𝜌
′′ + 3𝑁̃𝜌

′ + (2 + 𝜈)𝑇 = 0. (2.23) 

We obtain the exact solution to the plane-stress problem (2.23) when pretension is 

neglected such that both stresses become zero at 𝜌 → 𝜌𝑜, 

 𝑁̃𝜌 = 𝑇 [(2 + 𝜈) (−
1

3
𝜌 −

𝜈−1

6(2+𝜈)
𝜌𝑜
3𝜌−2) +  

1+𝜈

2
𝜌𝑜], (2.24) 

                                                 
1 This statement is true for vanishing pretension. When the sheet undergoes a uniform pretension, three 

domains should be considered for the supported region: the interfacial shear stress in the inner one is outwards 

to resist the inwards pulling of the sheet; the shear stress in the middles one is inwards such that the 

displacement is outwards and both stresses develop to the uniform solution in the outermost domain. 
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which, together with (2.22), further gives rise to  

 𝑁̃𝜃 = 𝑇 [(2 + 𝜈) (−
1+2𝜈

3(2+𝜈)
𝜌 +

𝜈−1

6(2+𝜈)
𝜌𝑜
3𝜌−2) +  

1+𝜈

2
𝜌𝑜]. (2.25) 

The clamped boundary condition is a special case of (2.24) and (2.25) with vanishing 

sliding zone, i.e., 𝜌𝑜 → 1. In this case, we find lim
𝜌𝑜→1

𝑁̃𝜃(1
+)/𝑁̃𝜌(1

+) = 𝜈, implying zero 

circumferential strain or zero in-plane displacement, which is consistent with the clamped 

condition.  

2.4.3 Boundary and matching conditions 

Naturally, the radial stress and in-plane displacement are continuous at the tent 

edge, leading to 

 𝛹(1) = 𝑇 (
1−𝜈

6
𝜌𝑜
3 +  

1+𝜈

2
𝜌𝑜 −

2+𝜈

3
) (2.26) 

and  

 𝛹′(1) − (1 + 𝜈)𝛹(1) =
𝑇

6
(𝜈2 − 1)(𝜌𝑜 − 1)

2(𝜌𝑜 + 2). (2.27) 

With a prescribed point load and given interfacial shear stress, the ODEs (2.19) and (2.20) 

as well as the size of the sliding zone 𝜌𝑜 can be solved with 4 conditions provided by (2.21), 

(2.26), and (2.27).  

2.5 CASE II: WRINKLING WITHOUT BUCKLING DELAMINATION  

We consider that the hoop compressive stress in the sheet is released completely by 

the wrinkling in the suspended region but is maintained in the supported area. We suggest 

that this limiting case often happens in nanoindentation tests where the center deflection is 

moderate ( 𝐻 ≲ 0.3),  and the sheet-substrate adhesion can suppresse the buckle 

delamination.  
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2.5.1 Unwrinkled/unbuckled regions 

Due to wrinkling, the domain where regular FvK equations apply shrinks to be 𝜌 ∈

[0, 𝜌𝑤]. The solutions to the plane stress problem in the supported region still hold as we 

assumed no buckled delamination. A natural question is what sets the extent of the wrinkled 

region. We may expect that the propagation of the wrinkling zone is a process of releasing 

elastic strain energies; hence the wrinkling extent would be determined based on the 

energetic minimization with respect to this length. However, we will show later that this 

energetic argument is equivalent to the continuity of hoop stress across the movable 

wrinkling tip.   

2.5.2 Wrinkled region 

We adopt the tension field theory (TFT) to describe the stress state in the wrinkling 

zone [𝜌𝑤, 1]. Accordingly, unlike Case I, the hoop compression in this domain is released, 

and a zero hoop stress replaces the second FvK equation concerning the compatibility. The 

vertical force balance in (2.5) becomes 

 (𝛷′𝑊′)′ = 0. (2.28) 

The exact solutions to (2.28), together with the in-plane force balance (2.3) with 𝑁̃𝜃 = 0, 

can be derived as 

 𝛷′ = 𝐶𝑁 and 𝑊 = 𝐶𝑊(1 − 𝜌). (2.29) 

Equation (2.29) suggests a linear out-of-plane profile, implying that the wrinkling renders 

a preserved Gaussian curvature (𝐺 ≡ 0 in our case) (Audoly and Pomeau, 2000). The 

problem now is to solve the regular FvK equations with 4 unknown constants (i.e., 

𝜌𝑤, 𝐶𝑁 , 𝐶𝑊, and 𝜌𝑜), which requires 7 boundary or matching conditions. 
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2.5.3 Boundary and matching conditions 

Besides the state of zero in-plane displacement at the tent center, the continuity 

conditions at the inner and outer edge of the wrinkling sheet should be enforced, 

 lim
𝜌→0

𝓊 = 0 and [𝑊]𝜌𝑤−
𝜌𝑤
+

= [𝑊′]𝜌𝑤−
𝜌𝑤
+

= [𝑁̃𝜌]𝜌𝑤−
𝜌𝑤
+

= [𝑁̃𝜌]1−
1+

= 0, (2.30) 

where [𝑥]−
+ = 𝑥+ − 𝑥− and 𝑊(1) = 0 has been implied in (2.29). The hoop stress in the 

wrinkled region [𝜌𝑤, 1]  would provide an additional condition where TFT predicts 

𝑁̃𝜃(𝜌) = 0. As the hoop compression is maintained in the supported region, we expect a 

jump of hoop stress across the tent edge. However, such jump vanishes at the inner edge 

of the wrinkling zone, leading to  

 [𝑁̃𝜃]𝜌𝑤−
𝜌𝑤
+

= 0 and [𝑁̃𝜃]1−
1+

≠ 0. (2.31) 

Note that the hoop stress continuity in the suspended region has been proved 

mathematically in similar problems (Davidovitch et al., 2011; King et al., 2012), to be 

equivalent to the minimization of total elastic energy when varying 𝜌𝑤 . The final condition 

arises from the continuity of the in-plane displacement, whose solution in unwrinkled 

regions can be related to the stress states but has been missing in the wrinkled sheet. We 

then use the kinematics and Hooke’s law in the wrinkling region, 

 𝜖𝜌 = 𝓊
′ +

1

2
(𝑊′)2 = 𝑁̃𝜌 − 𝜈𝑁̃𝜃, (2.32) 

to show that 

 𝓊(𝜌𝑤
+) − 𝓊(1−) = 𝐶𝑁 ln 𝜌𝑤 +

1

2
𝐶𝑊
2 (1 − 𝜌𝑤), (2.33) 

where we used (2.29). The displacements on the right side of (2.33) can be calculated 

according to the stress states in the unwrinkled regions since [𝓊]𝜌𝑤−
𝜌𝑤
+

= [𝓊]1−
1+ = 0 . 

Equations (2.30), (2.31), and (2.33) complete the 7 conditions that are required to solve the 

problem in Case II. 
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2.6 CASE III: WRINKLING WITH BUCKLING DELAMINATION  

We consider that any (hoop) compression is released in both suspended and 

supported regions. A similar phenomenon has been observed in pillar-supported 2D 

material tents where buckle delamination in the supported region could even develop a 

network. Note that the formation process of tents is spontaneous as the 2D material comes 

into contact with the pillar-patterned substrate via the sheet-substrate vdW interactions.   

2.6.1 Buckled region 

Both the wrinkled and unwrinkled theories in Case II still apply in the suspended 

domain. However, the occurrence of buckle delamination would modify the plane stress 

problem in the supported domain. Specifically, due to the Poisson effect, though the thin 

sheet slides over the substrate in [1, 𝜌𝑜], the hoop stress appear negative only when the size 

of the sliding zone is large enough (we will show in Chapter 3 that what is meant by large 

is 𝜌𝑜 ≳ 1.36 for graphene with 𝜈 = 0.165) and the buckling occurs within [1, 𝜌𝑏], where 

𝜌𝑏 ≤ 𝜌𝑜  for a thin sheet with a non-negative Poisson’s ratio (e.g., 𝜌𝑏 ≅ 𝜌𝑜/1.36  for 

graphene). In the intact region [𝜌𝑏 , 𝜌𝑜], equations (2.24) and (2.25) hold while, in the 

delaminated region, we rewrite the in-plane force balance equation (2.23) with 𝑁̃𝜃 = 0: 

 
d

d𝜌
(𝜌𝑁̃𝜌) + 𝑇𝜌 = 0. (2.34) 

As a consequence, the simplied problem is to solve the regular FvK equations and (2.34) 

with 5 unknowns (i.e., 𝜌𝑤 , 𝐶𝑁 , 𝐶𝑊, 𝜌𝑏 , and 𝜌𝑜 ) that requires 9 boundary or matching 

conditions. 

2.6.2 Boundary and matching conditions 

According to the condition of zero in-plane displacement at the tent center and the 

continuity conditions, we have 

 lim
𝜌→0

𝓊 = 0, 
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and  

 [𝑊]𝜌𝑤−
𝜌𝑤
+

= [𝑊′]𝜌𝑤−
𝜌𝑤
+

= [𝑁̃𝜌]𝜌𝑤−
𝜌𝑤
+

= [𝑁̃𝜃]𝜌𝑤−
𝜌𝑤
+

= [𝑁̃𝜌]1−
1+

= [𝑁̃𝜌]𝜌𝑏
−

𝜌𝑏
+

= [𝑁̃𝜃]𝜌𝑏
−

𝜌𝑏
+

= 0. (2.35) 

We note that [𝑁̃𝜃]1−
1+

= 0 is satisfied automatically as we assume the hoop compression is 

released by wrinkling and buckling, i.e., 𝑁̃𝜃 = 0 throughout [𝜌𝑤 , 𝜌𝑏], where 𝜌𝑤 ≤ 1 ≤ 𝜌𝑏. 

Again, the last condition comes from the continuity of the in-plane displacement across the 

wrinkling and buckling instability region,  

 𝓊(𝜌𝑤
+) − 𝓊(𝜌𝑏

+) = 𝐶𝑁 ln 𝜌𝑤 +
1

2
𝐶𝑊
2 (1 − 𝜌𝑤) − ∫ (𝑁̃𝜌 − 𝜈𝑁̃𝜃)

1

𝜌𝑏
+ d𝜌, (2.36) 

where the displacements on the right side of (2.36) can be calculated according to the stress 

states in the unwrinkled/unbuckled regions since [𝓊]𝜌𝑤−
𝜌𝑤
+

= [𝓊]𝜌𝑏
−
𝜌𝑏
+

= 0. Equations (2.35) 

and (2.36) complete the 9 conditions with which to solve the problem in Case III. 

2.7 BUBBLES 

 

 

Figure 2.4: (a-c) Schematics for three possible deformed configurations of bubbles when 

the sheet is allowed to slide over its supporting substrate. 

We may perform the analysis for pressurized bubbles following the same 

techniques outlined in Sections 2.4-2.6. The force balance would be identical in the 

supported region while it needs modifications to switch from a point force for tents to a 
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uniform pressure for bubbles. The regular membrane limit of FvK equations, according to 

(2.5), could be written as 

 𝛷𝑊′ = −
1

2
𝑃𝜌2 (2.37) 

and  

 𝜌𝛷′′ + 𝛷′ −
𝛷

𝜌
= −

1

2
𝑊′2, (2.38) 

where we used 𝛷 to substitute 𝛷′ for convenience, and we can obtain   

 𝑁̃𝜌 = 𝛷/𝜌 and 𝑁̃𝜃 = 𝛷
′. (2.39) 

Equations (2.37) and (2.38) hold in [0, 𝜌𝑤] (though 𝜌𝑤 = 1 in Case I). In the wrinkled 

region in Cases II and III, i.e., [𝜌𝑤, 1], the hoop compression vanishes due to the wrinkling 

and the vertical force balance in (2.5) becomes 

 (𝛷𝑊′)′ = −𝑃𝜌. (2.40) 

The exact solutions to (2.40), together with the in-plane force balance (2.3) with 𝑁̃𝜃 = 0, 

can be derived 

 𝛷 = 𝐶𝑁 and 𝑊 =
𝑃

6𝐶𝑁
(1 − 𝜌3), (2.41) 

where we enforced 𝑊(1) = 0 and the continuity of 𝑊′ at 𝜌 = 𝜌𝑤. Unlike (2.29) in the tent 

problem where the deformed profile appears linear, (2.41) presents a nonlinear shape for 

the wrinkled bubble. 

2.8 CONCLUSIONS 

We have completed the governing equations and the associated boundary and 

matching conditions for a thin sheet with a sliding boundary under a point load or pressure. 

Three cases with different extents of elastic instabilities have been discussed here, which 

may cover all possible scenarios in experiments. This theoretical setting is built for 2D 

materials sticking to a substrate via “weak” vdW interactions. However, the underlying 

physics would also apply for larger-scale systems such as pulling of polymeric sheets from 
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a liquid-lubricated substrate. Numerical calculations on these problems are the focus of 

Chapter 3. We will show exact analytical solutions to the tent systems, though tedious, in 

Chapter 7.  
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Chapter 3:  Stretching1 

Indentation and pressurization experiments have been developed as the standard 

tests for characterizing the in-plane elastic properties of a variety of 2D materials. In such 

experiments, the set-up often suspends the sheet over a hole-patterned substrate to form a 

drumhead; the widely used theoretical model typically assumes a clamped sheet-substrate 

interface when the poking force or the bulging pressure is applied to the suspended 

drumhead. However, the atomically smooth nature of 2D materials challenges this 

assumption. In this Chapter, we solve the theory developed in Chapter 2 that allows the 

vertical load to drive the radially inward sliding of 2D materials on the substrate as well as 

the formation of elastic instabilities due to the sliding-caused hoop compression. We focus 

on the effective stiffness of the sheet and the extent of the wrinkling in the suspended region 

and buckling (if any) in the supported region. We identify a single parameter (𝒮) for these 

quantities, comparing the forces due to the interfacial friction and sheet stretching. We 

discuss how this single parameter controls the growth of the wrinkling/buckling region as 

well as the effective stiffness of the sheet under poking and bulging.  

  

                                                 
1A paper will be written based on the work in this Chapter and Chapter 2: 

Z. Dai, N. Lu. Poking and Bulging of Ultrathin Elastic Sheets: Edge Slippage and Instabilities. (The 

manuscript is in preparation.) 
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3.1 INTRODUCTION 

The measurement of the in-plane elasticity of thin sheets, including metallic, 

polymeric, and biomedical membranes and the emerging atomically thin 2D materials, 

often leverage “out-of-plane” methodologies, such as bulge and indentation tests (Koenig 

et al., 2011; Lee et al., 2008). The experimental task is to detect the deformed configuration 

of the thin sheet upon applied force/pressure. The analysis and interpretation of those 

experimental data is always a nontrivial task, even for linearly elastic isotropic thin sheets, 

due to the inherent nonlinearity of the deformed geometry. More recently, extensive 

experiments (indentation tests, in particular) on a variety of 2D sheets with axisymmetry 

have been carried out in the past decade (Bertolazzi et al., 2011; Dai et al., 2019b; Lee et 

al., 2008; Tu et al., 2018). The in-plane stiffness of these atomically thin sheets has been 

estimated by fitting experimental data with an oversimplified formula that composites the 

asymptotic expressions for small (pretension-controlled) and large (stretch-controlled) 

deflections under clamped boundary conditions. Such formula, however, has been proved 

to produce significant errors, up to ~𝒪(1), according to a recent mathematical modeling 

work by D. Vella and B. Davidovitch (2017). The error becomes negligible only when the 

deflection is sufficiently large so that the large-deflection solution dominates (Vella and 

Davidovitch, 2017). A similar situation should also be expected for the bulge test.  

The accuracy of the application of the simple analytical expressions needs deep 

indentations or large pressurizations. Under this circumstance, a number of material 

subtleties arise, such as the nonlinear and anisotropic elasticity, (Wei et al., 2009; Wei and 

Kysar, 2012) and ruin any analytical efforts. For 2D materials, an additional issue comes 

from the sheet edge, which is held by the vdW interaction between the sheet and the 

supporting substrate. This spontaneous interaction is extremely susceptible to tangential 

shear deformations when the vertical load is applied, due to the atomic-level smoothness 
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of 2D material. As a result, a dilemma appears when designing indentation and bulge tests 

on 2D materials that we discuss in detail as follows. 

3.2 POKING TESTS 

 

  

Figure 3.1: Schematic illustrations of indentation tests on freestanding thin sheets with a 

fixed edge (a) and a vdW-glued edge (b). (c) Rescaled indentation force-depth 

relation measured on monolayer graphene in the literature. (a) is adapted from 

(Ozaki et al., 2018) 

We begin by discussing the poking/indentation experiments that seem to be the 

standard method for the elasticity metrology of various 2D materials. It is worth noting that 

tests on traditional small-scale sheets usually fix the edge of the target sheet carefully (e.g., 
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using the support frame in Figure 3.1a to minimize the edge displacements) (Ozaki et al., 

2018). Unfortunately, the atomic dimension of 2D materials hampers experimental efforts 

to constrain their edges; Instead, the spontaneous vdW interaction (Figure 3.2b) is 

employed to stick the sheet to its supporting substrate.  

Indentation experiments on suspended 2D materials can take advantage of AFM 

that showed high spatial resolution and force sensitivity; Experimental data focused mainly 

on the indentation force-depth curves. To interpret these data, an analytical expression 

based on a point load as well as clamped boundary conditions has been widely adopted 

(Lee et al., 2008), 

 ℱ = 𝜋𝑇pre𝐻 +  ℱ(𝜈)𝐻
3, (3.1) 

where ℱ =
𝐹

𝐸2D𝑅
, 𝛵pre =

𝑡pre

𝐸2D
, 𝐻 = ℎ/𝑅 , 𝐹  is the applied indentation force, 𝑡pre  is the 

uniform pretension acting on the sheet, ℎ is the indentation depth, and 𝑅 is the radius of 

this suspended sheet or the radius of the hole pre-patterned on the substrate. The first 

(linear) term on the right side of (3.1) accounts for the effect of the pretension, which is 

significant at small indentation depths. The coefficient for the second (cubic) term was 

calibrated numerically for the case of a point-loaded sheet whose deflection is sufficiently 

large (Komaragiri et al., 2005), 

  ℱ(𝜈) = 1/(1.0491 − 0.1462𝜈 − 0.15827𝜈
2)3, (3.2) 

where 𝜈 is the Poisson’s ratio of the thin sheet.  

One may ask the following questions regarding these assumptions: How far is the 

experiment data away from the regime that could be called the small- or the large-deflection 

regime? Can the simple summation of the asymptotic results from these two limiting 

regimes provide a good approximation for the intermediate regime? What if the vertical 

load is applied within a finite region, instead of at a singular point? How does the edge 

slippage of the sheet alter (3.1) as it breaks the clamped boundary conditions?  
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 Figure 3.1c may partially answer the first question. It is found that the ℱ/𝐻3 

decreases throughout the experimental range of the indentation depth. It may be concluded 

that the linear-to-cubic transition is not complete in experiments. Recent work also showed 

that the finiteness of the indenter size can amplify the contribution of the linear term in 

(3.1) logarithmically, 

 ℱ =
2𝜋𝑇pre

log(𝑅/𝑅tip)
𝐻 +  ℱ(𝜈, 𝑅tip/𝑅)𝐻

3, (3.3) 

and, thus, delay the transition (Vella and Davidovitch, 2017). The first term on the right 

side of (3.3) was derived based on a no-slip cylinder-shaped indenter. By contrast, the 

correction added to the coefficient for the cubic term, i.e.,  ℱ(𝜈, 𝑅tip/𝑅), approximately 

scales as (𝑅tip/𝑅)
2/3

.  

Before further discussing the missing ℱ~𝐻3 relation in experiments, we note that 

(3.3) naively sums up the two asymptotic expressions and appears erroneous for extracting 

the sheet’s in-plane stiffness when it is used for fitting experimental force-depth curves. 

The error produced by (3.3), 1 −
ℱ(3.3)

ℱtrue
, is ~𝒪(1) . It only becomes trivial when the 

deflection is sufficiently large so that the cubic term in (3.3) dominates (Vella and 

Davidovitch, 2017). In this case, the indenter may be modeled as a point force when 𝑅tip 

is two orders smaller than the radius of the sheet – a condition that could be satisfied in 

some of the experiments carried out in the literature.  

Back to Figure 3.1c, the force-cubic depth relation has rarely been observed as 

experimental 
𝐹/𝑅

𝐻3
 keeps decreasing and even shoots over the solid line,  ℱ(𝜈)𝐸2D, where 

we used the data of graphene with 𝜈 = 0.165  and 𝐸2D = 340 N/m  claimed in the 

literature. This suggests that the ℱ~𝐻3 relation may be achieved experimentally but have 

not been maintained under large sheet deformations due to other subtleties such as 

nonlinear elasticity and edge slippage. The former factor has been studied by Wei et al. 

(Wei et al., 2009; Wei and Kysar, 2012) but may not be able to explain the significantly 
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softened ℱ/𝐻3  ratios even at small deformations, e.g., 𝐻~0.15  (see data regarding 

monolayer graphene in Figure 3.1c). We note that such softening behavior is also 

ubiquitous in experimental data from poking tests on multilayer graphene and other 2D 

materials as well as bulge tests on monolayer graphene in Figure 3.9c. Here, we suggest a 

new mechanism; The edge slippage may play an essential role as the edge of 2D materials 

is fixed by their vdW interactions with substrates. 

3.3 TENTS WITHOUT INSTABILITIES 

In this section, our primary interest is to clarify the effect of edge slippage on the 

mechanical responses of a thin sheet upon vertical poking. The detailed theory has been 

developed in Chapter 2, where we release the clamped boundary conditions at the blister 

edges by considering a finite shear stress at the sheet-substrate interface. The inward sliding 

might bring hoop compression to the thin sheet beyond a critical condition and thus elastic 

instabilities to release such compression. As a starting point, we study the base state of this 

problem (i.e., Case I defined in Chapter 2), in which we neglect the pretension, finite size 

of the indenter, and assume that instabilities are absent or in their very early stage.  

3.3.1 Effect of 𝑻 

We assumed a finite, constant sliding resistance/shear traction, 𝜏 , at the sheet-

substrate interface though the same physical ideas apply to more complicated tangential 

traction-separation laws. The shear traction is normalized based on the radius and the in-

plane stiffness of the thin sheet, 

 𝑇 =
𝜏𝑅

𝐸2D
. (3.4) 
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As discussed in Chapter 2.4, the problem becomes to solve ODEs (2.19) and (2.20) and the 

size of the sliding zone 𝜌𝑜 with 4 conditions in (2.21), (2.26), and (2.27). We perform the 

numerical calculations using Matlab routine bvp5c. 

 

 

Figure 3.2: (a) Numerical indentation force-depth curves for thin sheets with various 

interfacial shear tractions to their substrates. (b) The dependency of the size 

of the sliding zone on the center deflection (i.e., indentation depth) for various 

interfacial shear tractions. 

 Figure 3.2a shows the numerical results on the indentation force-depth curves for 

thin sheets with various shear tractions to their substrates. As expected, with smaller 

resistance to the interfacial shear, thin sheets behave softer regarding the indentation 

stiffness. The reason is simply that more interfacial slippage is involved, which could also 

0.00 0.05 0.10 0.15 0.20 0.25 0.30

0.00

0.01

0.02

0.03

 

 

 

 

 

ℱ =
𝐹

𝐸2D𝑅

𝐻 = ℎ/𝑅

0.00 0.05 0.10 0.15 0.20 0.25 0.30

0

10

20

30

40

50

 

 

 

 

 

𝜌𝑜 =
𝑅𝑜
𝑅𝑤

𝑇 = 100

𝑇 = 10−3

𝑇 = 10−6

𝑇 = 100

𝑇 = 10−3

𝑇 = 10−6

𝐻 = ℎ/𝑅

a

b



 51 

be indicated by the size of the sliding zone, 𝜌𝑜, in Figure 3.2b. Besides the shear traction, 

the indentation depth, i.e., the center deflection of the sheet, would affect the size of the 

sliding zone. It is worth noting that for the case of 𝑇 = 1, 𝜌𝑜 ≈ 1 throughout the center 

deflection 𝐻 ∈ [0, 0.3] and we found that ℱ~𝐻3., implying that the edge of the thin sheet 

is nearly clamped.  

3.3.2 Sliding number 𝓢 

Since the pretension is neglected here, we expect a force-cubic deflection relation 

for these curves in Figure 3.1a. An effective stiffness can thus be defined 

 𝐾(𝑇,𝐻) =
ℱ

𝐻3
. (3.5)  

to quantify how the edge slippage modifies this cubic relation. We expect this stiffness 

decreases as the center deflection increases and the interfacial shear traction weakens. This 

motivates us to define a sliding number, 

 𝒮 =
𝐻2

𝑇
. (3.6)  

Systems with larger sliding numbers should subject to more inward edge slippage. Since 

the membrane tension scales as 𝐻2 , the sliding number may be understood as the 

comparison between the elastic and the interfacial shear traction. The former behaves like 

a driving force for interfacial sliding while the latter is a resistive force. We find that the 

numerical results on the effective stiffness obtained from thin sheets with various center 

deflections and interfacial tractions collapse onto a master curve that depends only on this 

sliding number.  

With this sliding number, it is very convenient to quantify when the edge slippage 

could be considered as negligible or oppositely when the sheet-substrate interface could be 

considered as frictionless. We answer this question by looking into the effective poking 

stiffness of the thin sheet,  
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 ℱ = 𝐾(𝒮)𝐻3. (3.7)  

 

 

Figure 3.3: The dependency on the sliding number of the effective stiffness (a) and the 

size of the sliding zone (b). 

In Figure 3.3a, it is found that the sheet edge is close to being clamped when 𝒮 ≲

0.1 while the sheet-substrate interface is close to being ultra-lubricated or frictionless when 

𝒮 ≳ 104. We will show in Chapter 7 that there exists an exact analytical solution for the 

master 𝐾~𝒮 curve,  

 𝐾(𝒮) = 𝜋
𝜌𝑜(𝒮)−1

𝒮

(1+𝜈)√𝜓̃1(𝒮) (⁄ 1−𝜓̃1(𝒮))

tan−1√𝜓̃1(𝒮) (⁄ 1−𝜓̃1(𝒮))

. (3.8) 

where 𝜌𝑜(𝒮) and 𝜓̃1(𝒮) can be solved based on two algebraic equations: 
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  𝜓̃1𝒮 = 4 (
1+𝜈

2
𝜌𝑜 +

1−𝜈

6
𝜌𝑜
3 −

2+𝜈

3
) (tan−1√

𝜓̃1

1−𝜓̃1
)

2

 (3.9) 

and 

 
3(1+𝜈)(𝜌𝑜−1)

[3(1+𝜈)𝜌𝑜+(1−𝜈)𝜌𝑜
3−2(2+𝜈)]

=  1 − 𝜓̃1
−1 +√

1−𝜓̃1

𝜓̃1
3 tan

−1√
𝜓̃1

(1−𝜓̃1)
. (3.10) 

Equations (3.9) and (3.10) also give rise to the master curve for the size of the sliding zone 

𝜌𝑜(𝒮) that can be found in Figure 3.3b.  

 We identify the limits for the effective stiffness and the size of the sliding zone in 

systems with small and large sliding numbers; we may call them strong shear limit and 

weak shear limit, respectively. The analytical results suggest asymptotic expressions for 

the two limits,  

  𝐾 ≅ {
 ℱ(𝜈),  𝒮 ≲ 0.1
2

𝜋
,    𝒮 ≳ 104

 (3.11) 

and  

 𝜌𝑜(𝒮) ≅ {
1,   𝒮 ≲ 0.1

[
6𝒮

𝜋2(1−𝜈)
]
1/3

, 𝒮 ≳ 10
, (3.12) 

which are shown by brown dashed curves in Figure 3.3. Note that  ℱ(𝜈) in (3.11) is due 

to (3.2), and the large-𝒮  limit (weak shear limit) of both  𝐾  and 𝜌𝑜  is independent of 

Poisson’s ratio of the sheet. 

3.4 TENTS WITH INSTABILITIES 

We then move on to the cases that allow the formation of elastic instabilities and 

discuss when the instability initiates, how it evolves and then affects the overall poking 

stiffness of the thin sheet.   

3.4.1 Wrinkling and no buckling delamination 

In poking experiments of 2D materials, the vdW interaction between the sheet and 

the substrate is tangentially weak and vertically strong. This contrast may lead to the 
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scenario that the thin sheet wrinkles in the suspended region and remains flat in the 

supported region (See Figure 2.2). Due to the thinness of 2D materials, a reasonable 

assumption is that the wrinkling releases the compression completely, which could be 

described by the Tension Field theory (TFT). As discussed in Chapter 2.5, the problem 

(Case II defined in Chapter 2) is to solve the regular FvK equations with 4 unknown 

constants (due to the sliding and the wrinkling) with 7 boundary or matching conditions. 

Again, we perform the numerical calculations using Matlab routine bvp5c. 

 

 

Figure 3.4: The dependency on the sliding number of the effective stiffness of poking a 

wrinkled sheet. 

Figure 3.4 shows the numerical results on the 𝒮 -dependency of the effective 

stiffness of the sheet in response to a point force, which again falls onto a master curve. 

This indicates that the system involving instabilities in the suspended region still relies on 

the single sliding number. Particularly, for graphene, the wrinkling instability occurs when 

𝑁𝜃𝜃(1) ≤ 0 , corresponding to 𝒮 ≳ 2.306  (the detailed value is very sensitive to the 

Poisson’s ratio of the material).  
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Figure 3.5: The dependency on the sliding number of the size of the sliding zone (a) and 

the size of the wrinkling zone (b). 

Along with the same technique that will be introduced in Chapter 7, we can derive 

exact analytical solutions for this master curve,  

 𝐾(𝒮) =
2𝜋

𝜌𝑤
2 √

𝜓̃𝑤
3

(1−𝜓̃𝑤)
(
1−𝜌𝑤

𝜌𝑤
 √

𝜓̃𝑤

1−𝜓̃𝑤
+ 2 tan−1√

𝜓̃𝑤

1−𝜓̃𝑤
)

−3

, (3.13) 

where 𝜓̃𝑤 and 𝜌𝑤 are solved based on the following three algebraic equations: 

  √𝜓̃𝑤
3 (1 − 𝜓̃𝑤)⁄ + 2√𝜓̃𝑤(1 − 𝜓̃𝑤) = 2tan

−1√𝜓̃𝑤 (1 − 𝜓̃𝑤)⁄ ,  (3.14) 

 2𝜌𝑤 ln 𝜌𝑤 +  
1−𝜌𝑤

1−𝜓̃𝑤
+ 2𝜈𝜌𝑤 −

2𝜌𝑤(1−𝜈
2)(𝜌𝑜−1)

2(𝜌𝑜+2)

(1−𝜈)𝜌𝑜
3+ 3(1+𝜈)𝜌𝑜−2(2+𝜈)

= 0,  (3.15) 

and  

 𝒮
𝜓̃𝑤

𝜌𝑤
= [−

2+𝜈

3
−
𝜈−1

6
𝜌𝑜
3 +  

1+𝜈

2
𝜌𝑜] (

1−𝜌𝑤

𝜌𝑤
 √

𝜓̃𝑤

1−𝜓̃𝑤
+ 2 tan−1√

𝜓̃𝑤

1−𝜓̃𝑤
)

2

. (3.16) 
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Equations (3.14-3.16) also give rise to master curves for the size of the sliding zone 𝜌𝑜(𝒮) 

and the size of the wrinkling zone 𝜌𝑤(𝒮) that are shown in Figure 3.5.  

We note that 𝜓̃𝑤  satisfies a transcendental equation with a solution of 𝜓̃𝑤 ≅

0.6965. When the sliding number is large, we find that 𝜌𝑤 ≅ 0.49048 (independent of 

Poisson’s ratio), defining the innermost position that the wrinkling zone can grow. Based 

on numerical results, we suggest several useful values for this limit,  

  𝐾 ≅ {
 ℱ(𝜈),  𝒮 ≲ 0.1
1.94

𝜋
,    𝒮 ≳ 104

, (3.17) 

 𝜌𝑜(𝒮) ≅ {
1,   𝒮 ≲ 0.1

[
6.68𝒮

𝜋2(1−𝜈)
]
1/3

, 𝒮 ≳ 10
, (3.18) 

and  

 𝜌𝑤(𝒮) ≅ {
1,   𝒮 ≲ 0.1

0.49048, 𝒮 ≳ 104
, (3.19) 

which lead to brown dashed lines and show excellent agreement with the numerical results 

in Figures 3.4 and 3.5. Note that, similar to Case I, the effective stiffness in Case II at the 

large-𝒮 limit (weak shear limit) is independent of Poisson’s ratio of the sheet. 

3.4.2 Wrinkling with buckling delamination 

In the last case (Case III defined in Chapter 2), elastic instabilities occur in both the 

suspended region (in the form of wrinkling) and the supported region (in the form of buckle 

delamination). This limiting case may happen when the substrate adhesion is weak or when 

transfer processes are involved (Chapter 7). As discussed in Chapter 2.6, the problem is to 

solve the regular FvK equations with 5 unknown constants (due to the sliding, wrinkling, 

and buckle delamination) with 9 boundary or matching conditions. 
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Figure 3.6: The dependency on the sliding number of the effective stiffness. 

Figure 3.6 shows the numerical results on the 𝒮 -dependency of the effective 

stiffness of the sheet in response to a point force; a master curve appears again. This 

indicates that the system involving instabilities in both suspended and supported region 

relies on this sliding number. Still, for graphene, these two types of instabilities occur 

simultaneously when 𝑁𝜃𝜃(1) ≤ 0, i.e., 𝒮 ≳ 2.306. Along with the same technique that 

will be introduced in Chapter 7, we can derive exact the analytical solution for this master 

curve,  

 𝐾(𝒮) =
2𝜋

𝜌𝑤
2 √

𝜓̃𝑤
3

(1−𝜓̃𝑤)
(
1−𝜌𝑤

𝜌𝑤
 √

𝜓̃𝑤

1−𝜓̃𝑤
+ 2 tan−1√

𝜓̃𝑤

1−𝜓̃𝑤
)

−3

, (3.20) 

where 𝜓̃𝑤 and 𝜌𝑤 are solved based on the following four algebraic equations: 

 𝜌𝑏 =
1−𝜈+√9+6𝜈−15𝜈2

4+8𝜈
𝜌𝑜, (3.21) 

  √𝜓̃𝑤
3 (1 − 𝜓̃𝑤)⁄ + 2√𝜓̃𝑤(1 − 𝜓̃𝑤) = 2tan

−1√𝜓̃𝑤 (1 − 𝜓̃𝑤)⁄ ,  (3.22) 

 −
1

4
(−2𝜌𝑏

2 ln 𝜌𝑏 + 𝜌𝑏
2 − 1) + 𝜌𝑏 ln 𝜌𝑏 [−

2+𝜈

3
𝜌𝑏 −

𝜈−1

6
𝜌𝑜
3𝜌𝑏

−2 +  
1+𝜈

2
𝜌𝑜] −

𝜈(1+𝜈)[−3(1+3𝜈)+√3√(1−𝜈)(3+5𝜈)]

4+8𝜈
𝜌𝑏𝜌𝑜 = {

1

2
(𝜌𝑏
2 − 1) + 𝜌𝑏 [−

2+𝜈

3
𝜌𝑏 −

𝜈−1

6
𝜌𝑜
3𝜌𝑏

−2 +  
1+𝜈

2
𝜌𝑜]} [𝜈 + ln 𝜌𝑤 +

1

2

1−𝜌𝑤

𝜌𝑤
 

1

1−𝜓̃𝑤
],  (3.23) 

 𝒮
𝜓̃𝑤

𝜌𝑤
= [−

2+𝜈

3
−
𝜈−1

6
𝜌𝑜
3 +  

1+𝜈

2
𝜌𝑜] (

1−𝜌𝑤

𝜌𝑤
 √

𝜓̃𝑤

1−𝜓̃𝑤
+ 2 tan−1√

𝜓̃𝑤

1−𝜓̃𝑤
)

2

. (3.24) 
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Equations (3.21-3.24) also give rise to the master curves for the size of the sliding zone 

𝜌𝑜(𝒮), the size of the wrinkling zone 𝜌𝑜(𝒮), and the size of the buckling zone 𝜌𝑏(𝒮); the 

former two are shown in Figure 3.7.  

 

 

Figure 3.7: The dependency on the sliding number of the size of the sliding zone (a) and 

the size of the wrinkling zone (b). 

Unlike in Cases I and II, the wrinkling zone keeps propagating and the effective 

stiffness keeps decreasing with the increasing sliding number in Case III, due to the 

formation of buckling delamination in the supported region. We suggest several 

approximated values for the weak and strong shear limits for this case,  

  𝐾~ {
 ℱ(𝜈),  𝒮 ≲ 0.1

1 ln 𝒮⁄  ,    𝒮 ≳ 104
, (3.25) 
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 𝜌𝑜(𝒮)~ {
1,   𝒮 ≲ 0.1

𝒮1/2, 𝒮 ≳ 10
, (3.26) 

and  

 𝜌𝑤(𝒮)~ {
1,   𝒮 ≲ 0.1

1 𝑙𝑛 𝜌𝑏⁄ ~1 ln 𝒮⁄ , 𝒮 ≳ 104
, (3.27) 

which lead to brown dashed lines in Figures 3.6 and 3.7.  

3.5 IMPLICATIONS FOR INDENTATION TESTS 

 

 

Figure 3.8: The effective stiffness of the thin sheet under poking for three possible 

deformed configurations, which are further illustrated in the right panel. 

Now we are in a position to summarize the implications of our studies for 

poking/indentation tests where the edge slippage is allowed. In experiments, Cases I and II 

are more likely to occur. The signature of Case II happening is simply that wrinkling 

instabilities form in the suspended region. In both cases, we found two natural limits: the 

sheet edge is close to being clamped when 𝒮 ≲ 0.1; the sheet-substrate interface is close 

to being ultra-lubricated or frictionless when 𝒮 ≳ 104. During loading, the experiments 
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belong to Case I first and then develop to be Case II when the hoop stress appears negative 

at the sheet edge (𝒮 ≳ 2.3 for graphene with 𝜈 = 0.165). However, the difference in the 

effective stiffness between Cases I and II is within 3% for all indentation depths (if the 

deflection remains moderate) and all theoretically allowable Poisson’s ratios. We may use 

solutions to Case I for both, which is relatively simple in general, see details in Chapter 5. 

Unfortunately, the consideration of edge slippage, together with other factors such as 

pretension and indenter shaper and size, would render simple analytical formulae for 

poking tests such as (3.1) elusive. Given such fact, we conclude that it is still a grand 

challenge to measure the pretension and in-plane stiffness for an atomically thin sheet 

though the erroneous expression (3.1) has been widely applied and propagated in the 

literature.   

3.6 BULGE TESTS 

The second part of this chapter focuses on the bulge test. The underlying ideas when 

the edge slippage is considered are similar to those discussed in the poking test. For 

example, we will show that the bulging system is also controlled by a single sliding 

number, defined in the same way as the poking system. However, there are several 

quantitative differences between the poking and bulging problems, particularly in the size 

of the wrinkling zone. We did not succeed in figuring out exact solutions to the bulging 

problem; this part is thus numerically-based.  

3.6.1 Experiments in the literature 

Figure 3.9a illustrates the device of bulge tests designed for traditional aluminum 

alloy plates, where the edge of the plate is confined mechanically by draw beads (Chen et 

al., 2018; Chen et al., 2016a). Though the horizontal friction has been considerably 
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enhanced by such draw bead, edge slippage and instability could be observed after large 

pressurizations.  

The experimental set-up of bulge tests typically involves the transfer of the 2D 

material on a substrate that is pre-patterned with micro holes and the pressurization of this 

sheet via the “constant gas number” technique invented by S. Bunch and coworkers 

(Koenig et al., 2011). For bulge tests of 2D materials whose edge is confined by the vdW-

based friction, more significant edge displacement should be expected. Indeed, wrinkling 

can be observed even under small pressurizations, say 𝐻 < 0.1(Figure 3.9b). We examine 

how the occurrence of edge slippage weakens the effective stiffness of the thin sheet in 

resisting the pressure. 

Analogous to the poking problem, an analytical expression based on a uniform 

pressure and clamped boundary conditions can be derived, 

 𝑃 = 4𝑇pre𝐻 +  𝑃(𝜈)𝐻
3, (3.28) 

where 𝑃 =
𝑝𝑅

𝐸2D
, 𝛵pre =

𝑡pre

𝐸2D
, 𝐻 = ℎ/𝑅 , 𝑝  is the applied pressure, 𝑡pre  is the uniform 

pretension pre-existing on the sheet, ℎ is the center deflection, and 𝑅 is the radius of this 

suspended sheet or the radius of the hole pre-patterned on the substrate. The first (linear) 

term on the right side of (3.1) accounts for the effect of the pretension, which is significant 

at small indentation depths. The coefficient for the second (cubic) term was calibrated 

numerically based on results of a pressurized, clamped and pretension-free sheet 

(Komaragiri et al., 2005), 

  𝑃(𝜈) = 1/(0.7179 − 0.1706𝜈 − 0.1495𝜈
2)3, (3.29) 

In fact, (3.28) could offer a decent approximation for a pressurized thin sheet with a 

constant pretension  when 𝑇pre ≪ 1. 
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Figure 3.9: (a) Schematic illustrations of bulge tests on an aluminum alloy plate, the edge 

of which is constrained via the friction enhanced mechanically by draw beads. 

The top panel shows the photo of a plate after the test (Chen et al., 2018). (b) 

AFM amplitude images of a gas-pressurized bilayer graphene bubble (right, 

courtesy of Guorui Wang). 1  (c) Rescaled pressure-deflection relation 

measured on monolayer graphene in the literature. 

Unlike indentation, pressurization of suspended 2D materials relies on the gas-

diffusion process that makes experimental data appear “discrete” (Figure 3.19c). We still 

                                                 
1  This image is also adapted for the Graphic illustration in Phys. Rev. Lett. 121, 266101 (2018) 

https://journals.aps.org/prl/issues/121/26.  
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find a clear trend that the 𝑝𝑅/𝐻3  decreases throughout the experimental range of the 

pressurization and shoots over the solid line,  𝑃(𝜈)𝐸2D, when 𝐻 ≳ 0.1, where we used the 

data of graphene with 𝜈 = 0.165 and 𝐸2D = 340 N/m. This again suggests the important 

role of edge slippage that has been hidden in clamped theory in (3.28). 

3.6.3 Numerical results 

 

 

Figure 3.10: (a) The pressure-deflection curves for thin sheets with various interfacial 

shear tractions to their substrates. (b) The dependency of the size of the sliding 

zone on the center deflection for different interfacial shear tractions. 

Following the same technique introduced in Chapter 2 and the first part of Chapter 

3, we show numerical results on pressure-deflection curves for thin sheets with various 
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shear tractions to their substrates (Case I) in Figure 3.10a. As expected, with smaller 

resistance to the interfacial shear, thin sheets behave softer as more interfacial slippage is 

involved under a given pressure (also see Figure 3.10b). We define the effective stiffness 

of the thin sheet in resisting the pressure by,  

 𝐾(𝒮) =
𝑃

𝐻3
, (3.30)  

where 𝒮 is the sliding number defined by, 

 𝒮 =
𝐻2

𝑇
. (3.6)  

 

 

Figure 3.11: The dependency on the sliding number of the effective stiffness (a) and the 

size of the sliding zone (b). 
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Similar to the poking test, numerical results on the effective stiffness (as well as the 

size of the sliding zone) obtained from the pressurization of thin sheets with various center 

deflections and interfacial tractions collapse onto a master curve, which depends only on 

this sliding number (Figure 3.11). Two limits appear again: the sheet edge is close to being 

clamped when 𝒮 ≲ 10−2 , the sheet-substrate interface is close to being ultra-lubricated or 

frictionless when 𝒮 ≳ 103. The scaling 𝜌𝑜~𝒮
1/3 derived in the poking problem also holds 

for the bulging problem (Figure 3.11b).  

 

 

Figure 3.12: The dependency on the sliding number of the effective stiffness. 

When wrinkling instabilities occur at the supported region of the bubble and buckle 

delamination is prohibited due to the adhesion in the supported region, we reach the Case 

II of the bulging problem. Following the method outlined in Chapter 2, we calculated the 

effective bulging stiffness of the sheet (Figure 3.12) and the associated size of sliding and 

wrinkling zone (Figure 3.A1) for various deflections and interfacial shear tractions. Though 

the analytical solutions are lacking, we identify the dependency of these results on the 

single sliding number. Specifically, for graphene, instabilities should be observed in the 

bulge tests when 𝒮 ≳ 0.76. The strong and weak shear limit can be observed in systems 
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with very small and large sliding numbers. Notably, many of the scalings derived in the 

poking problem still provide good predictions for quantities in the bulging problem (brown 

dashed lines in Figure 3.A1). It is also worth noting that the difference between Cases I 

and II of this bulging problem in the effective stiffness is only within 2.3%.  

 

 

Figure 3.13: The dependency on the sliding number of the effective stiffness. 

When instabilities are allowed in both supported and supported region, we reach 

the Case III of the bulging problem. We calculated the effective bulging stiffness of the 

sheet (Figure 3.13) and the associated size of the sliding and wrinkling zone (Figure 3.A2) 

for various deflections and interfacial shear tractions. Unsurprisingly, the sliding number 

governs these numerical results. In this case, the effective stiffness keeps weakening as 

1/ ln 𝒮 for thin sheets with large sliding numbers. Such scaling, again, originates from the 

poking problem, i.e., (3.25). In addition, the extents of the instabilities were predicted to 

be 𝜌𝑜~𝒮
1/2 and 𝜌𝑤~1/ ln 𝒮; the former shows good agreement with numerical results on 

the bulging problem while the latter cannot (Figure 3.A2). 
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3.7 IMPLICATIONS FOR BULGE TESTS 

Now we summarize the implications of our studies on the edge slippage for bulge 

tests. Again, in such tests, we suggest that Cases I and II are more likely to occur; and the 

signature of Case II happening is that wrinkling instabilities form in the suspended region. 

 

 

Figure 3.14: The effective stiffness of the thin sheet under poking for three possible 

deformed configurations, which are further illustrated in the right panel. 

The strong and weak limits for the effective bulging stiffness are of interest: the 

sheet edge is close to being clamped when 𝒮 ≲ 10−2; the sheet-substrate interface is close 

to being ultra-lubricated or frictionless when 𝒮 ≳ 104. During loading, the experiments 

may first be in the state of Case I and then become Case II when the hoop stress is negative 

at the sheet edge (𝒮 ≳ 0.76 for graphene with 𝜈 = 0.165). Due to the small difference in 

the effective stiffness between Cases I and II, we may also apply the Case I solutions to 

Case II (see details in Chapter 5). If the edge slippage and the pretension are considered 

simultaneously, (3.8) would lose its accuracy at large deflections – the regime where the 
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in-plane stiffness of the thin sheet is extracted. At small deflections where the effect of the 

pretension should be significant, pressurization of 2D materials is not well-controlled (very 

limited data lies in such regime, Figure 3.9c). Therefore, our conclusion that it remains a 

challenge to measure the pretension and in-plane stiffness in an atomically thin sheet still 

holds.   

3.8 CONCLUSIONS 

In this chapter, we performed the numerical calculations of the poking and bulging 

problem with a sliding boundary. A single controlling parameter, the sliding number 𝒮, 

comparing the interfacial shear tractions with the membrane tension (due to out-of-plane 

deformations), is identified in both problems. The effective stiffness of a thin sheet in 

resisting a point load or a uniform pressure is found to depend on this sliding number 

sensitively. The numerical results suggest that the edge slippage plays an important role in 

deviating the force-displacement curves from a cubic relation. We also elucidated the 

dependency on the sliding number of the geometric features of elastic instabilities, such as 

the extent of the wrinkling. These results were obtained under the assumption of constant 

interfacial shear tractions. We expect qualitatively similar but quantitatively different 

outcomes when more complicated interfacial traction laws are adopted.   
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3.9 APPENDIX 

 

 

Figure 3.A1: The dependency on the sliding number of the size of the sliding zone (a) and 

the size of the wrinkling zone (b) in the bulge test. Markers are numerical 

results based on Case II of the bulging problem; black solid curves are based 

on Case I of the bulging problem (no instabilities); brown dashed lines are 

guessed according to our studies on Case II of the poking problem in section 

3.4. 
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Figure 3.A2: The dependency on the sliding number of the size of the sliding zone (a) and 

the size of the wrinkling zone (b) in the bulge test. Markers are numerical 

results based on Case III of the bulging problem; black solid curves are based 

on Case I of the bulging problem (no instabilities); brown dashed lines are 

guessed according to our studies on Case III of the poking problem in section 

3.4. 
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Chapter 4:  Bending1 

In this chapter, we focus on bulge tests of multilayer 2D materials when the bending 

effect is nontrivial. Unlike classical linear elastic plates, multilayer 2D materials show 

bending rigidity that is not directly related to their Young’s moduli because of the abnormal 

bending behavior of their building blocks (i.e., monolayers) and the atomically smooth 

layered structure. This has led to significant controversy on the bending rigidity of a 2D 

material multilayer despite extensive research for more than a decade. Here, we start with 

theoretical modeling of a pressurized thin sheet with Young’s modulus independent 

bending rigidity. The results suggest the signatures of bending behavior being dominant 

and verify a simple analytical formula. Analysis of these results helps to design and 

interpret experiments towards direct measurements of bending rigidity of multilayer 

graphene, molybdenum disulfide (MoS2), and hexagonal boron nitride (hBN) based on 

pressurized bubbles. The measured Young’s moduli show good agreement with those 

reported in literature (𝐸graphene  𝐸hBN  𝐸MoS2
), but the bending rigidity follows an 

opposite trend: 𝐵graphene < 𝐵hBN < 𝐵MoS2
 for multilayers with comparable thickness, in 

contrast to the classical plate theory, which is attributed to the interlayer shear effect in the 

multilayers. 

 

  

                                                 
1A paper based on the work described in this Chapter has been published: 

G. Wang†, Z. Dai†, J. Xiao†, S. Feng, C. Weng, L. Liu, Z. Xu, R. Huang, Z. Zhang, Bending of multilayer 

van der Waals materials. Physical Review Letters 2019, 123, 116101. († denotes equal contribution; Z.D. 

contributed to the design of the experiments, theoretical and results analysis, and writing of the first draft.) 
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4.1 INTRODUCTION 

 

 

Figure 4.1: The schematics (a) and corresponding electron microscope images (b) 

illustrate various deformation modes. (Reproduced with permission from Ref. 

(Bao et al., 2009; Lee et al., 2015; Lopez-Bezanilla et al., 2012; Yang et al., 

2015; Zhang et al., 2013b). Panels (c) and (d) illustrate the microstructural 

deformation upon bending of multilayer 2D materials with perfectly glued (c) 

and ultra-lubricated (d) interfaces. 

2D materials possess excellent electronic, mechanical, and chemical properties that 

lend well to a range of applications (Geim and Grigorieva, 2013; Novoselov et al., 2016). 

In many instances, 2D materials come with multilayered structures (also called multilayer 

van der Waals (vdW) materials) and favor out-of-plane deformations such as scrolls (Cui 

et al., 2018; Zhang et al., 2013b), folds (Annett and Cross, 2016; Lopez-Bezanilla et al., 

2012; Zhao et al., 2015), bubbles (Khestanova et al., 2016; Koenig et al., 2011; Lee et al., 

2015; Levy et al., 2010; Sanchez et al., 2018; Wang et al., 2017b), wrinkles (Bao et al., 

2009; Dai et al., 2019a), buckles (Castellanos-Gomez et al., 2013; Yang et al., 2015), 

crumples (Chen et al., 2016b; Zang et al., 2013), ripples (Tapasztó et al., 2012; Xie et al., 

c d

scroll fold bubble wrinkle buckle
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b

𝐷~𝑁3 𝐷~𝑁
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2018), tents (Dai et al., 2018; Jiang et al., 2017; Reserbat-Plantey et al., 2014), and so on 

due to their thinness (Figures 1a and 1b). On the one hand, the out-of-plane mode of 

deformation is viewed as an inconvenience with research focusing on how it might be 

avoided (Pizzocchero et al., 2016). On the other hand, the development of 2D-material-

based stretchable electronics and strained semiconductors can take advantage of these 

curved configurations (De Juan et al., 2011; Guinea et al., 2010). For these purposes, it is 

often necessary to manipulate and control the out-of-plane deformation of multilayer 2D 

materials, which requires the understanding of the bending mechanism of these atomically 

layered structures, in particular, the bending rigidity/stiffness as one crucial parameter. 

Classical plate theory assumed that an elastic plate resists bending by tension and 

compression on the opposite sides of a neutral plane (Timoshenko and Woinowsky-

Krieger, 1959). The bending rigidity of an elastic plate is related to its thickness (𝑡) and the 

elastic moduli of the material by 

 𝐵 =
𝐸𝑡3

12(1−𝜈2)
,  (4.1) 

where 𝐸  is Young’s modulus and 𝜈  is Poisson’s ratio. This relation holds well for a 

perfectly glued multilayer with 𝑁 identical layers (Figure 1c) such that the overall bending 

rigidity scales as 

 𝐵~𝑁3. (4.2)  

However, the classical relation is expected to break down for multilayer 2D materials for 

at least two reasons: (i) The mechanical resistance of the monolayer 2D material to bending 

and stretching deformation arises from different physical origins (Lu et al., 2009; Wei et 

al., 2013; Zelisko et al., 2017; Zhang et al., 2011). In graphene, for example, Young’s 

modulus is related to the in-plane 𝜎 bonding, while the bending resistance is attributed to 

the distortion of out-of-plane 𝜋  bonds (Zhang et al., 2011). (ii) The vdW interactions 

between the atomic layers are weak in resisting interlayer shear/sliding (Hod et al., 2018a; 
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Ribeiro-Palau et al., 2018), as demonstrated by recently observed self-rotation between 2D 

material layers (Wang et al., 2016a; Woods et al., 2016). The interlayer shear stiffness and 

strength of bulk 2D materials (e.g. graphite) is typically orders of magnitude lower than 

their in-plane Young’s modulus and tensile strength (Kelly, 1981). This extreme 

mechanical anisotropy may subject multilayer 2D materials to the interlayer sliding. In the 

limiting case when the interface is ultra-lubricated (Figure 1d), each layer would bend 

independently such that the overall bending rigidity of the multilayer would scale linearly 

with the number of layers, 

 𝐵~𝑁.  (4.3) 

The actual bending rigidity of various 2D materials should be within the two limits, 

depending on the interlayer shear/slip. 

Despite extensive research into the mechanical properties of 2D materials for more 

than a decade, significant controversy still exists on the bending rigidity of monolayer and 

multilayer 2D materials (Bao et al., 2009; Tapasztó et al., 2012; Zelisko et al., 2017; Zhang 

et al., 2011). It remains elusive how the bending rigidity of a multilayer 2D material relates 

to its layer number, although the classical relation (𝐵~𝑁3) has been widely applied in the 

literature despite the perceived breakdown. Motivated by this puzzle, in this Chapter, we 

focus on how the bending rigidity of multilayer 2D materials can be measured through 

bulge tests. We first develop a theoretical understanding of the bending behavior of a 

clamped, circular, thin sheet in response to pressure. With this, experiments were 

performed on graphene, hexagonal boron nitride (hBN), and molybdenum disulfide 

(MoS2), which serve as representatives of metallic, insulating and semiconducting 2D 

materials, respectively. Finally, the effect of interlayer coupling on the bending rigidity of 

2D materials is revealed. 
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4.2 CURRENT UNDERSTANDING ON 2D MATERIAL BENDING 

 

 

Figure 4.2: Bending of multilayer 2D materials. (a) Schematic of a bent multilayer where 

interlayer interfaces are glued (top panel) and lubricated (bottom panel) (Han 

et al., 2019). (b) Bright-field STEM image of 12-layer graphene bent to 12 °, 

where the number of atomic columns in the arc is provided for layers at three 

different locations (Han et al., 2019). 

We begin by discussing recent theoretical and experimental advances in the  

understanding of the bending behavior of multilayer 2D materials (for the most part, 

graphene). Molecular dynamics (MD) simulations have shown significant deviations of 

bending rigidity from the classical plate theory predictions (Liu et al., 2011; Nazemnezhad 

et al., 2014; Pan et al., 2019). For example, Liu et al. found that the secondary resonant 

frequency 𝑓  of 𝑁 -layer graphene cantilevers with a length 𝐿  follows 𝑓~(1 −

𝑁−1)0.77𝐿−0.46 + 𝑓𝑚𝑜𝑛𝑜, instead of 𝑓~𝑁𝐿−2 (given by the classical Euler–Bernoulli beam 

theory) (Liu et al., 2011). This deviation was explained well by a multibeam model that 

considers each layer individually and models the interlayer interactions as shear-type 

elastic springs (Liu et al., 2011). Recently, Pan et al. simulated the bending rigidity of 

multilayer graphene under relatively large curvatures using a registry-dependent interlayer 

a b

a b
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potential (Kolmogorov-Crespi potential) (Pan et al., 2019). It is found that the ratio of the 

simulated to the idealized bending rigidity by classical plate theory varies with the 

deformation levels and the layer numbers, and is always < 1, implying the softening effect 

of the interlayer shear on the bending rigidity (Pan et al., 2019). 

Two types of experiments have been developed recently to characterize the bending 

rigidity of multilayer 2D materials. As expected, the interlayer-shear-caused softening has 

been observed in both. The first type of experiments is indirect that measures the 

spontaneously deformed configuration of a multilayer and estimates its bending rigidity by 

making use of abovementioned “elasto-intermolecular” balances in Chapter 1.3 (Chen et 

al., 2015; Qu et al., 2019; Zhao et al., 2015). For example, Ke and coworkers investigated 

the bending rigidity of few-layer graphene and hBN through self-folding experiments and 

nonlinear mechanics modeling (Chen et al., 2015; Qu et al., 2019). They proposed a power 

function for the bending rigidity-thickness relation of these multilayers (the power index 

is ~2.35 for hBN (Qu et al., 2019) and ~2 for graphene (Chen et al., 2015)). This was 

explained by a multibeam model with relatively stiffer interlayer shear springs in hBN than 

graphene (Chen et al., 2015; Qu et al., 2019).  

Very recently, Han et al. draped few-layer graphene over sharp steps of hBN such 

that the bending profiles and the interlayer slip (Figure 4) became accessible to STEM with 

atomic-level resolutions (Han et al., 2019). The competition between the graphene/hBN 

adhesion energy and the bending energy of graphene could select the geometry (e.g., 

bending angles) of the bending profiles. STEM measurement of such geometry then leads 

to the estimation of the bending rigidity of few-layer graphene, which is found to decrease 

dramatically with the bending angles (Han et al., 2019), agreeing with their DFT 

calculations. 
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Another type of experiments is direct that measures the bending rigidity of a 

multilayer through detecting its deformed deflection when a point force (typically by an 

AFM tip) is applied (Castellanos‐Gomez et al., 2015; Poot and van der Zant, 2008; Wang 

et al., 2019b). At small deflections, the pretension and bending rigidity dominated the 

deformation, and the force/pressure-deflection curve was believed to be linear. Early AFM 

indentation works typically estimated both pretention and bending rigidity by the slope of 

the indentation force-deflection curve and further converted the bending rigidity to 

Young’s modulus via the classical plate theory (Castellanos-Gomez et al., 2012; 

Castellanos‐Gomez et al., 2015; Poot and van der Zant, 2008). However, such 

methodology, as discussed in Chapter 3.2, relies heavily on the radius of the AFM indenter, 

which even varies with the indentation depth. Therefore, direct experimental measurements 

on the bending rigidity of a 2D material multilayer based on robust methodologies remain 

lacking. A good deal of confusion has arisen, including the extensive yet inappropriate 

application of the over-simplified formula (4.1), where the bending rigidity of the 

multilayer is related to its Young’s modulus and thickness. Such confusion motivates the 

theoretical and experimental studies of the bulge test of 2D material multilayers in this 

chapter.   

4.3 THEORY OF BULGING 

The theoretical setting of the bulge test of a sheet with a stretching-modulus-

independent bending stiffness under moderate deflection is presented in this section.  
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4.3.1 FvK equations 

We recall FvK equations in terms of Airy stress function and out-of-plane 

deflections (Mansfield, 2005) that were discussed in Chapter 2.2. The vertical equilibrium 

and compatibility read 

 ∇2(𝐵∇2𝑤) − [𝜙,𝑤] − 𝑞(𝑟) = 0 (4.4) 

and 

 ∇4𝜙 +
1

2
𝐸𝑡[𝑤,𝑤] = 0, (4.5) 

where 𝐸, 𝐵, and 𝑡 are Young’s modulus, bending rigidity, and the thickness of the sheet, 

respective; [𝑓, 𝑔] = 𝑟−1d (
d𝑓

d𝑟

d𝑔

d𝑟
) / d𝑟 , and  ∇4= ∇2∇2 . We introduced the Airy stress 

function 𝜙  so that the in-plane equilibrium is satisfied automatically by setting stress 

resultants as 𝑁𝑟𝑟 =
1

𝑟

d𝜙

d𝑟
, 𝑁𝜃𝜃 =

d2𝜙

d𝑟2
. 

It is convenient to consider the dimensionless form of FvK equations. Consistent 

with the convention in Chapter 2, we use the in-plane stiffness 𝐸𝑡 to normalize the force-

related variables. The lengths, however, are rescaled in a different way. The radius of the 

bubbling device 𝑎  provides a natural horizontal length scale; we consider a different 

vertical length scale that arises from the comparison between out-of-plane stiffness and in-

plane stiffness, i.e., 

 ℓ𝑐 = √𝐵/𝐸𝑡. (4.6) 

The following non-dimensionalization is therefore performed,  

 𝑅 =
𝑟

𝑎
, 𝑊 =

𝑤

ℓ𝑐
, 𝐻 =

ℎ

ℓ𝑐
, 𝑃 =

𝑝𝑎

𝐸𝑡
, 𝛷 =

𝜙

𝐸𝑡𝑎2
, 𝑁𝑅𝑅 =

𝑁𝑟𝑟

𝐸𝑡
, 𝑁𝛩𝛩 =

𝑁𝜃𝜃

𝐸𝑡
, (4.7) 

with which FvK equations are rewritten: 

 
1

𝒦3/2
1

𝑅

d

d𝑅
{𝑅

d

d𝑅
[
1

𝑅

d

d𝑅
(𝑅

d𝑊

d𝑅
)]} −

1

𝒦1/2
1

𝑅

d

d𝑅
(
d𝛷

d𝑅

d𝑊

d𝑅
) = 𝑃 (4.8) 

and 

 
1

𝑅

d

d𝑅
{𝑅

d

d𝑅
[
1

𝑅

d

d𝑅
(𝑅

d𝛷

d𝑅
)]} = −

1

2𝒦

1

𝑅

d

𝑅
[(
d𝑊

d𝑅
)
2

]. (4.9) 
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With this rescaling, we find the single controlling parameter of this system (i.e., FvK 

number) again, 

 𝒦 =
𝑎2

ℓ𝑐
2 =

𝐸2D𝑎
2

𝐵
. (4.10) 

𝒦 can be thought of as the bendability of a thin sheet since systems with higher 𝒦 numbers 

are more comfortable to bend than to stretch. For monolayer 2D materials in experiments 

with radii of 100 nm, 𝒦 can be up to 107. We will focus on multilayer 2D materials (up to 

70 layers) in this chapter: the bendability of the sheet could be reduced largely with 𝒦 as 

small as 101.  

The following questions that are highly beneficial to the experimental design would 

be answered: When does the bending effect of the sheet become discernible in the bulge 

test? What are the signatures of bending behavior starting to dominate? Are there any 

analytical formulae with a good approximation for sheets with Young’s modulus 

independent bending stiffness? 

 To facilitate the numerical calculations, we introduce 

 𝛹 =
d𝛷

d𝑅
, then 𝑁𝑅𝑅 =

𝛹

𝑅
, 𝑁𝛩𝛩 =

d𝛹

d𝑅
, (4.11) 

and integrate (4.8) and (4.9) once to obtain 

 𝑅
d

d𝑅
[
1

𝑅

d

d𝑅
(𝑅

d𝑊

d𝑅
)] − 𝒦𝛹

d𝑊

d𝑅
=
1

2
𝒦3/2𝑃𝑅2 (4.12) 

and 

 𝑅
d

d𝑅
[
1

𝑅

d

d𝑅
(𝑅𝛹)] = −

1

2𝒦
(
d𝑊

d𝑅
)
2

, (4.13) 

The integration constants vanish to satisfy the normal and shear force balances. (4.12) and 

(4.13) could be solved with 5 boundary conditions; they are straightforward when the edge 

of the sheet is clamped, and the pretension is neglected. Specifically, at the center of the 

blister,  

 (
d𝑊

d𝑅
)
𝑅=0

= lim
𝑅→0

(𝑅
d𝛹

d𝑅
− 𝜈𝛹) = 0 (4.14) 

and, at the edge of the sheet, 
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 𝑊(1) = (
d𝑊

d𝑅
)
𝑅=1

= (
d𝛹

d𝑅
)
𝑅=1

− 𝜈𝛹(1) = 0, (4.15) 

where the second term in (4.14) and the third term in (4.15) leveraged Hooke’s law, 

denoting zero in-plane displacements at the bubble center and bubble edge, respectively.   

4.3.2 𝒉 ≪ 𝓵𝒄  

Before proceeding numerical computations, we start with the scaling analysis of 

this system. Specifically, the compatibility (4.13) indicates 𝛹~𝐻2/𝒦. Back to (4.12), the 

bending term scales as 𝐻; the stretching term scales as 𝒦𝛹𝐻~𝐻3 . Two natural limits 

appear:𝐻 ≪ 1  or ℎ ≪ ℓ𝑐  (bending effect dominates) and 𝐻 ≫ 1  or ℎ ≫ ℓ𝑐  (stretching 

effect dominates). We consider the bending limit first, where (4.12) can be simplified as 

 
1

𝒦3/2
𝑅

d

d𝑅
[
1

𝑅

d

d𝑅
(𝑅

d𝑊

d𝑅
)] =

1

2
𝑃𝑅2 (4.16) 

There exists an exact solution to (4.16), in which the shape of the bubble takes 

 𝑊 = 𝐻(1 − 𝑅2)2 or 𝑤(𝑟) = ℎ (1 −
𝑟2

𝑎2
)
2

, (4.17) 

and the pressure-center deflection relation is linear, 

 𝑃 =
64

𝒦3/2
𝐻 or 𝑝 =

64𝐵

𝑎4
ℎ. (4.18) 

4.3.3 𝒉 ≫ 𝓵𝒄  

Moving on to the stretching limit, we may neglect the first term on the right side of 

(4.12) and obtain 

 
1

𝒦1/2
𝛹
d𝑊

d𝑅
=
1

2
𝑃𝑅2. (4.19) 

Unlike (4.17), (4.19) is moderately nonlinear. According to the discussion in Chapter 3.6, 

we may use the numerically-based analytical solution to (4.19) and (4.13), where the 

pressure is proportional to the cubic center deflection, 

 𝑃 =
𝐴(𝜈)

𝒦3/2
𝐻3 or 𝑝 = 𝐴(𝜈)

𝐸𝑡

𝑎4
ℎ3, (4.20) 
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where 𝐴(𝜈) ≃ (0.7179 − 0.1706𝜈 − 0.1495𝜈2)−3 (Komaragiri et al., 2005). In addition, 

we will show soon that a spherical cap can approximately capture the shape of the deformed 

sheet, 

 𝑊 = 𝐻(1 − 𝑅2) or 𝑤(𝑟) = ℎ (1 −
𝑟2

𝑎2
). (4.21) 

4.3.4 An approximate solution 

The simple summation of two asymptotic expressions for bending (4.18) and 

stretching (4.20) limits gives rise a master curve for 𝒦3/2𝑃~𝐻, 

 𝒦3/2 𝑃

𝐻3
=

64

𝐻2
+ 𝐴(𝜈) (4.22) 

In a similar problem, the attempt to combine expressions for pretension and out-of-plane 

deformation caused tension in indentation tests (in Chapter 3.2) has been proved to produce 

a noticeable error 1 − ℱ 𝑢𝑚/ℱ ~𝒪(1) (Vella and Davidovitch, 2017). Now, the question 

is whether we can naively combine the bending and stretching asymptotes to describe the 

intermediate stage, where experiments are likely to be.  

 To test the accuracy of (4.22), we performed the computation outlined in section 

4.3.1. Figure 4.3 shows the master curve based on (4.22) and numerical results of thin 

sheets with a range of bendabilities. We find excellent quantitative agreement between the 

analytical approximation and numerical calculations, implying that (4.22) can fully capture 

the bulging pressure-deflection relation from small, intermediate, all the way to large 

deflections. (4.22) seemingly works for 2D materials whose bendability can be up to 107 

(the value of monolayer graphene) and be as small as 101.  

With these results, we are in the position to provide the following useful suggestions 

for bulge experiments that may measure the bending rigidity of a 2D material multilayer : 

 Guides for the design of experiments. The key to achieving experimental 

measurement on bending rigidity of a sheet is to realize 𝐻~𝒪(1), i.e., ℎ~ℓ𝑐. Due 
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to the softening effect of interlayer shear/slip on the bending rigidity, we expect 

ℓ𝑐 < 𝑡. This criterion precludes any experimental efforts to detect the bending 

behavior of monolayer 2D materials via bulge tests but is likely to be satisfied by 

bulging a multilayer. We suggest experiments with small horizontal radii such that 

the center height of the pressurized bubble is more controllable near ℎ~ℓ𝑐. We also 

suggest the analytical result in (4.22), which has been numerically verified for 

sheets with various bendabilities (even though their bending rigidity is Young’s 

modulus independent). 

 Signatures if a pressurized sheet being plate-like or in the bending-dominated 

regime. According to our numerical results, two useful signatures would help to 

identify whether the bending rigidity plays a role. i) When the pressure-deflection 

relation appears linear, the coefficient for such linearity is dominated by the 

bending rigidity. ii) The shape of the deformed bubble would be smooth at the 

bubble edge and be described by (4.17), as shown in Figure 4.4a. 

 Signatures of a pressurized sheet being membrane-like or in the stretching-

dominated regime. Correspondingly, when stretching effect dominates, pressure-

deflection relation appears cubic, and the shape of the deformed bubble would be 

sharp at the bubble edge and approximated by (4.21), as shown in Figure 4.4b. 
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Figure 4.3: The pressure-deflection relation of a clamped, circular sheet subject to a 

uniform pressure. Markers denote numerical results, and the solid curve is 

based on (4.22) 

 

 

 

Figure 4.4: Shape of a clamped, circular sheet subject to a uniform pressure when the 

deflection is relatively small (a) and large (b). Markers denote numerical 

results based on 𝒦 = 103. 

 

10
-2

10
-1

10
0

10
1

10
2

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

 

 

 

 

  

 

𝒦3/2
𝑃

𝐻3

𝐻 = ℎ/ℓ𝑐

𝒦 = 107

𝒦 = 105

𝒦 = 103

𝒦 = 101

Eq. (4.22)

-1.0 -0.5 0.0 0.5 1.0

0.00

0.25

0.50

0.75

1.00

1.25

 

 

 

 

 

 

-1.0 -0.5 0.0 0.5 1.0

0.00

0.25

0.50

0.75

1.00

1.25

 

 

 

 

 

 

𝑃 = 102, ℎ = 100ℓ𝑐
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𝑃 = 100, ℎ = 21ℓ𝑐

Eq. (4.21)

𝑃 = 10−3, ℎ = 0.5ℓ𝑐

𝑃 = 10−4, ℎ = 0.05ℓ𝑐

𝑃 = 10−5, ℎ = 0.005ℓ𝑐

Eq. (4.17)

𝑅 = 𝑟/𝑎𝑅 = 𝑟/𝑎

𝑊(𝑅)𝑊(𝑅)
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4.4 EXPERIMENTS OF BULGING1 

4.4.1 Set-up 

 

 

Figure 4.5: (a) An optical image of 2D materials suspended over the cavities with 

diameters of 0.5-1.5 μm on SiO2/Si substrate. (b) Schematic illustration of the 

bubbling device with pressure difference applied across the 2D sheet. 

Bending of multilayer 2D materials. (c) The schematic of pressurized bubbles 

with two distinct shape characteristics at small and large deflections. 

Figure 4.5 illustrates the pressurized bubble device that can create axisymmetric 

out-of-plane deformation of 2D materials. The samples are made by mechanical exfoliation 

of multilayer graphene, hBN, and MoS2 over patterned holes (radius: 0.5-1.5 μm) on a 

SiO2/Si substrate. The number of layers (𝑁) in these multilayers, ranging from 7 to 70, can 

be identified by AFM (see details in the next section). Following a well-developed gas 

diffusion method (Figure 4.5b) (Koenig et al., 2011; Wang et al., 2017b), we created a 

                                                 
1 The experimental set-up is based on G. Wang†, Z. Dai† et al. Physical Review Letters 2017, 119, 036101. 

Guorui Wang and Junkai Xiao performed the bulge tests on these 2D material multilayers discussed in this 

Chapter. 
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pressure difference (𝑝 ) across the suspended 2D sheets to push them upwards. The 

bubbling process can be well controlled through a tunable pressure, 𝑝 =
𝑝0𝑉0

𝑉0+𝑉𝑏
− 𝑝e , 

according to the ideal gas law, where 𝑝0 and 𝑝e are the applied and external atmosphere 

pressures, 𝑉0 and 𝑉𝑏 are volumes of the hole and bubble, respectively. The height profile 

of each bubble is then measured by AFM.  

4.4.2 Determination of the layer numbers 

 

 

Figure 4.6: Optical images of (a) graphene, (c) hBN, and (e) MoS2 sheets with various 

layer numbers. The magnified views of the rectangular regions are shown in 

AFM images for (b) graphene, (d) hBN, and (f) MoS2, respectively. The insets 

give the height profiles along the red dashed lines, where the interlayer 

distance was found to be around 0.34 nm, 0.35 nm, and 0.69 nm for graphene, 

hBN, and MoS2, respectively. The relatively high thickness of the bottom 

layer (0.7 nm for graphene and hBN, and 1.2 nm for MoS2) was typically 

attributed to the instrumental scanning offset from the substrate to the 2D 

materials. 
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AFM offers a direct technique to identify the thickness of 2D materials. Take 

graphene as an example. Figure 4.6a shows the optical image of a graphene flake 

containing multiple layers on the SiO2/Si substrate. Figure 4.6b presents the AFM image 

of the rectangular area highlighted in Figure 4.6a, where the tapping mode was employed 

to minimize possible mechanical damages. The thickness measurements were carried out 

by line scans, and the corresponding values are indicated in the inset of Figure 4.6b. 

Although the thickness of the monolayer flake may be different possibly due to the 

instrumental offset, the thickness difference due to different numbers of layers stacked 

together gave a quite consistent interlayer distance (𝑡1 = 0.34 nm). Similar phenomena were 

also observed for hBN and MoS2, as shown in Figure 4.6d and 4.6f, whose interlayer 

distances were measured to be ~0.35 nm and ~0.69 nm, respectively. Therefore, a simple 

linear relationship between the number of layers (𝑁 ) and total measured thickness 

(𝑡measured) can be obtained as 

 𝑡measured = 𝑠 + 𝑁𝑡1, (4.23) 

where 𝑠 is the substrate-caused offset for the bottom layer (0.36 nm for graphene, 0.35 nm 

for hBN, and 0.51 nm for MoS2). The layer numbers of various van der Waals materials 

are hence determined by the AFM measurements, with an estimated error of less than 5%. 

4.4.3 Shape: plate or membrane 

We first observe the shape characteristics of 2D material bubbles. Classical theory 

predicts the deflection of a sheet responding to a uniform pressure as follows: 

 
𝑤(𝑟)

ℎ
= (1 −

𝑟2

𝑎2
)
𝛼

, (4.24) 

where 𝑤(𝑟) is the out-of-plane deflection profile, ℎ is the bubble height (deflection at the 

center), 𝑟 is the distance from the hole center, 𝑎 is the hole radius, and the exponent   is 2 

for a linear elastic plate. However, such plate-like profile is rarely observed in monolayer 
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2D material bubbles because of the extreme thinness and flexibility of 2D materials 

(Khestanova et al., 2016; Koenig et al., 2011; Levy et al., 2010; Sanchez et al., 2018; Wang 

et al., 2017b).  

 

 

Figure 4.7: (a) Normalized deflection profiles measured from two sets of 0.5-μm-radius 

bubbles. We observed a membrane-like shape with a kinked edge for ℎ/𝑡 ≳
2 (orange markers) and a plate-like shape with a smooth edge for ℎ/𝑡 ≲ 1.5 

(blue markers). (b,c) Critical ratios of bubble height to the thickness (ℎ/𝑡) to 

discriminate shapes dominated by the plate or membrane for graphene, hBN, 

and MoS2. 

Alternatively, the membrane limit is commonly adopted for these 2D material 

bubbles, where the bending rigidity is assumed to be negligible, and the deflection profile 

of the bubble is approximately taken as a spherical cap, i.e.,  = 1 in (4.24) (Khestanova 
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et al., 2016; Koenig et al., 2011; Levy et al., 2010; Sanchez et al., 2018; Wang et al., 

2017b). As discussed in Chapters 1 and 3, the membrane analysis has been adopted to 

measure fundamental mechanical properties of 2D materials such as Young’s modulus, 

interfacial adhesion and friction, and electromechanical coupling, but not for bending 

rigidity.   

We show in Figure 4.7a experimentally measured profiles from graphene bubbles 

with a variety of thicknesses and heights. We normalized the deflection by the bubble 

height and the radial position by the bubble radius. For bubbles with radii of 0.5 μm, the 

normalized deflection profiles collapse onto one curve as predicted by the membrane 

analysis when the ratio between the bubble height and the thickness of the multilayer, ℎ/𝑡, 

is larger than 2 – the case of most previous works (Khestanova et al., 2016; Koenig et al., 

2011; Levy et al., 2010; Sanchez et al., 2018; Wang et al., 2017b). Theoretically, the 

criterion is ℎ ≫ ℓ𝑐 . This implies that 𝑡 ≫ ℓ𝑐  or the bending rigidity of a 2D material 

multilayer is much smaller than the prediction by classical plate theory in (4.1). 

For bubbles with the height comparable to the thickness, i.e., ℎ/𝑡 ≲ 1.5 , the 

bending effect becomes significant so that the deflection profiles collapse onto a different 

curve predicted by the plate theory. This observation implies that membrane-like behavior 

can transit to plate-like behavior for the bubbles of multilayer 2D materials by merely 

tuning the ratio ℎ/𝑡 . The membrane-to-plate transition also makes it possible to 

simultaneously determine the in-plane Young’s modulus and bending rigidity of the 2D 

multilayers. We note that the critical ℎ/𝑡 for such transition depends on the bubble radius 

and also varies slightly from material to material (Figures 4.7b and 4.7c) 

4.4.4 Pressure-deflection relation 
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Figure 4.8: 𝑝𝑎4/ℎ3𝑡  as a function of ℎ/𝑡  for graphene (a), hBN (b) and MoS2 (c), 

respectively. The solid lines represent the idealized nonlinear plate solution, 

and horizontal dot-dashed lines are the membrane solution. In the color 

system, darker symbols denote the thicker samples. 

We then consider the pressure-height relation for these multilayer 2D material 

bubbles. Our theoretical results in section 3 suggest a unified expression, i.e., (4.22), with 

excellent accuracy; its dimensional form is  

 
𝑝𝑎4

ℎ3𝑡
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)
2
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where 𝐴(𝜈) ≃ (0.7179 − 0.1706𝜈 − 0.1495𝜈2)−3, which is 3.10 for graphene with 𝜈 =

0.165, 3.28 for hBN with 𝜈 = 0.221, and 3.46 for MoS2 with 𝜈 = 0.27 (Bertolazzi et al., 

2011). Note that (4.25) was found to be a good approximation even for monolayer graphene 

bubbles by using the 2D in-plane stiffness (𝐸2D = 𝐸𝑡) and bending rigidity (𝐵) that is 

independent on 𝐸 (Wang et al., 2013b).  

In Figures 4.8a-c, the dot-dashed lines represent the membrane limit of (4.25), i.e., 

(4.20), where the bending term is neglected. The solid lines represent the idealized 

nonlinear plate model assuming a bending rigidity 𝐵 = 𝐸𝑡3/12(1 − 𝜈2) such that the 

response (
𝑝𝑎4

ℎ3𝑡
~
ℎ

𝑡
)  does not depend on the thickness. Evidently, the experimentally 

measured responses for all three 2D materials approach the membrane limit when the ratio 

ℎ/𝑡 is greater than 2. For ℎ/𝑡 < 1.5, the bubble responses exhibit a transition to the plate-

like behavior but deviate considerably from the idealized nonlinear plate solution. This 

observation implies that the use of the classical 𝐵 − 𝐸 relation would overestimate the 

bending rigidity of the multilayer 2D materials.  

4.4.4 Young’s modulus and Bending rigidity 

Equation (4.25) allows us to determine both Young’s modulus and bending rigidity 

of the multilayer 2D material as well as their dependency on the layer thickness. We start 

with Young’s moduli of multilayer 2D materials by focusing on samples under relatively 

large pressure. In this case, ℎ/𝑡 is relatively large and the second term on the right-hand 

side of (4.25) is negligible (the membrane limit) so that Young’s modulus can be 

determined directly by measuring 
𝑝𝑎4

ℎ3𝑡
. In Figures 4.8a-c, for graphene, hBN, and MoS2 

bubbles with ℎ/𝑡 ≳ 2, the data for 
𝑝𝑎4

ℎ3𝑡
 collapse onto the dot-dashed lines, as predicted by 

the membrane limit. The domain of ℎ/𝑡 for the membrane-like behavior is consistent with 

our shape measurements in Figure 7. 
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Figure 4.9: Extracted Young’s modulus (a) and bending rigidity (b) as a function of 

thickness. At a given thickness, AFM measurements of up to 17 different 

bubbles produce the results plotted as symbols. The dash-dotted lines in (a) 

indicate the average values, while the dashed and solid lines in (b) are the 

theoretical predictions for the perfectly glued (𝐷~𝑁3) and ultra-lubricated 

(𝐷~𝑁) cases, respectively. 

We then extract Young’s moduli of the multilayer 2D materials, as summarized in 

Figure 9a. We find that the average values are 939.5 ± 21.7 GPa, 769.9 ± 12.9 GPa, and 

314.3 ± 8.4 GPa for the multilayer graphene, hBN, and MoS2 with layer numbers ranging 

from ~10 to ~70. For each 2D material, the extracted Young’s modulus shows mostly no 
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dependency on the thickness, and the average values agree well with those measured by 

AFM indentation of monolayers (Bertolazzi et al., 2011; Kim et al., 2015; Lee et al., 2008).  

When the height of the deformed bubble becomes comparable to the thickness of 

2D multilayers, the contribution from bending substantiates, and both terms on the right-

hand side of (4.25) should be accounted for. A membrane-to-plate transition is expected to 

occur in the mechanical response of bubbles (Figure 7). With the thickness-independent 

Young’s modulus extracted from the membrane model, we can then calculate the bending 

rigidity 𝐵 by comparing (4.25) with the measured response 
𝑝𝑎4

ℎ3𝑡
 for bubbles with relatively 

small deflection (ℎ/𝑡 ≲ 1.5). Figure 9b summarizes the values of 𝐵 for graphene, hBN, 

and MoS2 multilayers, and the possible errors for these measurements are discussed in 

Table 4.1. As expected, the bending rigidity increases with the thickness of 2D materials. 

However, the thickness dependence does not follow either one of the two limiting cases. 

Specifically, the bending rigidity of multilayer graphene (t > 5 nm) is much lower than that 

expected from classical plate theory (𝐵~𝑡3; dashed line in Figure 9b), but much higher 

than the ideally lubricated cases (𝐵~𝑡; solid line in Figure 9b). More interestingly, for 

samples with similar thickness, we find 𝐵MoS2
  𝐵hBN  𝐵graphene, whereas the values of 

Young’s moduli are ordered inversely, that is, 𝐸graphene   𝐸hBN  𝐸MoS2
. This again 

indicates that the bending rigidity of multilayer 2D materials violates the predictions of the 

classical plate theory. 

4.5 DISCUSSION 

Our results show that the traditional relation for the bending rigidity, 𝐵 =

𝐸𝑡3/12(1 − 𝜈2), in general, is not valid for multilayer 2D materials. We attribute the 

abnormal bending behaviors of these multilayers to the effect of interlayer shear/slippage 

between atomic sheets. This mechanism may be qualitatively simple to understand, but the 
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quantitative measurement of its impact on the bending properties of a 2D material 

multilayer has been challenging and has not been reported to our best knowledge. 

 

 

Figure 4.10: The layer-dependent function to measure the effect of interlayer coupling on 

the bending rigidity of multilayered graphene, hBN, and MoS2. The black 

lines are theoretical predictions of the limiting cases for graphene. Our 

experimental results are denoted by colored markers, sitting between the two 

limits.  
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To account for such effects, we propose a modified formula for the effective 

bending rigidity of multilayer 2D materials as 

 𝐵eff = 𝑓(𝑁) ∙
𝐸𝑡3

12(1−𝜈2)
, (4.26) 

where 𝑓(𝑁) is a function of the layer number. This function should depend on the strength 

of interlayer shear interactions, as a result of competition between the intralayer 

stretching/compressing and the interlayer shear/sliding. 

4.5.1 Two theoretical limits 

Theoretically, there are two limiting cases. The upper bound assumes perfectly 

bonding so that the interlayer slippage is prohibited while the lower bound corresponds to 

frictionless interlayer interactions or ultra-lubricated. In case that the perfect bonding 

between layers is assumed, the bending rigidity of multilayer 2D materials is (Gao and 

Huang, 2011) 

 𝐵eff = 𝑁𝐵1 +
𝐸𝑡1

3

12(1−𝜈2)
(𝑁3 − 𝑁) (4.27) 

where 𝐵1 is the bending rigidity of a monolayer, with values of 1.60 eV, 1.29 eV and 9.9 

eV reported for graphene, hBN, and MoS2, respectively (Kudin et al., 2001; Wei et al., 

2013; Zhang et al., 2011; Zhao et al., 2015). Based on (4.27), we obtain 

 𝑓(𝑁) =
12𝐵𝑒𝑓𝑓(1−𝜈

2)

𝐸𝑡𝑡𝑜𝑡𝑎𝑙
3 = 1 −

1

𝑁2
+
12(1−𝜈2)𝐵1

𝐸𝑡1
3𝑁2

  (4.28) 

where 𝑡total = 𝑁𝑡1 and 𝑡1 is the interlayer distance. Alternatively, for perfectly lubricated 

layers, the bending rigidity is simply 

 𝐵𝑒𝑓𝑓 = 𝑁𝐵1, (4.29) 

and thus 

 𝑓(𝑁) =
12(1−𝜈2)𝐵1

𝐸𝑡1
3𝑁2

 (4.30) 

The theoretical limits predicted by (4.28) and (4.30) are plotted as solid lines for graphene 

in Figure 10a, and for hBN in Figure 10b, and MoS2 in Figure 10c, respectively. 
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4.5.2 Experimental results 

In Figure 10d, we plot the two limits by solid lines using the parameters of 

graphene; the limits for hBN and MoS2 are slightly different (Figure 10a-c). 

Experimentally, the function 𝑓(𝑁) can be determined based on (4.25):  

 𝑓(𝑁) =
3(1−𝑣2)ℎ2

16𝑡2
[
𝑝𝑎4

𝐸𝑡ℎ3
− 𝐴(𝜈)],  (4.31) 

as shown in Figure 10d for multilayer graphene, hBN, and MoS2. Evidently, the values of 

𝑓(𝑁) for these multilayer 2D materials lie between the two theoretical limits. These results 

imply that both intralayer stretching/compressing and the interlayer shear/sliding happen 

when bending the multilayer 2D materials. Among the three 2D materials, the graphene 

multilayers have the lowest values of 𝑓(𝑁) and the MoS2 multilayers have the highest 

value. Despite the highest in-plane elastic modulus of graphene, the bending rigidity of 

multilayer graphene is the lowest due to the interlayer slippage, close to the lower limit.  

4.6 ERROR SOURCES 

We conclude by discussing the possible errors in the measurement of bending 

rigidity of 2D material multilayers via the bulge test.  

4.6.1 Edge slippage 

 

Figure 4.11: The Raman contour map of G (E2g) peak positions for (a) graphene, (b) hBN, 

and (c) MoS2 at ℎ = 33 nm, 37 nm, 45 nm, respectively. 

hBN MoS2Graphene

cm-1 cm-1
cm-1

a b c

μm μm μm
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Recalling the sliding parameter defined in Chapters 2 and 3, the effect of edge 

slippage would be negligible when 𝒮 = (
ℎ

𝑎
)
2 𝐸𝑡

𝜏𝑎
≪ 1 or ℎ ≲ 100𝑎. This criterion can be 

satisfied in the bulge test attempting to characterize the bending effect since it is only robust 

when ℎ~𝑡 ≪ 𝑎. This is also evidenced by the uniform Raman contour of G peak position 

surrounding the 2D material bubble (Figure 4.11) – a significant G-peak gradient is 

expected in the supported region (outside the white dashed curves in Figure 4.11) when 

edge slippage occurs. However, such slippage may slightly soften the extracted Young’s 

modulus, which is usually based on bubbles with relatively large center heights. Note that 

Raman spectra from every spot of the sample were recorded with a step size of 100 nm. 

All Raman characteristic bands were fitted with Lorentzian functions to obtain the peak 

positions. The laser intensity was kept below 0.5 mW to avoid local heating. 

4.6.2 Pretension 

We have neglected the pretension in these multilayer 2D materials. If considered, 

however, the pressure caused by pretension scales as 𝑝~
𝑇𝑝𝑟𝑒ℎ

𝑎2
. Along with the line of non-

dimensionlization in (4.25), we obtain 
𝑝𝑎4

ℎ3𝑡
~
𝑇𝑝𝑟𝑒𝑎

2

𝑡
(
ℎ

𝑡
)
−2

that depends sensitively on the 

bubble radius. By contrast, in our experiments, the measured responses (
∆𝑝𝑎4

ℎ3𝑡
~
ℎ

𝑡
) of our 

samples with different radii could almost collapse onto the radius-independent curve that 

is given by (4.25), as shown in Figure 4.12. We thus conclude that pretension effects in the 

bulge test of our relatively thick samples could be negligible. 
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Figure 4.12: 
𝑝𝑎4

ℎ3𝑡
 as a function of 

ℎ

𝑡
 for graphene with various thicknesses (a-d). Though 

these data were measured from bubbles with different radii, they can collapse 

to the radius-independent master curve predicted by (4.25).  
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4.6.3 “Sag” effect 

 

 

Figure 4.13: Initial surface morphology of three different 2D materials with (a-c) low and 

(d-f) high thickness. The white dashed circle indicates the perimeter of the 

hole with the diameter of 1 μm, and the height profiles of the suspended region 

along with the yellow dash-dotted lines are also shown in the insets. (g) Initial 

sag depth of three 2D materials at different thicknesses.  

These multilayers typically deform downward slightly at the initial state, as shown 

in Figure 4.13 a-f and summarized in Figure 4.13g, which may induce experimental errors. 

The initial deformations were frequently observed in 2D material devices where the layer 

was covering a hole or a trench. They were believed to stem from the vdW interaction 

between the layer and the vertical sidewall of the hole/trench underneath, instead of 

residual strain or inelastic strain. In our experiments, it is found that the thicker samples 

show higher resistance to the vdW interaction and feature smaller initial deformations 

(solid markers in Figure 4.13g). Such interaction becomes trivial after bulging the layers 

upward because of the short-range nature of vdW forces (Wang et al., 2013b). In this 

context, the contribution of the sidewall attraction to the deformation of the layer could be 

reasonably neglected. For thinner samples (𝑡 < 6 nm), the measured heights are typically 

much higher than sag depths when ℎ/𝑡 > 1. Our estimation of bending rigidity of these thin 
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samples is made by focusing on samples with ℎ/𝑡 ranging from ~1 to ~1.5 such that the 

interaction between the sample and the sidewall should be negligible. Besides, their AFM 

morphologies match well with plate-like profiles, indicating that the bending rigidity 

dominates the deformation behavior and dramatically reduces the probability of tip 

interaction effects. 

4.6.4 Summary 

The error may also come from the AFM characterization systems intrinsically. 

However, the associated error analysis was challenging and was rarely discussed in the 

literature. The common way to derive an error bar for a measured quantity is to perform 

multiple measurements on the same set of samples and then apply the statistics. For 

example, the bending rigidity of the 21.64-nm-thick graphene was extracted based on 

measurements under six different deformation levels in our experiments. To answer the 

equation of what the typical error is for the measurement of bending rigidity and Young’s 

modulus of multilayer 2D materials via the bulge test in this chapter, we make the following 

table based on our data in Figure 9. 
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graphene 

t (nm) 1.44 4.14 6.24 9.64 12.64 15.14 18.64 21.64 

E (GPa) 
979.1 

± 23.9 

950.1 

± 21.7 

937.8 

± 12.0 

922.0 

± 8.4 

932.2 

± 18.1 

928.6 

± 8.2 

929.1 

± 24.2 
926.2* 

B (×10-14 Nm) 
0.0067 

± 0.0006 

0.076 

± 0.007 

0.26 

± 0.01 

0.62 

± 0.18 

1.50 

± 0.39 

1.54 

± 0.49 

2.21 

± 0.50 

5.09 

± 0.51 

hBN 

t (nm) 3.65 5.25 8.35 11.85 15.05 17.65 22.65  

E (GPa) 
775.6 

± 10.1 

775.0 

± 26.6 

771.2 

± 12.8 

775.3 

± 8.7 

774.1 

± 7.7 

766.4 

± 6.7 

761.4 

± 8.8 
 

B (×10-14 Nm) 
0.12 

± 0.02 

0.23 

± 0.02 

0.55 

± 0.20 

2.13 

± 0.15 

3.04 

± 0.49 

5.01 

± 0.91 

10.99 

± 1.99 
 

MoS2 

t (nm) 5.62 6.92 8.22 9.52 11.42 14.92 17.78 21.02 

E (GPa) 
322.8 

± 5.6 

301.6 

± 4.9 
301.9* 

305.6 

± 3.3 

320.4 

± 1.6 

305.3 

± 12.5 

293.9 

± 4.7 

297.0 

± 6.1 

B (×10-14 Nm) 
0.27 

± 0.09 

0.44 

± 0.12 

0.87 

± 0.16 

1.22 

± 0.18 

1.87 

± 0.21 

4.60 

± 0.09 

7.67 

± 1.05 

11.47 

± 1.04 

Table 4.1: Summary of the thickness, Young’s modulus, and bending rigidity for three 

2D materials, including measurement errors. *Lack of error bar because only 

one measurement was achieved in this case. 

4.7 CONCLUSIONS 

In this chapter, combining theoretical and experimental approaches, we reported 

direct measurements of bending rigidity of multilayer graphene, molybdenum disulfide 

(MoS2), and hexagonal boron nitride (hBN) based on pressurized bubbles. We show a 

transition from membrane to plate behaviors of the 2D multilayer by controlling the sample 

thickness and bubbling deflection and then extract both its bending rigidity and Young’s 

modulus. We find good agreement between our measured Young’s moduli with those 

reported in the literature: 𝐸graphene   𝐸hBN  𝐸MoS2
. However, our bending rigidity results 
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seemingly break the classical plate theory down, showing a completely reversed trend: 

𝐵MoS2
 𝐵hBN  𝐵graphene  for multilayers with comparable thickness. We attribute the 

abnormal bending behavior of 2D multilayers to the atomic shear/friction between layers 

that is missing in classical plate prediction. Our findings provide the first fundamental 

insights into the bending of 2D material multilayers and may impact applications based on 

2D materials and their homo/heterostructures that frequently exploit (or are extremely 

vulnerable to) out-of-plane deformations.  
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Chapter 5:  Strain1 

In this chapter, we focus on the strain fields in nanoblisters, including bubbles and 

tents formed by 2D materials. Such configurations have been extensively exploited for 

strain engineering purposes as they can produce self-sustained, non-uniform in-plane 

strains through out-of-plane deformation. However, deterministic measures and control of 

strain fields in these systems are challenging because of the atomic thinness and 

unconventional interface behaviors of 2D materials. Here, we experimentally characterize 

a simple and unified power law for the profiles of a variety of nanobubbles and nanotents 

formed by 2D materials such as graphene and MoS2 layers. Using membrane theory, we 

analytically unveil what sets the in-plane strains of these blisters regarding their shape and 

interface characteristics. Our analytical solutions are validated by Raman spectroscopy 

measured strain distributions in bulged graphene bubbles supported by strong and weak 

shear interfaces. We advocate that both the strain magnitudes and distributions can be tuned 

by the 2D material-substrate interface adhesion and friction properties. 

  

                                                 
1A paper based on the work described in this Chapter has been published: 

Z. Dai, Y. Hou, D. A. Sanchez, G. Wang, C. J. Brennan, Z. Zhang, L. Liu, N. Lu. Interface-Governed 

Deformation of Nanobubbles and Nanotents Formed by Two-Dimensional Materials. Physical Review 

Letters 2018, 121, 266101. (Z.D. contributed to conceptualization, design of the experiments, theoretical 

analysis, and writing of the first draft.) 
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5.1 INTRODUCTION 

2D materials are atomically thin crystals with unique properties that lend well to 

next-generation ultrathin electronic and optoelectronic devices (Akinwande et al., 2014; 

Choi et al., 2017; Mas-Balleste et al., 2011; Novoselov et al., 2016). It has been well 

established that mechanical strain can strongly perturb the band structure of these materials, 

giving rise to the possibility of using mechanical deformation to tune their electronic and 

photonic performance dramatically (Branny et al., 2017; da Cunha Rodrigues et al., 2015; 

Li et al., 2015; Naumis et al., 2017; Yu et al., 2018). In fact, this principle, termed strain 

engineering, is now routinely used in manufacturing traditional semiconductor devices 

(Del Alamo, 2011). The strain engineering of 2D materials is particularly exciting because 

an individual atomic sheet is intrinsically capable of sustaining much larger mechanical 

strain compared to either their bulk counterparts or conventional electronic materials 

(Castellanos-Gomez et al., 2013; Dai et al., 2019a). Also, the atomic thickness of 2D 

materials allows them to be poked or pressurized from the third dimension (i.e. 

perpendicular to their plane of atoms) (Sanchez et al., 2018; Wang et al., 2017b; Wang et 

al., 2019b; Wang et al., 2017d). The resulting configurations, including nanoscale bubbles 

and tents, can be called by a unified name, 2D material BLISTERS. Recently, the 

considerable strain associated with these nanoblisters have created opportunities for the 

study of new fundamental physics and applications such as enormous pseudo-magnetic 

fields, large-scale quantum emitters, and so on (Huang et al., 2018; Klimov et al., 2012; 

Levy et al., 2010; Los et al., 2016; Palacios-Berraquero et al., 2017; Settnes et al., 2016).  

A major challenge in these systems is to find out or even control the strain in the 

blisters deterministically (Dai et al., 2019a). This challenge calls for a better understanding 

of how the blister geometry intertwines with mechanics in these atomic sheets. So far, 

experimental advances in the study of 2D material bubbles account for the scaling behavior 
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of the bubble shape (Ghorbanfekr-Kalashami et al., 2017; Khestanova et al., 2016; Sanchez 

et al., 2018; Zamborlini et al., 2015). However, it has been particularly challenging to 

perform analytical modeling that can straightforwardly relate the full-field strain 

distributions to the bubble and tent shape characteristics and allow accurate strain tuning 

through blister shape adjustments (Feng et al., 2012; Klimov et al., 2012; Levy et al., 2010). 

One difficulty comes from the intrinsically nonlinear coupling between in-plane strain and 

out-of-plane deformations predicted by the membrane theory (Mansfield, 2005). More 

fundamental concerns hinge upon the subtle nature of 2D material blister, where the 

material thickness approaches the atomic scale, and the surface is atomically smooth (Li et 

al., 2017b). These features challenge the applicability of continuum theories from a 

perspective of deformation physics (López-Polín et al., 2015; Los et al., 2016; Nicholl et 

al., 2017; Tapasztó et al., 2012). Consequently, existing analysis on the strain distribution 

and strain-coupled physics and chemistry in 2D material blisters relies heavily on 

numerical techniques, such as case-by-case molecular dynamics (MD) simulations (Feng 

et al., 2012; Klimov et al., 2012; Meng et al., 2017; Qi et al., 2014; Zhu et al., 2014). To 

deal with these concerns, a combination of continuum theories with microscale 

experiments is highly needed and yet to emerge so far.  

Herein, we experimentally explore the strain field in nanoblisters formed by 2D 

materials accounting for different natures of 2D materials interfaces. Using tapping mode 

atomic force microscopy (AFM), we experimentally characterized a variety of bubbles and 

tents formed by graphene and MoS2 layers. Their shapes were empirically found to follow 

a simple power law, leading to closed-form analytical solutions to the Föppl–von Kármán 

equations at the membrane limit. Our results show that the strain distribution in the 2D 

material can be estimated by simply measuring the height and radius of the bubbles and 

tents and that the strain highly depends on the interfacial interaction between the 2D 
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material and the underlying substrate. To validate our analytical solutions, we 

experimentally carried out Raman mapping on pressurized graphene nanobubbles with 

strong (graphene-SiO2) and weak (graphene-graphene) shear interfaces. The measured and 

analytically predicted Raman shifts had found good matches for both types of interfaces.  

5.2 SHAPE OF BUBBLES AND TENTS 

We first investigated the shape characteristics of both nanobubbles and nanotents 

of 2D materials, which can form spontaneously or be created in a controllable manner. For 

the spontaneous case, nanometer-scale bubbles and tents form when monolayer or few-

layer 2D materials are exfoliated or transferred on a target substrate. The formation 

mechanism is typically attributed to the inevitably trapped water, hydrocarbon, and/or 

nanoparticles at the 2D material-substrate interface during sample preparation (Khestanova 

et al., 2016; Sanchez et al., 2018). The spontaneously formed nanobubbles and nanotents 

analyzed in this study were made by mechanically exfoliating few- and monolayer 

graphene and MoS2 from their bulk crystals on a silicon substrate or transferring CVD-

grown MoS2 on gold or Al2O3 substrate (Huang et al., 2015). Details on the transfer process 

for different types of samples are provided in the Appendix in section 5.8. Figure 5.1a 

displays typical examples of nanobubbles formed by monolayer graphene on SiO2. When 

nanoparticles were trapped, 2D materials can drape around the nanoparticle, forming 

micro- or nano-tents, as shown in Figures 5.1b and 5.1c. To form controllable bubbles, we 

transferred monolayer graphene and a 4-layer MoS2 to cover pre-patterned micro-cavities 

in SiO2 to form suspended drumheads and then followed a well-established gas diffusion 

procedure to bulge the drumheads (Koenig et al., 2011). In this case, the bubbles can be 

pressurized in a controllable manner (Figure 4.1d).  
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Figure 5.1: From top to bottom: Optical/SEM images, AFM amplitude and height images 

of spontaneously formed graphene bubbles on SiO2 (a), a multilayer graphene 

tent on SiO2 (b), and a CVD-MoS2 tent on gold film (c). (d) From left to right: 

optical image of graphene flakes exfoliated on pre-patterned SiO2 with micro-

cavities, AFM height images of a monolayer graphene bubble, and a 4-layer 

MoS2 bubble. Note that (S) represents bubbles or tents formed spontaneously 

while (P) represents those formed by controllable air pressurization. The scale 

bars represent 4 μm in (a), 2 μm in (b), 200 nm in (c), and 10 μm, 1 μm and 

500 nm in (d) left, middle and right panels, respectively. 
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Figure 5.2: Universal shape characteristics of 2D material bubbles and tents. (a) 

Normalized bubble profiles measured by our experiments and collected from 

the literature. Note that samples from (Khestanova et al., 2016) feature 

atomically smooth interfaces, are labeled by *. (b) Normalized tent profiles 

measured by our experiments and simulation results in the literature. The 

simulation data about graphene and MoS2 is from (Feng et al., 2012; Zhu et 

al., 2014). 

The out-of-plane profiles of all the different types of bubbles and tents we prepared 

by ourselves or collected from literature are summarized in Figure 5.2. Although the radii 

of the 2D material blisters range from tens to thousands of nanometers, we realized that the 

height profiles of bubbles and tents collapse onto two master curves if we normalize the 
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out-of-plane deflection (𝑤) of each blister by its central height (ℎ), and the radial positions 

(𝑟) by its radius (𝑎). We discovered that the collapsed height profiles can be described by 

a unified power form, 

 
𝑤

ℎ
= 1 − (

𝑟

𝑎
)
𝛼

, (5.1), 

where   is 2 for bubbles or 2/3 for tents. Note that Figure 5.2 summarizes graphene and 

MoS2 bubbles and tents with aspect ratios ranging from 0.05 to 0.20. Remarkably, 

regardless of the aspect ratios, the types of 2D material, the supporting substrates (silicon, 

alumina, or atomically flat 2D material flakes), the content in the bubble (liquid or gas), or 

the fabrication methods, all bubble profiles can collapse to (5.1) with  = 2 (Figure 5.2a). 

We also found that for profiles of graphene and MoS2 tents, data obtained from MD 

simulations and coarse-grained (CG) modeling [18,20,29] can also collapse to (5.1) with 

 = 2/3 (Figure 5.2b). Note that for the tents obtained experimentally, (5.1) was used as 

a fitting function because of the finite pillar/particle size (simulation data could be thought 

as a point force). In fact, the empirical conclusion of  = 2 is a widely adopted simple 

membrane solution for blisters (Freund and Suresh, 2004; Wang et al., 2013b) and  =

2/3 is well-matched with the analytical solution to an indented blister in the literature 

(Chopin et al., 2008; Mansfield, 2005). We thus conclude that this simple power form can 

be a good approximation for describing the profiles of 2D material bubbles and tents.  

5.3 THEORETICAL SETTING 

Now that the out-of-plane displacement of 2D material blisters is readily available 

as given in (5.1), we can try to solve the in-plane displacement and then calculate strains 

out of displacements.  



 109 

5.3.1 Analytical solutions 

Attributing to the atomic thinness of 2D materials, it is sufficient to simply use the 

membrane limit of the Föppl–von Kármán equations (Freund and Suresh, 2004; Mansfield, 

2005). The in-plane equilibrium equation in terms of displacements is, therefore (see 

details in Chapter 2.2):  

 
d2𝑢

d𝑟2
+
1

𝑟

d𝑢

d𝑟
−

𝑢

𝑟2
= −

1−𝜈

2𝑟
(
d𝑤

d𝑟
)
2

−
d𝑤

d𝑟

d2𝑤

d𝑟2
, (5.2), 

where 𝑢  is the in-plane displacement of the 2D material, and 𝜈  is the Poisson’s ratio. 

Plugging (5.1) into this equation and solving the 2nd order ODE using the finite condition 

when 𝑟 → 0 can yield an analytical solution to the in-plane displacement: 

 𝑢 = 𝜁(𝜈)
ℎ2

𝑎
(
𝑟

𝑎
− (

𝑟

𝑎
)
2𝛼−1

) + 𝑢 
𝑟

𝑎
, (5.3),  

where 𝜁(𝜈) =
𝛼(2𝛼−1−𝜈)

8(𝛼−1)
 and 𝑢  is a constant related to the slippage at the edge of the blister 

(𝑟 = 𝑎). This explicit displacement field allows for the direct solutions for both the radial 

and circumferential strain fields: 

  𝜀𝑟 = {
𝜁(𝜈)

ℎ2

𝑎2
(1 −

1+𝜈−2𝛼𝜈

2𝛼−1−𝜈
(
𝑟

𝑎
)
2𝛼−2

) +
𝑢𝑠

𝑎
, 𝑟 ≤ 𝑎 

–
𝑎𝑢𝑠

𝑟2
,   𝑟  𝑎

, (5.4a), 

 𝜀𝜃 = {
𝜁(𝜈)

ℎ2

𝑎2
(1 − (

𝑟

𝑎
)
2𝛼−2

) +
𝑢𝑠

𝑎
, 𝑟 ≤ 𝑎 

𝑎𝑢𝑠

𝑟2
,   𝑟  𝑎

 . (5.4b). 

Clearly, the sliding of the 2D material-substrate interface (𝑢 ≠ 0) can induce non-

zero strain in the supported zone (𝑟  𝑎) , which is important for strain engineering 

applications of 2D materials (Qi et al., 2014). Typically, the edge of the 2D material blister 

is assumed to be fully clamped due to adhesion and strong shear interactions with the 

supporting substrate outside of the boundary. However, the atomically smooth surfaces of 

2D materials make interfacial sliding particularly easy. Recent experiments on gas-

pressurized graphene bubbles revealed that the shear interactions between graphene and its 

substrate could be fairly weak, leading to nonlinear, deflection-dependent interface sliding 



 110 

displacements (Kitt et al., 2013; Wang et al., 2017b). It has also been discovered that well-

established theories assuming clamped conditions offer good approximations only when 

the defection is small (ℎ/𝑎 < 0.1 ), while experimental measurements deviated from 

theories with clamped boundaries in samples with large deflection (Wang et al., 2017b). 

Recent advances about 2D material interface further highlighted the so-called 

superlubrication (near-zero friction) when a 2D material sits on atomically smooth 

substrates, including itself, which is very common in 2D materials devices (Hod et al., 

2018b). 

Our prime interest in this study is in two limits: strong-shear limit (clamped, fully 

bonded interface) and weak-shear limit (sliding, frictionless interface). For the former, we 

can apply the clamped boundary at the edge of the blister. For the latter, the stress and 

displacement in the outer supported region can be obtained as the classical Lamé problem 

in linear elasticity (Sadd, 2009). With zero shear stress at the frictionless interface between 

the membrane and the substrate, the stress and displacement in the annular region can be 

obtained as the classical Lamé problem in linear elasticity (Sadd, 2009). The radial and 

circumferential components of the membrane stress are: 

 𝑁𝑟 =
𝐶1

𝑟2
+ 𝐶2, (5.5a), 

 𝑁𝜃 = −
𝐶1

𝑟2
+ 𝐶2, (5.5b), 

where 𝑁𝑟 = 𝜎𝑟𝑡 and 𝑁𝜃 = 𝜎𝜃𝑡; 𝜎𝑟 and 𝜎𝜃 are, respectively, the radial and circumferential 

stresses, and 𝑡 is the membrane thickness. Correspondingly, the radial displacement is  

 𝑢 =
1

𝐸2𝐷
[−

(1+𝜈)𝐶1

𝑟
+ 𝐶2(1 − 𝜈)𝑟] (5.6). 

For an infinitely large membrane without pretension, both the stress and the 

displacement approach zero as 𝑟 → ∞, which requires 𝐶2 = 0. At the edge of the blister 

(𝑟 = 𝑎), the radial stress and displacement are continuous. By letting (5.6) be 𝑢  at 𝑟 = 𝑎, 

we obtain 𝐶1 = −
𝐸2𝐷𝑎𝑢𝑠

1 + 𝑣
. For the radial stress, we have by Hooke’s law 
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 𝑁𝑟 =
𝐸2D

1−𝜈2
(𝜀𝑟 + 𝜈𝜀𝜃), (5.7), 

where the strain components on the right-hand side are given by (5.4) at 𝑟 = 𝑎, and the 

radial stress on the left-hand side is given by (5.5) at 𝑟 = 𝑎. The stress continuity then leads 

to 

 𝑢 = {
0,   strong − shear limit

−
𝛼(1+𝑣)

8

ℎ2

𝑎
,   weak − shear limit

. (5.8). 

Now combining (5.4) and (5.8) offers the complete analytical solutions to the strain 

field in 2D materials forming blisters, with either strong or weak interaction with their 

substrates. After appropriately choosing the   and 𝑢  according to the specific blister shape 

and 2D material-substrate interface, one can easily compute the strain distribution inside 

and outside of a 2D blister by simply measuring its height and radius. We note that a 

generalized analysis may be performed by accounting for the detailed frictional resistance 

(e.g., the stick-slip) at the 2D material-substrate interface (Li et al., 2010). 

5.3.2 Numerical verification 

In Figure 5.3, we plot the strain distributions of the 2D material blister as solid 

curves using our equations. The strain is normalized by ℎ2/𝑎2 such that the distribution 

will only depend on the interface conditions and material properties, i.e., the Poisson’s 

ratio. Comparing Figure 3a for bubbles and Figure 3b for tents, it is clear that the strain 

gradients are much larger in tents, with strain divergence towards the center of the tents 

due to the assumed point load. Note that under the same aspect ratio, interface sliding can 

considerably reduce the strain level in 2D material blisters in comparison with blisters with 

strong-shear interfaces. This highlights the importance of accounting for the ultra-

lubricated interface in the case that the 2D material is supported by an atomically smooth 

substrate.  
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Figure 5.3: Normalized strain distribution curves predicted by our analytical solution 

(solid lines) and solved by numerical analysis (markers) in bubbles (a) and 

tents (b), subjected to both clamped (strong interface) and frictionless (sliding 

interfaces) boundary conditions. The strain is normalized by ℎ2/𝑎2, giving 

rise to deflection-independent curves. The numerical results are solved for a 

monolayer graphene with aspect ratios ranging from 0.02 < ℎ/𝑎 < 0.2. 

Next, we try to verify our analytical solutions numerically. We solved the nonlinear 

Föppl–von Kármán equations with clamped and slipping boundaries, where the bending 

behavior is also considered for generality (see Appendix in section 5.8 for details). The 

numerical solutions are plotted as markers in Figure 5.3 for monolayer graphene with 

aspect ratios ranging from 0.05 to 0.20, to compare with the analytical solutions (solid 

curves) directly. Since analytically solved strains are strictly proportional to ℎ2/𝑎2, after 
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normalization, the solid curves are no longer dependent on the aspect ratio. However, the 

numerically solved strains show more complicated dependence on the aspect ratio, because 

the markers for different aspect ratios do not entirely collapse. Despite this small 

discrepancy, the overall good agreement between the two solutions indicates that for our 

experimentally observed blisters with aspect ratios ranging from 0.05 to 0.20, bending 

effects are negligible. Thus, the numerical results have verified that our analytical solution 

given by (5.4) is a reasonable estimation for strains in both bubbles and tents under both 

clamped and slipping boundary conditions.  

5.4 EXPERIMENTAL VALIDATION1 

Our analytical solution, though verified numerically, is still challenged by a 

widespread concern on the breakdown of classical membrane theories at the atomic limit 

(López-Polín et al., 2015; Los et al., 2016; Nicholl et al., 2017; Tapasztó et al., 2012; Zhang 

et al., 2011). To examine the applicability of our analytical solutions, we performed 

graphene bulging experiments with intentionally designed strong- and weak-shear 

interfaces.  

5.4.1 Pressurized bubbles 

Monolayer graphene sealed micro-cavities were fabricated by micromechanical 

cleavage of graphene over SiO2 substrate with pre-patterned 2.5-micron-radius holes, as 

illustrated in Figure 5.4a. Following a well-developed gas diffusion method (Koenig et al., 

2011), we can create a pressure difference across the monolayer and bulge it in a controlled 

manner. The strong-shear-interface graphene bubble was generated by pressurizing a 

graphene monolayer on SiO2 with the maximum deflection of less than 150 nm. Under this 

                                                 
1 We acknowledge that the experiments in this section are supported by Y. Hou, G. Wang, and L. Liu. 
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condition, the interface sliding was found to be minimal (𝒮~0.1 ≪ 1), thus is compatible 

with the clamped interface assumption (Wang et al., 2017b).  

 

 

Figure 5.4: Schematics of the graphene drumheads formed on a SiO2 substrate (a) and on 

a graphene-covered SiO2 substrate (b). 

To experimentally study the weak-shear case, we assembled a graphene-SiO2 

supporting substrate for the graphene bubble (Figure 5.4b). First, a few-layer graphene was 
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transferred over a SiO2 micro-hole. The suspended portion of the multilayer graphene was 

then etched to open up the micro-hole. After creating an atomically flat region around the 

micro-hole, a monolayer graphene was precisely transferred to cover this micro-hole, 

resulting in a graphene drumhead supported by few-layer graphene. Applying a differential 

pressure across the suspended graphene membrane, this graphene bubble was expected to 

bulge under weak-shear interface as the graphene-graphene interface can be considered as 

ultra-lubricated (𝒮~103 ≫ 1).   

We perform multiple AFM and Raman characterizations on the graphene bubbles 

with well-controlled interfaces. For an axisymmetric graphene bubble, the G band shifts in 

the Raman spectrum are related to the strain components through the following equation 

(Huang et al., 2009): 

 
𝛥𝜔𝐺

𝜔0
= −𝛾(𝜀𝑟 + 𝜀𝜃) ±

𝛽

2
(𝜀𝑟 − 𝜀𝜃), (5.9), 

where 𝜀𝑟 and 𝜀𝜃 are analytically expressed in (5.4), 𝛾 is the Grüneisen parameter, and 𝛽 is 

the shear deformation potential that details the amount of splitting in the G bands, which 

were experimentally calibrated for monolayer graphene ( 𝛾 = 1.99  and 𝛽 = 0.99 ) 

(Mohiuddin et al., 2009). Therefore, analytical prediction for strain fields can be readily 

converted to an analytical prediction for the G band shifts using (5.9). Particularly, at the 

center of the bubble where 𝜀𝑟 = 𝜀𝜃, the G band shifts are predicted by (5.4) and (5.9) to 

take a very simple form: 

  Δ𝜔𝐺 = −𝑐𝜔𝛾𝜔0
ℎ2

𝑎2
, (5.10) 

where the constant 𝑐𝜔 is 
3−𝜈

2
 for bubbles supported by strong shear interfaces and is (1 −

𝜈) by weak shear interfaces.  

5.4.2 Strain at the bubble center 
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Figure 5.5: Representative Raman spectra measured at the center of the graphene bubble 

under different levels of deformation (ℎ/𝑎). (a) SiO2-supported graphene 

bubbles. (b) Graphene-supported graphene bubbles. We note that when 

subjected to equal deformation level, SiO2-supported graphene bubbles 

exhibit much more significant G and 2D band shifts than graphene-supported 

graphene bubbles. Specifically, when the ℎ/𝑎 ≅ 0.1, the G band downshifted 

by 53 and 34 cm-1 for the SiO2-supported and the graphene-supported 

graphene bubble, respectively. And the 2D band downshifted by 102 and 84 

cm-1 for the SiO2-supported and the graphene-supported graphene bubble, 

respectively.  This fact implies that the sliding behavior of the graphene-

graphene interface at the edge can considerably reduce the strain magnitude 

in the bubble. 
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Figure 5.6: Raman shifts of the G band predicted by our analytical solution (solid curves) 

and measured by our experiments (markers) at the center of graphene bubbles.  

Here, we first show the Raman G band shifts at the center of graphene bubbles as a 

function of ℎ2/𝑎2 in Figures 5.5 and 5.6, which are predicted to be linear by our analytical 

solution in (5.10). The markers represent experimental data for both SiO2- (brown) and 

graphene-supported (green) graphene bubbles, and the solid curves correspond to predicted 

G band shifts for strong- (green) and weak-shear-interfaced (brown) 2D material bubbles. 

By letting the Poisson’s ratio of graphene be 0.165 in (5.10), we find good agreement 

between our theoretical predictions and experimental results. This may confirm the 

applicability of our simplified membrane theory in relating the out-of-plane deformations 

to in-plane strains for 2D material blisters.  
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5.4.3 Strain distributions 

 

 

Figure 5.7: Line mapping of Raman G band frequency. (a) SiO2-supported graphene 

bubbles. (b) Graphene-supported graphene bubbles. Unsurprisingly, the 

Raman G band shifts increase with the applied out-of-plane deformation. 

Also, the shifts decrease from the center (𝑟/𝑎 = 0) to the edge (𝑟/𝑎 = 1) of 

the bubble, implying that the “strain” increases from the edge to the center. 

When approaching the edge, the curves of Raman G band shift (as functions 

of the radial position) behave differently between SiO2-supported and 

graphene-supported graphene bubbles. One possible reason likely comes 

from the different doping levels by the substrate, which is SiO2 for (a) and 

few-layer graphene for (b). For instance, we found the upshifting of G band 

with 2-4 cm-1 by the SiO2 doping while the downshifting of G band with 0-2 

cm-1 by the hybrid substrate doping (few-layer graphene on SiO2).  
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Figure 5.8: Normalized Raman shifts of the G band (Δ𝜔𝐺𝑎
2/𝜔0ℎ

2) as functions of the 

normalized radial position (𝑟/𝑎) for monolayer graphene bubbles.  

In Figures 5.7 and 5.8, we turn our focus to the strain/Raman shift distribution in 

these bubbles. Particularly, we normalize both the measured and predicted G band shifts 

by ℎ2/𝑎2 and plot them as functions of the normalized radial position 𝑟/𝑎 in Figure 5.8. 

Our weak-shear and strong-shear model can partially capture the full-field strain 

distribution in graphene-on-graphene and graphene-on-SiO2 bubbles, respectively. 

However, the deviation between predicted and measured G band shifts occurs and enlarges 

as it goes towards the edge of the bubble. We attribute such edge deviation in Figure 5.8 to 

the limited spatial resolution of Raman spectroscopy (~1 m) and the doping effect by the 

substrate. Either one may induce influenced Raman signals by the substrate or the 

substrate-supported graphene (see discussion in section 5.5) when the laser spot is focused 

within the 2.5-micron-radius graphene bubble but close to the edge (Das et al., 2008; Lee 
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et al., 2012). Besides, the strain fields would be altered by wrinkling instabilities at the 

bubble edge when the center deflection is sufficiently large (𝒮 ≳ 0.76,  according to 

Chapter 3.6).  

5.5 DISCUSSION 

In this section, we discuss the possible errors in experimental measurements 

presented in this Chapter and the defects/limits of our over-simplified analytical theory.  

5.5.1 Strain distributions near the edge 

 

 

Figure 5.9: Line mapping of the width of Raman G band. For a SiO2-supported graphene 

bubble at ℎ/𝑎 =  0.074, a series of Raman spectra (G band) are stacked 

vertically in the direction of the line scan. The 𝑥 is defined by the distance to 

the center of the hole (the bubble). Substantial variations in both the frequency 

and the full width at half-maximum (FWHM) can be detected. The apparent 

downshift of Raman G band has been shown in Figure 5.7. The peak 

broadening at the edge (𝑥 → 2.5 μm) and the sharpening at the center (𝑥 →
0 μm) of the hole are highlighted. 

1500 1550 1600 1650

Raman shift (cm
-1)

In
te

n
si

ty
 (

a.
u
.)

𝑥 = 3.1 μm

𝑥 = 2.1 μm
𝑥 = 1.9 μm

𝑥 = 0.1 μm

𝑥 = 0.4 μm
𝑥 = 0.6 μm
𝑥 = 1.5 μm

𝑥 = 2.2 μm

𝑥 = 2.4 μm
𝑥 = 2.5 μm

𝑥 = 2.6 μm

𝑥 = 1.7 μm
𝑥 = 0.4 μm

𝑥 = 2.6 μm



 121 

Our theory cannot capture the subtle instabilities that are likely to occur due to the 

edge slippage of the graphene sheets. This would be one of the reasons for the deviation 

around the bubble edge in Figure 5.8. Besides, the inhomogeneity would cause 

experimental errors in Raman-based measurements that constitute an additional reason.  

Raman peak width mainly relies on the lattice deformations and is regarded as a 

measure of strain distribution in graphene. Typically, the full width at half-maximum 

(FWHM) of graphene on a substrate is ranging from 11.5-14 cm-1 (Cançado et al., 2011; 

Ferrari, 2007). In Figure 5.9, we find that the formation of the suspended graphene bubble 

obviously enhances the FWHM of the G band, especially near the edge of the hole (up to 

20 cm-1). The broadening behavior of the G band FWHM is a result of so-called 

convoluting shifted peaks from the almost unstrained region (substrate-supported 

graphene) and highly strained region (suspended graphene) (Metzger et al., 2009). The 

FWHM starts broadening inside the hole because of the ~1 m size of the laser spot. In 

other words, when the laser is focused on the suspended graphene that is close to the edge, 

signals from both suspended graphene and supported graphene may be detected. These two 

signal components add up, yielding a non-Lorentzian shape with a relatively large width. 

Such fact may also contribute to the deviation between predicted Raman shifts by our 

theory and measured by experiments, especially near the edge of graphene bubbles. 

5.5.2 Strain distributions at the center 

Another concern comes from the case of weak shear limit, in which elastic 

instabilities would occur readily in the suspended region – a process that would release the 

compressive hoop strain (see our discussion in Chapters 2 and 3). The over-simplified 

analytical solutions in (5.4) are not able to capture such subtleties around the tent or bubble 

edge. The region where the solutions lose the accuracy is around [0.5𝑎, 𝑎] for tents and 
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[0.86𝑎, 𝑎] for bubbles when the supported region remains intact, i.e., delamination-free. 

Such an inaccurate region would be further enlarged if the interfacial buckle delamination 

happens that causes “damage” to the blister system.  

 

 

Figure 5.10: Dependency of the strain at the bubble center on the aspect ratio of the bubble.  

However, the equibiaxial strain at the bubble center has been a useful quantity in 

recent experiments regarding strain engineering applications (Dai et al., 2019a), to which 

our analytical solution shows excellent predictions. According (5.4), we have  

 𝜀𝑟(0) = 𝜀𝜃(0) = {

3−𝜈

4

ℎ2

𝑎2
, strong shear limit

1−𝜈

2

ℎ2

𝑎2
, weak shear limit

, (5.11), 

which holds good quantitative agreements with numerical results even when the wrinkling 

is considered (Figure 5.10). The numerical results are obtained by performing the 

calculations along with the technique outlined in Chapter 2.7 (Case II). We thus conclude 

that good approximation can be expected at the center of bubbles by (5.4) and (5.10), which 

may, in turn, be used to measure the Grüneisen parameter for the broadly extended 2D 

material family. 
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5.5.3 Experiments about tents in the literature 

 

 

Figure 5.11: (a) Raman shifts of the 2D band of a multilayer graphene tent as a function of 

r/a (from (Elibol et al., 2016)). Like that in bubbles, 𝑟  is defined by the 

distance to the center of the tent and 𝑎 is the radius of the tent. (b) Normalized 

Raman shifts predicted by our analytical solution (solid curves) and measured 

by experiments (Elibol et al., 2016).  

As for 2D material tents, a recent study reported the Raman 2D band shifts for a 

SiN/Si-supported graphene drumhead subjected to nanoindentation. Following the same 

strategy outlined for the bubbles, we plotted the measured and predicted 2D band shifts for 

strong- and weak-shear tents in Figure 5.11. Note that we adopted Grüneisen parameter 

𝛾 = 1  for the 2D band shift of the multilayer graphene (Ni et al., 2008). The shear 

deformation potential term in (5.9) was neglected since the 𝛽 is not well-characterized for 

multilayer graphene, and its contribution to the Raman shift is less important than the 

Grüneisen parameter term under biaxial stress state. The associated results are found to be 

captured very well by the case of a 2D material tent with the strong-shear interface (Figure 

5.11).  
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5.6 STRAIN ENGINEERING APPLICATIONS 

We conclude by highlighting the uses and implications of our work for the strain 

engineering of 2D materials, the technological applications that motivated our study. 

Recent experiments revealed that the interface-confined content or AFM tip could shape 

the graphene into bubble or tent configurations, which appeared as extraordinary 

pseudomagnetic fields (PMFs) in the graphene blister (Klimov et al., 2012; Levy et al., 

2010; Qi et al., 2014; Zhu et al., 2014). Such PMFs are direct results of the non-uniform 

strain fields. They can spatially confine graphene charge carriers in a way similar to a 

lithographically defined quantum dot. While atomic simulations were utilized to interpret 

these intriguing experimental findings, little analytical efforts were made on predicting and 

controlling the strain (or pseudomagnetic) filed, which is essential to the implementation 

of the PMFs in nanoelectronic devices.  

As discussed previously, the strain in the graphene blister can be directly estimated 

by simply measuring its shape and can be strongly tuned by the interface adhesion and 

friction properties. So are the corresponding PMFs. The PMFs can be approximately 

calculated by  

 𝑩𝑃𝑀𝐹 = 𝛁 × 𝑨𝑃𝑀𝐹,  (5.12) 

where 𝑨𝑃𝑀𝐹 = 𝐶(𝜀𝑥𝑥 − 𝜀𝑦𝑦, −2𝜀𝑥𝑦)
𝑇

and 𝐶  is a combination of physical 

constants(Akinwande et al., 2017). The magnitude of PMF can also be written as  

 𝐵𝑃𝑀𝐹 =
𝛽

𝛼
sin 3𝜃 [

2(𝜀𝑟−𝜀𝜃)

𝑟
−
d(𝜀𝑟−𝜀𝜃)

d𝑟
]. (5.13) 

We thus can use our strain equations to analytically predict the PMFs for graphene bubbles 

and tents with strong and weak shear interfaces by plugging (5.4) into (5.13).  
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Figure 5.12: Analytically predicted pseudomagnetic fields (PMFs) in graphene bubbles 

and tents under strong- and weak-shear. A circular monolayer graphene 

drumhead of a 25-nm-radius is pressurized (a, b) or poked (c, d) with 1 nm 

deflection. Solid circles represent the edges of these blisters. The PMF outside 

the tent in (d) is magnified four times in efforts to show the sliding effects.  
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In Figure 5.12a, our prediction shows that the strain fields inside a graphene bubble 

with the strong-shear interface cannot induce pseudomagnetic fields. In comparison, 

nonzero PMFs appear in the sliding zone outside of the bubble in Figure 5.12b, where the 

weak-shear interface is considered. This implies that the PMF induced by a graphene 

bubble has to come from the sliding behaviors of graphene-substrate interface outside the 

bubble, which is consistent with previous MD simulations and tight-binding electronic 

structure calculations (Qi et al., 2014). Our analytical predictions for the PMFs in graphene 

tents with strong- and weak-shear interfaces both show three-fold symmetry and a 

concentrated intensity at the center. Such predictions are also consistent with previous MD 

and CG simulations in terms of both magnitude and distributions, further validating the 

good approximation of our analytical solutions to 2D material blisters (Klimov et al., 2012; 

Zhu et al., 2014). 

5.7 CONCLUSIONS 

In conclusion, we have found universal shape characteristics of nanoscale bubbles 

and tents formed by 2D materials, which enabled closed-form analytical solutions to the 

strain fields using classical membrane theories. The solutions offer a direct relation 

between the blister shape and the strain fields in the 2D material blisters and also unveiled 

the effects of the supporting interface on the strain fields. Both numerical and Raman 

characterizations have confirmed the validity of our analytical solutions. Through the strain 

equations, we have obtained analytical solutions to the PMFs associated with the non-

uniform strain fields. We thus highlighted the effects of interfacial sliding on the strain, 

aspect ratio, and PMFs. Our results have laid a theoretical foundation for not only the strain 

engineering of 2D materials using tents or bubbles but also, more broadly, the potential 
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new physics and applications where atomic sheets on a substrate are deformed out-of-

plane. 

5.8 APPENDIX 

5.A Experimental section1 

Fabrication of spontaneously formed graphene and MoS2 blisters. The same 

exfoliation procedure is used for both HOPG and MoS2 crystals. Blue polyethylene 

cleanroom tape (CRT) was used to peel large and thick flakes off the bulk crystal. The 

exfoliated flakes were then brought into contact with another piece of the CRT and 

exfoliated three more times. The flakes were then stored for a minimum of 3 hours in 

ambient conditions to allow ambient moisture and other contents to adsorb on the surface 

of the exposed flakes. The 300 nm SiO2/Si substrate wafer was first prepared by cutting a 

1 cm × 1 cm chip from the wafer. To maximize the area of monolayer regions that were 

transferred to SiO2, the SiO2 chip was exposed to O2 plasma to remove any organic residue. 

Immediately after O2 plasma exposure, the exfoliated HOPG flakes on CRT were placed 

onto the surface of the SiO2 chip. Then the SiO2 chip was placed on a hot plate and was 

heated at 100°C for two minutes. The sample was removed from the hot plate and cooled 

to room temperature, after which the CRT was removed. The MoS2 on the Al2O3 sample 

in this work is a different location on the same sample as used in a previous work, where 

the fabrication and characterization details can be found (Brennan et al., 2017).  

Fabrication of air-pressurized MoS2 bubbles. MoS2 bubbles were prepared by 

micromechanical cleavage of a 4-layer MoS2 sheet on pre-patterned silicon substrates. The 

substrate was covered with a 300 nm thick SiO2 layer. An array of round holes was 

                                                 
1 We are grateful for these experimental results, which were due to G. Wang for pressurized bubbles with 

strong interfaces, Y. Hou for pressurized bubbles with weak interfaces, D. Sanchez for spontaneously formed 

bubbles and tents, and C. Brennan for the nice monolayer MoS2 tent.  



 128 

fabricated by photolithography and reactive ion etching, resulting in a depth of 300 nm and 

a diameter of 3 μm. The lateral dimension was measured by AFM. The samples were 

placed into a pressure chamber to establish a pressure difference across the graphene 

membrane, and the accuracy of the gauge was 0.01 MPa.  

Fabrication of air-pressurized graphene bubbles. Few- and single-layer graphene 

were prepared by micromechanical cleavage on the substrates where an array of 5-μm-

diameter holes was patterned. The lateral dimension of the monolayer graphene sheet was 

measured by the optical microscopy, and its monolayer thickness was identified by Raman 

spectroscopy. Monolayer graphene bubble supported by the silicon substrate (strong-shear 

interface) was made by following the air-pressurizing process. For the monolayer graphene 

bubble supported by the few-layer graphene (weak-shear interface), a FIB system (FEI 235 

DualBeam) was also used to etch few-layer graphene without using masks, giving a 

resolution of 20 nm. The suspended part of the graphene few-layer was etched to expose 

the SiO2 micro-holes, and then a graphene monolayer was transferred on the top of the 

perforated multilayer. In efforts to avoid the sample variation regarding the graphene-

substrate interaction, we prepared multiple samples, especially for the SiO2-supported case. 

Specifically, we made four SiO2-supported samples to provide bubbles with nine different 

heights. Preparation procedures are relatively challenging and tedious for graphene-

supported bubbles. We successfully made three graphene-supported samples that provided 

bubbles with six different heights. 

Characterization of Graphene bubbles. AFM (Dimension Icon, Veeco) in the 

standard tapping mode was utilized to measure the shape of the graphene bubbles, 

including the maximum deflection and the radius. We also scanned the profiles of MoS2 

bubbles and tents and graphene tents in the main text, where are captured by (5.1). Note 

that for the tent case, (5.1) can be used as a fitting function. High-frequency Raman 
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measurements were performed using an Invo-Renishaw system with an incident 

wavelength of 532 nm from a diode-pumped solid-state laser. The spectral resolution was 

1.0 cm−1, and the spatial resolution was ∼1 μm. The laser intensity was kept below 0.5 mW 

to avoid local heating induced by the laser. For the Raman scanning under various heights, 

Raman spectra from every spot of the sample were recorded with a step size of 100 nm. 

All featured bands in Raman spectra of graphene were fitted with Lorentzian functions to 

obtain the peak positions.  

5.B Numerical section1 

We numerically solved the Föppl–von Kármán (FvK) equations for a circular 

membrane under uniform pressure (bubble) and a point load (tent). Unlike Chapter 3, this 

Chapter utilized a finite difference method. Here, we briefly introduce our modifications 

to a previously established finite difference method to solve the sliding boundary case for 

bubbles and tents (Wang et al., 2013b). We consider the bending stiffness of the membrane 

and write the FvK equations in terms of the displacement (see details in Chapter 2.2): 
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where 𝐵  is the bending rigidity of the membrane, 𝐸2D  is the in-plane stiffness of the 

membrane. The lateral loading intensity, 𝑞(𝑟), can take two forms depending on the type 

of load. For a bubble, 𝑞(𝑟) is a constant; for a tent, 𝑞(𝑟) =
𝑃𝛿(𝑟)

2𝜋𝑟
 , where 𝑃 is the magnitude 

of the point load and 𝛿(𝑟) is the Dirac delta function. We then adopt relation between the 

bending stiffness and in-plane stiffness such that the nominal thickness is described as 𝑡 =

                                                 
1 I appreciate Dr. P. Wang for sharing his MATLAB codes regarding the clamped, pressurized bubbles. The 

related work was published in Wang, Peng, et al. "Numerical analysis of circular graphene bubbles." Journal 

of Applied Mechanics 80.4 (2013): 040905. 
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√12(1 − 𝜈2)𝐵/𝐸2D . For convenience, we normalize the FvK equations using the 

following dimensionless quantities: 𝑟̅ = 𝑟/𝑡 , 𝑎̅ = 𝑎/𝑡 , 𝑢̅ = 𝑢/𝑡 , 𝑤̅ = 𝑤/𝑡 , 𝑢̅ = 𝑢 /𝑡 , 

𝑞̅(𝑟) = 𝑞(𝑟)𝑡3/𝐵, and 𝑃̅ = 𝑃𝑡/𝐵. We replace the deflection with the angle of rotation, 

𝜃 = d𝑤/d𝑟, such that (5.B1) and (5.B2) become the following nondimensional equations: 

 𝑔 =
d2𝑢

d𝑟̅2
+
1

𝑟̅

d𝑢

d𝑟̅
−

𝑢

𝑟̅2
+
1−𝜈

2𝑟̅
𝜃2 + 𝜃

d𝜃

d𝑟̅
= 0 (5.B3) 

and  

 𝑓 =
d2𝜃

d𝑟̅2
+
1

𝑟̅

d𝜃

d𝑟̅
−

𝜃

𝑟̅2
− 12𝜃 (

d𝑢

d𝑟̅
+ 𝜈

𝑢

𝑟̅
+
𝜃2

2
) −

1

𝑟̅
∫ 𝑞̅(𝑟)𝑟̅d𝑟̅
𝑟̅

0
= 0. (5.B4) 

Following the finite difference method, we discretize the equations with Δ𝑟̅ = 𝑎̅/𝑛 

and 𝑟̅𝑘 = 𝑘Δ𝑟̅ for 𝑘 = 0 to 𝑛. At each internal node (𝑘 = 1 to 𝑛 − 1), we have 
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where 𝜁𝑘  is 𝑞̅𝑘𝑎̅/2𝑛  for the bubble and is 𝑃̅𝑛/(2𝜋𝑘𝑎̅)  for the tent. The boundary 

conditions are 𝜃0 = 𝜃𝑛 = 0, 𝑢̅0 = 0, 𝑢̅0 = 𝑢̅ . In calculations, 𝑢̅  is a prescribed but not 

arbitrary quantity. For each given 𝑢̅ , the load  𝑃̅  needs to be solved by matching the 

boundary conditions at the edge: 𝑢̅ = 0 for a clamped interface; the displacement and 

radial stress component are continuous across the edge for a sliding interface. The Newton-

Raphson method was used to solve (5.B5) and (5.B6). The analytical plate solution was 

used to provide the initial guess for the bubble, while Schwerin’s classic solution was used 

for the tent:  

 𝜃𝑘
(0)

𝑏𝑢𝑏𝑏𝑙𝑒
=

𝑞̅𝑘

16𝑛
(
𝑘2

𝑛2
− 1), (5.B7) 

 𝜃𝑘
(0)

𝑡𝑒𝑛𝑡
= −

2

3
(

𝑃̅𝑛

4𝜋(1−𝜈2)𝑎̅𝑘
)

1

3
, (5.B8) 



 131 

and 

 𝑢̅𝑘
(0)
= 0.  (5.B9) 

We successively iterate until the convergence condition is satisfied. At each iteration, the 

residuals are calculated by (5.B7) and (5.B8) at each internal node, and the correction 

vector is calculated as 
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where Δ𝜽 is a vector of n-1 components (Δ𝜽𝑘, 𝑘 = 1 to 𝑛 − 1) and same for Δ𝒖̅, 𝒇, and 𝒈. 

The Jacobian matrix on the right-hand side of (5.B10) consists of four square blocks, each 

with a rank of 𝑛 − 1. This matrix can be readily constructed from (5.B5) and (5.B6). For 

the convergence criterion, we require that the L2-norm of the relative correction vector is 

smaller than 10−4, i.e., 0.01% accuracy. If the convergence criterion is not satisfied, the 

iteration procedure then repeats with a new approximation, 𝜃𝑘
(𝑖+1) = 𝜃𝑘

(𝑖) + Δ𝜃𝑘  and 

𝑢̅𝑘
(𝑖+1)

= 𝑢̅𝑘
(𝑖)
+ Δ𝑢̅. 

Subsequently, we calculate the deflection at each node by numerical integration: 
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for 𝑘 = 1 to 𝑛 − 1, and 𝑤̅𝑛 = 0. The strain components at each node can be calculated as  
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and  

 (𝜀𝜃)𝑘 =
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 (5.B13) 

for 𝑘 = 1 to 𝑛 − 1. At the center, (𝜀𝑟)0 = (𝜀𝜃)0 =
𝑛𝑢1

𝑎̅
. Note that at the edge, we can have 

(𝜀𝜃)𝑛 =
𝑢𝑠

𝑎̅
 and (𝜀𝑟)𝑛 = −

𝑢𝑠

𝑎̅
, due to the continuity of radial stress and displacement across 

the edge. 
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Chapter 6:  Elasto-capillarity1 

In previous chapters, we have revealed the dominant role of the aspect ratio (height-

to-radius ratio) of a 2D material blister (including bubble and tent) in controlling its strain 

fields as well as in governing the edge slippage and elastic instabilities. In this chapter, we 

further show that such aspect ratio often appears constant in recent experiments, which 

could be understood as a result of the balance of elastic and surface/interface forces in the 

systems. 2D material bubbles would be the focus of this chapter, and the underlying physics 

discussed here would also apply to 2D material tents. Usually, monolayer or few-layer 2D 

materials are transferred to a target substrate, including other 2D materials, and nanometer-

scale bubbles form spontaneously between the 2D material and its substrate with liquids 

trapped inside. We develop a simple scaling law and a rigorous theoretical model for liquid-

filled bubbles, which predicts that the interfacial work of adhesion is related to the fourth 

power of the aspect ratio of the blister and depends on the surface tension of the liquid. Our 

model was validated by molecular dynamics simulations, and the adhesion energy values 

obtained for the measured nanoblisters are in good agreement with those reported in the 

literature. This model can be applied to estimate the work of adhesion for a variety of 2D 

interfaces, which provides important implications for the fabrication and deformability of 

2D heterostructures and devices. 

 

  

                                                 
1A paper based on the work described in this Chapter has been published: 

D. Sanchez†, Z. Dai†, P. Wang, A. Cantu-Chavez, C. J. Brennan, R. Huang, N. Lu. Mechanics of 

Spontaneously Formed Nanoblisters Trapped by Transferred 2D Crystals. Proceedings of the National 

Academy of Sciences 2018, 115, 7884. († denotes equal contribution; Z.D. contributed to the design of the 

experiments, theoretical analysis, and writing of the draft regarding introduction, theory, discussion on 

implications.) 
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6.1 INTRODUCTION 

2D materials are atomically thin, layered materials with strong bonding in the 

material plane and weak bonding via van der Waals (vdW) interactions between the layers 

(Geim and Grigorieva, 2013; Neto et al., 2009). The discovery of 2D materials has fueled 

extensive fundamental and applied research due to their remarkable electronic, mechanical, 

optical, and magnetic properties. Rapidly emerging experimental and modeling results 

indicate that mechanical strains can strongly perturb the band structure of 2D materials 

(Akinwande et al., 2017; Klimov et al., 2012; Levy et al., 2010). In the nanoscale regime, 

the vdW interactions between the monolayer 2D material and its substrate can have strong 

influences on the mechanical behavior of 2D materials (Kitt et al., 2013; Koenig et al., 

2011; Koren et al., 2015). Consequently, the performance of 2D-material-based devices 

relies heavily on the vdW interfaces. In reality, however, the vdW attraction between the 

2D material and its substrate may cause adsorbed ambient molecules to lump together in 

the interface, resulting in micro- or nanoblisters which often degrade device performance 

(Kretinin et al., 2014; Pizzocchero et al., 2016). Interfacial blisters are also frequently seen 

in vdW heterostructures (i.e., stacks of 2D materials), causing significant charge 

inhomogeneity and limiting the carrier mobilities of a device (Geim and Grigorieva, 2013; 

Neto et al., 2009). Alternatively, due to the strong electromechanical coupling, nanoblisters 

have been applied for strain engineering of 2D materials (Levy et al., 2010; Lloyd et al., 

2016). Moreover, interface-confined chemistry was explored within 2D material blisters 

leveraging the high internal pressure (Chen et al., 2017; Dai et al., 2018; Dai et al., 2019a; 

Ghorbanfekr-Kalashami et al., 2017; Khestanova et al., 2016; Lim et al., 2014; Lim et al., 

2013; Lu et al., 2012; Vasu et al., 2016; Zamborlini et al., 2015). To either control or avoid 

blisters for the 2D materials, it is imperative to understand the formation mechanism for 

these nanoblisters and reveal the key parameters.  
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Many studies have been carried out recently to explore various aspects of 

nanoblisters, including the effects of heat (Pizzocchero et al., 2016), blister content 

(Ghorbanfekr-Kalashami et al., 2017), humidity dependence (Bampoulis et al., 2016), and 

their shape characteristics (Khestanova et al., 2016). Although there is no consensus on 

whether the blisters are filled with air, liquid, or solid (Cao et al., 2011; Haigh et al., 2012), 

adhesion is one of the well-accepted governing parameters for the formation of blisters. In 

fact, interfacial blisters have been used as indicators of good adhesion between the 

constituents of vdW heterostructures (Geim and Grigorieva, 2013; Neto et al., 2009), since 

blisters are energetically favorable only when the adhesion between layers is relatively 

high. Mechanics models have been developed and widely used to relate gas-filled blister 

profiles to interfacial adhesion (An et al., 2017; Bampoulis et al., 2016; Falin et al., 2017; 

Ghorbanfekr-Kalashami et al., 2017; Yue et al., 2012). However, the subtle nature of the 

content inside the blisters may render the assumption of the gas content inappropriate. 

Direct application of this ad hoc model has led to unrealistically small adhesion values for 

graphene interfaces when compared to well-established adhesion measurements 

(Bampoulis et al., 2016). 

The heat and humidity dependence of these blisters have suggested that it is more 

likely to be liquid inside; alternatively, there are increasing efforts to tune liquid chemistry 

in such nanoscale confinements (Ghorbanfekr-Kalashami et al., 2017). Here, we develop a 

scaling law and a more rigorous analytical model based on the elastic membrane theory for 

liquid-filled nanoblisters. Compared with gas-filled blisters assuming ideal gas law for the 

content, the liquid blister theory assumes that the liquid inside the blister is nearly 

incompressible. However, the shape characteristics of the blister may vary depending on 

how the liquid interacts with the membrane and the substrate. Our analytical model is then 

compared with molecular dynamics (MD) simulations to provide verification from the 
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atomistic level. Like the gas blister theory, our liquid blister theory can also be utilized to 

quantitatively characterize the adhesion properties for the 2D materials based on the 

measured blister profiles. Alternatively, the blister shape, strain, and pressure 

characteristics could be controlled by tuning adhesion properties and trapped contents, 

which provides a viable guideline for the design of 2D material blisters for various 

applications. 

6.2 ASPECT RATIO OF BUBBLES1 

 

 

Figure 6.1: (a) Liquid-filled bubbles between graphene and a silicon substrate (AFM 

amplitude image, courtesy of Daniel Sanchez). (b) Satellite bubbles can be 

observed by zooming in on the boxed region in (a).  

Our experiments focus on the characteristics of nanoblisters that form at the 

graphene-SiO2 and 2D MoS2-SiO2 interfaces, as graphene and MoS2 are two of the most 

prevalent 2D materials so far. Later in this section, we will show experiments about other 

2D materials that already existed in literature. Additionally, we find blisters that form when 

chemical vapor deposited (CVD) MoS2 is transferred to Al2O3. After mechanically 

exfoliating highly ordered pyrolytic graphite (HOPG) onto a silicon wafer with native SiO2 

                                                 
1 Daniel Sanchez and Christopher Brennan performed experiments in which we found these spontaneously 

formed 2D material blisters. 
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(Huang et al., 2015), we identified single-layer graphene (SLG) areas that show a 

remarkably large number of blisters (boxed region in Figure 6.1a). The same procedure 

was also used to exfoliate 2D MoS2 flakes from its bulk material onto SiO2. For both 

samples, monolayer regions were identified using Raman spectroscopy (See details in 

Appendix in Sanchez et al. 2018).  

Using tapping mode atomic force microscopy (AFM) (Figure 6.1), we can obtain 

the height profiles of the blisters. We denote the center height of the blister by ℎ and its 

radius by 𝑎, such that the aspect ratio is given as ℎ/𝑎. The height and radius of the blisters 

are calculated by curve-fitting the assumed deflection profile for a pressurized membrane, 

 𝑤(𝑟) = ℎ (1 −
𝑟2

𝑎2
)  (6.1), 

to the measured data (Figure 6.2a). Further information on the experimental procedure for 

creating and characterizing blisters is provided in Appendix in Sanchez et al. 2018. 

 

 

Figure 6.2: (a) By extracting the height profile of each blister, the height and radius is 

calculated by curve fitting a parabolic function. (b) Blisters for a specific 

interface show a consistent aspect ratio that is independent of volume. 
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To use the aspect ratio of a blister as a characterization method, the in-plane shape 

of the blister should be approximately circular such that the aspect ratio is reasonably 

consistent. The shape of the blister may become distorted due to its local environment, 

causing the aspect ratio to become anisotropic. For example, in Figure 6.1, blisters near the 

edges of graphene are elongated in the direction parallel to the edge leading to an elliptical 

instead of circular shape (this could be explained by the finite size effect of the 2D material 

in section 6.5.2. Blisters with an elliptical shape can also be found along step edges in the 

FLG areas.  

 

 

Figure 6.3: Aspect ratio of 2D material blisters in literature. The top panel shows data 

from the case of 2D materials on regular substrates; the bottom shows the 

blisters formed between 2D materials.  
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Focusing on approximately circular blisters, the measured height vs. radius in 

Figure 6.2b suggests that the aspect ratios of each type of the blisters are independent of 

the volume of the blister, with an average aspect ratio (ℎ/𝑎) of 0.049 ± 0.003 for the 

graphene-SiO2 blisters, 0.046 ± 0.004 for the MoS2-SiO2 blisters, and 0.083 ± 0.016 for the 

MoS2-Al2O3 blisters. A constant aspect ratio for a given 2D material-substrate pair has also 

been observed for other blisters reported in the literature, as summarized in Figure 6.3, 

indicating that the blister aspect ratio is a crucial dimensionless parameter for the material 

system. 

The mechanical behavior of the blister is not only dictated by the 2D material-

substrate interaction, but also by the interactions between the trapped content and the 2D 

material/substrate. However, so far, there is no consensus or direct measurement of the 

blister content. While several previous studies applied the gas models to analyze those 

blisters (Bampoulis et al., 2016; Ghorbanfekr-Kalashami et al., 2017; Temmen et al., 2014; 

Wang et al., 2013b; Yue et al., 2012), Geim et al. strongly advocated that the blisters are 

filled with hydrocarbon and liquid water (Haigh et al., 2012; Khestanova et al., 2016). 

Emerging observations in literature imply that the blister content is likely to be water 

because those blisters are found to be highly dependent on temperature (especially beyond 

100°C) and humidity (Bampoulis et al., 2016; Pizzocchero et al., 2016). For example, Cao 

et al. noted that the number density and size of blisters at the graphene-HOPG interface 

were reduced when exfoliation was carried out in a low-humidity environment compared 

with exfoliation in ambient conditions (Cao et al., 2011). In another case, Pizzocchero et 

al. demonstrated that blister-free interfaces for heterostructures are possible only when the 

2D material is transferred at 110 °C, and suggested adsorbed water is the most likely 

candidate for the contents of the interfacial blisters (Pizzocchero et al., 2016).  
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In Sanchez et al. 2018, we monitor the time-dependent behavior of a selected 

number of blisters from Figure 6.1. As noted in previous studies, graphene-SiO2 interfacial 

blisters pressurized with gas typically deflate within 10 hours for H2-filled blisters, and 7 

days for N2-filled blisters (30-32). Since graphene is impermeable to even the smallest gas 

molecules (Berry, 2013), it was concluded that the majority of the gas content inside the 

blister escaped through the graphene-SiO2 interface. Over a period of 92 days, we 

performed AFM scans over the same sample using consistent scanning parameters and 

cantilever tips. Our data shows that the blisters in the SLG regions exhibit deflation at 

different rates, with some showing little overall change in their height, which is drastically 

different from the time-dependent behaviors of gas blisters. Hence our experiment offers 

evidence against the possibility of gas inside the blisters. We, therefore, suggest that the 

content inside the blisters is mostly liquid water, likely mixed with a certain amount of 

hydrocarbon contaminants. Following such hypothesis, in the following, we present a 

liquid-filled blister model and adopt water as the most likely representative liquid for 

quantitative analysis.  

6.3 ANALYTICAL EXPRESSIONS 

Although 2D materials are atomically thin membranes, continuum mechanics has 

proven to be applicable when bending is negligible (Ahmadpoor et al., 2017; Gao and 

Huang, 2014; Lee et al., 2008). We, therefore, employ an elastic membrane model to 

establish a direct relationship between the aspect ratio of the blister and the material 

properties of the 2D membrane and substrate. Unlike gas-filled blisters considered in 

previous works (Wang et al., 2013b; Yue et al., 2012), where the ideal gas law was used to 

relate the pressure to the blister volume, we assume that the liquid inside the blister is 
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nearly incompressible, but the aspect ratio (ℎ/𝑎) may vary depending on how the liquid 

interacts with the membrane and the substrate.  

6.3.1 Scaling 

We begin by using a simple scaling approach for determining the properties of 

axisymmetric blisters. The membrane over a liquid-filled blister of radius 𝑎 and height ℎ 

at its center is subject to a stretching strain 𝜀 ∝ ℎ2/𝑎2 from elementary geometry. With an 

in-plane elastic stiffness 𝐸2𝐷 , the stretching energy in the membrane scales as 𝑈𝑒 ∝

𝐸2𝐷𝜀
2𝑎2 ∝ 𝐸2𝐷ℎ

4/𝑎2 . The bending energy of the membrane is negligible due to the 

thinness of the 2D membrane and relatively small aspect ratios. The adhesion energy 

required to form the blister is simply the energy change per unit area, Δ𝛾, multiplied by the 

blister area, which scales as 𝑈𝑖 ∝ Δ𝛾𝑎
2 . If the volume of liquid (𝑉 ∝ 𝑎2ℎ) remains a 

constant in the blister, the elastic energy decreases, and the interfacial energy increases 

with increasing 𝑎. The competition leads to an equilibrium blister radius that minimizes 

the total free energy (𝑈𝑒 + 𝑈𝑖 ), with ℎ/𝑎 ∝ (𝛥𝛾/𝐸2𝐷)
1/4 . The scaling relation for the 

aspect ratio (ℎ/𝑎) is identical to that for gas-filled blisters (Wang et al., 2013b; Yue et al., 

2012). However, the change in interfacial energy is different. For a gas-filled blister, Δ𝛾 is 

simply taken as the adhesion energy between the membrane and the substrate (Δ𝛾 = Γ). 

For a liquid-filled blister, considering the interfaces between the liquid, the membrane and 

the substrate, the change of the interfacial energy can be written as   

 Δ𝛾 = 𝛾𝑚𝑙 + 𝛾 𝑙 − 𝛾𝑚 , (6.2) 

where 𝛾𝑚𝑙, 𝛾 𝑙, and 𝛾𝑚  are the energy densities (per unit area) for the membrane-liquid 

interface, substrate-liquid interface, and the membrane-substrate interface, respectively. 

For blisters filled with liquid water, the Young–Dupré equations (Israelachvili, 2011; 

Rafiee et al., 2012) further lead to:  
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 Δ𝛾 = Γ− 𝛾𝑤(cos 𝜃 + cos 𝜃𝑚) (6.3) 

In (6.3), Γ  is the work of adhesion (or adhesion energy) of the membrane–substrate 

interface, 𝛾𝑤 is the surface tension of water (~0.072 J/m2) (Israelachvili, 2011; Rafiee et 

al., 2012), and 𝜃  and 𝜃𝑚 are the water contact angles of the substrate and the membrane, 

respectively. Thus, the scaling analysis predicts the aspect ratio for a liquid-filled blister 

as: 

 
ℎ

𝑎
= (𝜙

𝛤−𝛾𝑤(cos𝜃𝑚+cos𝜃𝑠) 

𝐸2𝐷
)

1

4
, (6.4) 

where the dimensionless coefficient 𝜙 has to be determined by a detailed analysis. Clearly, 

by (6.4), the aspect ratio of a water-filled blister depends on the elastic property of the 

membrane, the adhesion of the membrane to the substrate, and the hydrophobicity of the 

membrane and the substrate.  

Previous studies on graphene gas blisters (Yue et al., 2012) predicted a similar 

scaling (but with 𝛾𝑤 = 0) by assuming the ideal gas law for the pressure inside the blister, 

where the coefficient 𝜙 was found to be a function of Poisson’s ratio of the membrane 

material. The edge of the blister is often assumed to be fully clamped onto the substrate 

due to adhesion and strong shear interactions that prevent sliding along the interface. 

However,  recent studies (Dai et al., 2018; Wang et al., 2017b) found that the shear 

interactions can be fairly weak between graphene and its substrate so that sliding may occur 

at the edge of the blister. As a result, the elastic deformation of the membrane depends on 

the shear interactions, and in turn, the coefficient 𝜙 depends on the shear interactions as 

well. Here, we first consider two limiting cases by a simple membrane analysis, one for 

blisters with a fully clamped edge (strong shear limit) and the other for blisters with a 

frictionless sliding interface (weak shear limit). This is followed by a more rigorous 

analysis by Hencky’s approach (Fichter, 1997; Hencky, 1915), with the shear interactions 
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represented by a finite interfacial shear stress between the membrane and the substrate. The 

effects of the finite membrane size and outer boundary conditions are discussed.  

6.3.2 An energy-based membrane analysis 

 

 

Figure 6.4: Schematic illustration of an axisymmetric bubble.  

For a liquid-filled blister, the liquid within the blister is assumed to be 

incompressible so that the blister volume, 𝑉 = 𝜋𝑎2ℎ/2, remains a constant. The area of 

the bulged surface 𝐴′ = 𝜋(𝑎2 + ℎ2) ≈ 𝜋𝑎2  for small ℎ/𝑎  ratios. For a given liquid 

volume, the aspect ratio (ℎ/a) of the blister is determined by the competition between the 

elastic strain energy of the membrane and the interfacial energy.  

To calculate the elastic strain energy of the membrane, we assume a cubic radial 

displacement that is kinematically admissible: 

 𝑢(𝑟) = 𝑢0
𝑟

𝑎
(1 −

𝑟2

𝑎2
) + 𝑢 

𝑟

𝑎
, (6.5) 

where 𝑢0 is to be determined and 𝑢  accounts for the in-plane sliding at the edge of the 

blister (r = a). For the strong shear limit, 𝑢 = 0. For the weak shear limit, 𝑢  is to be 

determined by considering elastic deformation of the membrane outside the edge of the 

blister. Note that previous studies have shown that the cubic radial displacement 

assumption can capture the deformation characteristics of a monolayer graphene sheet well 

(Wang et al., 2013b; Yue et al., 2012; Zhang and Arroyo, 2016). Later in this text, we will 

Pressure

ℎ

𝑎
𝜏
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assume a seven-term polynomial to solve the problem more accurately and compare with 

the results from our cubic radial displacement analysis. 

With (6.1) and (6.5), the radial and circumferential strain components are obtained 

as: 

 𝜀𝑟 =
𝑑𝑢

𝑑𝑟
+
1

2
(
𝑑𝑤

𝑑𝑟
)
2

=
𝑢𝑠

𝑎
+
𝑢0

𝑎
(1 −

3𝑟2

𝑎2
) +

2ℎ2𝑟2

𝑎4
, (6.6) 

and 

 𝜀𝜃 =
𝑢

𝑟
=
𝑢𝑠

𝑎
+
𝑢0

𝑎
(1 −

𝑟2

𝑎2
). (6.7) 

Note that the circumferential strain (𝜀𝜃) is in general not zero at the edge (𝑟 = 𝑎) unless 

the sliding displacement 𝑢  is zero (e.g., at the strong shear limit). We can now derive the 

elastic strain energy, consisting of two parts, one due to stretching and the other due to 

bending. The elastic stretching energy per unit area of the membrane is 

 𝑈 (𝑟) =
𝐸2D

2(1−𝜈2)
(𝜀𝑟

2 + 2𝜈𝜀𝑟𝜀𝜃 + 𝜀𝜃
2),  (6.8) 

where 𝐸2D is 2D Young’s modulus of the membrane material, and 𝜈 is Poisson’s ratio. The 

elastic bending energy per unit area is 

 𝑈𝑏(𝑟) =
𝐵

2
[(
d2𝑤

d𝑟2
)
2

+
1

𝑟2
(
d𝑤

d𝑟
)
2

+
2𝜈

𝑟

d𝑤

d𝑟

d2𝑤

d𝑟2
], (6.9) 

where 𝐵 is bending stiffness of the membrane. As we discussed in Chapter 4, for graphene 

and other 2D membrane materials, the bending stiffness is very small, so that the bending 

energy is negligible for typical blisters as considered in the present study.  

We first consider the strong shear limit with 𝑢 = 0. In this case, the membrane 

outside the blister edge is not deformed. The free energy for the blister is then obtained as 

a function of two kinematic parameters: 

 𝐹(𝑎, 𝑢0) = 2𝜋 ∫ 𝑈 (𝑟)
𝑎

0
𝑟𝑑𝑟 + 𝜋𝑎2Δ𝛾, (6.10) 

where Δ𝛾 = 𝛾𝑚𝑙 + 𝛾 𝑙 − 𝛾𝑚  is the change of interface energy for the formation of a liquid-

filled blister with 𝛾𝑚𝑙, 𝛾 𝑙, and 𝛾𝑚  being the interfacial energy densities respectively for 
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three interfaces involved: membrane-liquid interface, substrate-liquid interface, and 

membrane-substrate interface. For blisters filled with liquid water, the interfacial energies 

can be obtained from the water contact angles as Δ𝛾 = Γ− 𝛾𝑤(cos 𝜃 + cos 𝜃𝑚), where Γ 

is adhesion energy of the membrane to the substrate, 𝛾𝑤 is surface tension of water, 𝜃  and 

𝜃𝑚 are the water contact angles of the substrate and the membrane, respectively. We note 

that, unlike gas-pressurized blisters, the height of the blister, ℎ  (=
2𝑉

𝜋𝑎2
), is not an 

independent variable in (6.10) due to the assumption of incompressible liquid with a 

constant volume.   

For a fixed radius, the mechanical equilibrium requires that  

 (
𝜕𝐹

𝜕𝑢0
)
𝑎
= 0, (6.11) 

which leads to 𝑢0 =
(3−𝜈)ℎ2

4𝑎
. Then, with the liquid volume fixed inside the blister, the free 

energy is obtained as a function of the blister radius: 

 𝐹(𝑎) =
2(7−𝜈)𝐸2𝐷𝑉

4

3𝜋3(1−𝜈)𝑎10
+ 𝜋𝑎2𝛥𝛾. (6.12) 

The first term on the right-hand side of (6.12) is the elastic strain energy in the membrane, 

which decreases with increasing blister radius 𝑎. The second term stems from the change 

of interface energy, which increases with increasing blister radius for Δ𝛾  0 . The 

competition of the two leads to an equilibrium blister radius that minimizes the free energy, 

namely 

 (
𝜕𝐹

𝜕𝑎
)
𝑉
= 0, (6.13) 

which gives rise to (6.4) with 𝜙 =
24(1−𝜈)

5(7−𝜈)
 for the strong shear limit. Specifically, for 

graphene (𝜈 = 0.165), we have 𝜙 = 0.6 for the strong shear limit. 

Next, consider the weak shear limit, where the membrane in the annular region 

outside of the blister edge (𝑟  𝑎) slides inward as the liquid pressure pushes up the 

membrane to form a blister. With zero shear stress at the frictionless interface between the 

membrane and the substrate, the stress and displacement in the annular region can be 
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obtained as the classical Lamé problem in linear elasticity. The radial and circumferential 

components of the membrane stress are (Landau et al., 1986): 

 𝑁𝑟 =
𝐶1

𝑟2
+ 𝐶2, (6.14a) 

 𝑁𝜃 = −
𝐶1

𝑟2
+ 𝐶2, (6.14b) 

where 𝑁𝑟 = 𝜎𝑟𝑡  and 𝑁𝜃 = 𝜎𝜃𝑡 ; 𝜎𝑟  and 𝜎𝜃  are, respectively, radial and circumferential 

stresses; 𝑡 is the membrane thickness. Correspondingly, the radial displacement is  

 𝑢 =
1

𝐸2𝐷
[−

(1+𝜈)𝐶1

𝑟
+ 𝐶2(1 − 𝜈)𝑟]. (6.15) 

For an infinitely large membrane, both the stress and the displacement approach zero as 

𝑟 → ∞, which requires 𝐶2 = 0. At the edge of the blister (𝑟 = 𝑎), the radial stress and 

displacement are continuous. By comparing (6.15) with (6.5), we obtain 𝐶1 = −
𝐸2D𝑎𝑢𝑠

1 + 𝑣
 for 

the displacement continuity. For the radial stress, we have by Hooke’s law 

 𝑁𝑟 =
𝐸2𝐷

1−𝜈2
(𝜀𝑟 + 𝜈𝜀𝜃), (6.16) 

where the strain components on the right-hand side are given by (6.6) and (6.7) at 𝑟 = 𝑎, 

and the radial stress on the left-hand side is given by (6.14a) at 𝑟 = 𝑎. The stress continuity 

then leads to 𝑢 = 𝑢0 − ℎ
2/𝑎, where 𝑢0 is yet to be determined for this case. 

By (6.8), we compute the elastic stretching energy per unit area of the membrane. 

For the region within the blister edge (r < a), the strain components are given by (6.6) and 

(6.7). For the annular region outside the blister edge (r > a), the strain components can be 

obtained as: 𝜀𝑟 =
𝑑𝑢

𝑑𝑟
= −

𝑎𝑢𝑠

𝑟2
 and 𝜀𝜃 =

𝑢

𝑟
=
𝑎𝑢𝑠

𝑟2
. Then, the free energy for the blister at the 

weak shear limit is  

 𝐹(𝑎, 𝑢0) = 2𝜋 ∫ 𝑈𝑆(𝑟)
𝑎

0
𝑟𝑑𝑟 + 2𝜋 ∫ 𝑈𝑆(𝑟)

∞

𝑎
𝑟𝑑𝑟 + 𝜋𝑎2Δ𝛾. (6.17) 

Following the same process in (6.11), we obtain 𝑢0 =
(3−𝜈)ℎ2

4𝑎
 and the free energy function 

 𝐹(𝑎) =
8𝐸2D𝑉

4

3𝜋3𝑎10
+ 𝜋𝑎2Δ𝛾. (6.18) 
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Minimization of the free energy with respect to 𝑎 gives rise to (6.4) again, with 𝜙 =
6

5
 for 

the weak shear limit. Compared to the strong shear limit, the weak shear limit predicts a 

larger height-to-radius ratio for the blister, about 20% higher for graphene in particular. 

6.3.3 Finite sheet size in simulations 

 

 

Figure 6.5: Effect of the finite membrane size in MD simulations on the blister radius a 

and the coefficient 𝜙 in the height-to-radius ratio equation (6.19).  

To compare with MD simulations in section 6.6, where the graphene/substrate 

interface is frictionless and periodic boundary conditions are applied with a finite-sized 

graphene membrane, the analysis for the weak shear limit is modified so that the radial 
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displacement in (6.15) is zero at 𝑟 = 𝐿𝑚, for the square-shaped membrane with a half side 

length of 𝐿𝑚 in MD simulations. As a result, 𝐶2 =
(1+𝜈)𝐶1

(1−𝜈)𝐿𝑚
2  and 𝑢 =

(1+𝜈)𝐶1

𝐸2𝐷𝐿𝑚
[−

𝐿𝑚

𝑟
+

𝑟

𝐿𝑚
] for 

𝑟  𝑎 . The displacement continuity at 𝑟 = 𝑎  then requires that 𝐶1 = −
𝐸2𝐷𝑎𝑢𝑠

(1+𝜈)
[1 −

(
𝑎

𝐿𝑚
)
2

]
−1

. Following the same process in (6.16-6.18), we obtain 𝑢 = 𝑢0 − ℎ
2/𝑎 and 𝑢0 =

(3−𝜈)ℎ2

4𝑎
, which then leads to (6.4) for the height-to-radius ratio with 𝜙 =

6𝐿𝑚
2 (1−𝜈)

5𝐿𝑚
2 (1−𝜈)+3𝑎2(1+𝜈)

 

. Note that, in this case, 𝜙 depends on the ratio 𝐿𝑚/𝑎. For a constant liquid volume (𝑉 =

𝜋𝑎2ℎ/2), the coefficient 𝜙 can be determined by solving a nonlinear algebraic equation 

as: 

  𝜙 +
3(1+𝜈)

5(1−𝜈)
(
2V

𝜋𝐿𝑚
3 )

2

3
(
𝐸2𝐷

∆𝛾
)

1

6
𝜙
5

6 =
6

5
 (6.19) 

Apparently, in this case, the height-to-radius ratio of the blister depends on the size 

of the membrane through the ratio 𝐿𝑚
3 /𝑉. As shown in Figure 6.5, as 𝐿𝑚

3 /𝑉 → ∞, the 

coefficient 𝜙 approaches the weak shear limit (𝜙 =
6

5
). However, since the size of the 

membrane is limited in MD simulations, (6.19) predicts a smaller value for 𝜙, and hence a 

smaller height-to-radius ratio for the blister by (6.4). Figure 6.5 plots the radius of the 

blister as a function of the membrane size, both normalized by 𝑉1/3. Clearly, the blister 

radius decreases with increasing adhesion energy ( ∆𝛾 = Γ− 𝛾𝑤(cos 𝜃 + cos 𝜃𝑚) ). 

Meanwhile, the radius increases slightly with decreasing 𝐿𝑚. In any case, the radius should 

be no greater than the half side length of the membrane, i.e., 𝑎 ≤ 𝐿𝑚. In the extreme case 

when 𝑎 = 𝐿𝑚, the edge of the blister is fixed with no sliding, and the solution reduces to 

the strong shear limit with 𝜙 ≈ 0.6 for the case of a graphene monolayer as the membrane. 

6.4 ASPECT RATIOS OF VARIOUS BLISTERS 

Another way to determine the coefficient in (6.4), which is much easier to 

implement, is to taking advantage of the analytical solutions to strain fields in Chapter 5.3. 
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We show that using these analytical solutions would lead to the same results as those in 

section 6.3. In addition, the scaling relation works for both liquid-/gas-filled bubbles and 

point-loaded tents. In general, the total energy of the system 𝑈𝑡𝑜𝑡𝑎𝑙  consists of the 

following three energy terms: 

 𝑈𝑡𝑜𝑡𝑎𝑙 = 𝑈𝑒 + 𝑈𝑖 + 𝑈𝑝 (6.20), 

where 𝑈𝑒 is the elastic strain energy of the membrane, 𝑈𝑖 is the interface adhesion energy 

between the membrane and the substrate, and 𝑈𝑝 is the potential energy associated with 

the blister contents. We can now derive the elastic strain energy by analytical results in 

(5.4) in Chapter 5. Again, the bending effects can be neglected reasonably for our 

experimentally observed blisters. The elastic stretching energy per unit area of the 

membrane can still be calculated according to (6.8). This, in general, leads to the strain 

energy of a blister in the present study: 

 𝑈𝑒 = 2𝜋 ∫ 𝑈 (𝑟)
𝑎

0
𝑟𝑑𝑟 + 2𝜋 ∫ 𝑈 (𝑟)

∞

𝑎
𝑟𝑑𝑟,  (6.21) 

where the first term represents the strain energy in the laterally loaded membrane, and the 

second term is a result of interface sliding (which is negligible for the strong-shear limit). 

The adhesion energy required to form the blister is simply the energy change per 

unit area, Δ𝛾, multiplied by the blister area, 

 𝑈𝑖 = 𝜋𝑎
2Δ𝛾, (6.22) 

where we assume that the change in contact area due to the deformation is negligible since 

it scales as 𝑎2𝓞(ℎ2/𝑎2).  

The last term in the Supplementary (6.19) is the potential energy associated with 

contents, which is to be determined according to the interface confining conditions. For a 

liquid-filled bubble and a post-supported tent, 𝑈𝑝 = 0. For a bubble filled with ideal gas, 

𝑈𝑝  follows the ideal gas law. Here, we derive 𝜙  for the six different scenarios with 

differing interfacial shear conditions and interfacial contents. 
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i) Liquid-filled bubbles with a strong-shear interface. The membrane outside the 

bubble edge does not deform and confined liquid does not contribute to 𝑈𝑝 due 

to its incompressibility. The total free energy for the bubble is then obtained as 

a function of two kinematic parameters 

 𝑈𝑡𝑜𝑡𝑎𝑙(𝑎) =
2(7−𝜈)𝐸2D𝑉

4

3𝜋3(1−𝜈)𝑎10
+ 𝜋𝑎2Δ𝛾, (6.23) 

where  𝑉 =
𝜋

2
𝑎2ℎ  is the volume of the interface confined liquid. Given the 

incompressible 𝑉, the first term on the right-hand side of Supplementary (6.23) 

is the elastic strain energy in the membrane, which decreases with increasing 

the bubble radius 𝑎. The second term stems from the change of interface energy, 

which increases with increasing bubble radius. The competition between the 

two terms leads to an equilibrium bubble radius that minimizes the total free 

energy, namely 

 (
𝜕𝑈𝑡𝑜𝑡𝑎𝑙

𝜕𝑎
)
𝑉
= 0, (6.24) 

which gives rise to (6.4) with 𝜙 =
24(1−𝜈)

5(7−𝜈)
. 

ii) Liquid-filled bubbles with a weak-shear interface. The elastic strain energy 

outside the bubble has to be considered due to the interfacial sliding. Following 

(6.20-6.23), the total free energy is obtained as 

 𝑈𝑡𝑜𝑡𝑎𝑙(𝑎) =
8𝐸2D𝑉

4

3𝜋3𝑎10
+ 𝜋𝑎2Δ𝛾. (6.25) 

Similarly, (
𝜕𝑈𝑡𝑜𝑡𝑎𝑙

𝜕𝑎
)
𝑉
= 0 gives rise to (6.4) with 𝜙 =

6

5
. 

iii) Gas-filled bubbles with a strong-shear interface. In this case, the isothermal 

expansion of fixed number of interface confined gas molecules (𝑁) contributes 

to the potential energy: 

 𝑈𝑝 = ∫ 𝑝𝑑𝑉
𝑉(𝑝0)

𝑉(𝑝)
. (6.26) 
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where 𝑉(𝑝) is the volume of an ideal gas under current pressure 𝑝 and 𝑉(𝑝0) is 

the volume of ideal gas under atmospheric pressure. The pressure and volume 

of the ideal gas are assumed to follow the ideal gas law, which behaves as a 

constraint when minimizing the total energy of the system: 

 𝑁𝑘𝑇 = 𝑝𝑉 ≃
𝜋(7−𝜈)

6(1−𝜈)

𝐸2Dℎ
4

𝑎2
, (6.27) 

where 𝑘 is Boltzmann constant and 𝑇 is temperature, and the right-hand side 

relation is readily obtained by minimizing the potential energy of the uniformly 

pressurized membrane. By combining (6.19-6.22) with (6.27), we write the 

total free energy in terms of only two kinematic parameters (𝑁, 𝑎): 

 𝑈𝑡𝑜𝑡𝑎𝑙(𝑎) =
𝑁𝑘𝑇

4
− 𝑁𝑘𝑇 ln 𝐴𝑎2/5 + 𝜋𝑎2Δ𝛾, (6.28) 

where 𝐴 is a constant related to the reference state of gas in ambient condition. 

The first term on the right-hand side of (6.28) is the elastic strain energy in the 

membrane, which is independent of both the bubble radius and height under 

constant 𝑁. The second term is the potential energy of the gas, which decreases 

with increasing bubble radius, 𝑎 . Meanwhile, the interfacial energy term 

increases as part of graphene is detached from the substrate. The competition 

of the last two terms leads to an equilibrium bubble radius when the total free 

energy is minimized such that 

 (
𝜕𝑈𝑡𝑜𝑡𝑎𝑙

𝜕𝑎
)
𝑁
= 0. (6.29) 

(6.29) thus gives rise to 

 Δ𝛾 =
5𝑁𝐾𝑇

4𝜋𝑎2
. (6.30) 

By plugging Supplementary (6.27), we derive 𝜙 =
24(1−𝜈)

5(7−𝜈)
 for Supplementary 

(6.4), which is also the case for liquid-filled bubbles with a strong-shear 

interface. 



 151 

iv) Gas-filled bubbles with a weak-shear interface. When interface sliding occurs, 

(6.27) becomes 

 𝑁𝑘𝑇 = 𝑝𝑉 ≃
2𝜋

3

𝐸2Dℎ
4

𝑎2
. (6.31) 

After combining (6.19-6.22) and (6.31), we find that (6.28-6.30) still work for 

the gas-filled bubbles with a weak-shear interface. Then combining (6.30) and 

(6.31) gives us 𝜙 =
6

5
, which also applies to liquid-filled bubbles with a weak-

shear interface. 

v) Tents with a strong-shear interface. The tent can be treated as a displacement-

controlled delamination experiment where the height is fixed and 𝑈𝑝 is zero. 

From (6.18-6.21), the total energy of a tent with clamped boundaries is 

 𝑈𝑡𝑜𝑡𝑎𝑙(𝑎) =
𝜋(5−3𝜈)𝐸2Dℎ

4

72(1−𝜈)𝑎2
+ 𝜋𝑎2Δ𝛾. (6.32) 

Clearly, the competition between the elastic strain energy and the interface 

energy leads to 

 (
𝜕𝑈𝑡𝑜𝑡𝑎𝑙

𝜕𝑎
)
ℎ
= 0, (6.33) 

which gives rise to (6.4) with 𝜙 =
72(1−𝜈)

5−3𝜈
. 

vi) Tents with a weak-shear interface. The elastic strain energy outside the tent is 

considered. Following (6.19-6.22), the total energy is then obtained: 

 𝑈𝑡𝑜𝑡𝑎𝑙(𝑎) =
𝜋𝐸2Dℎ

4

18𝑎2
+ 𝜋𝑎2Δ𝛾. (6.34) 

Similarly, (
𝜕𝑈𝑡𝑜𝑡𝑎𝑙

𝜕𝑎
)
ℎ
= 0, which gives rise to (6.4) with 𝜙 = 18. 

We have determined 𝜙 for 2D material bubbles and tents of both strong- and weak-

shear interfaces, as summarized in Table 6.1. The experimental discovery of the constant 

aspect ratio of 2D material bubbles for a given 2D material-substrate system may support 

our conclusion; experimental data for 2D material tents can also be found in the literature 
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(Dai et al., 2020; Zong et al., 2010) (also see references based on nanoparticle methods in 

Table 6.5).  

 

Shape Strong shear Weak shear 

Bubble 

 

24(1 − 𝜈)

5(7 − 𝜈)
 

6

5
 

Tent 

 

72(1 − 𝜈)

5 − 3𝜈
 18 

Table 6.1: The prefactor 𝜙 that determines the aspect ratio by Δ𝛾/𝐸2D in (6.4). 

6.5 HENCKY’S ANALYSIS 

Next, we present a more rigorous analysis for the liquid-filled blisters following 

Hencky’s approach (Fichter, 1997; Hencky, 1915).  

6.5.1 Finite shear 

The shear interactions between the membrane and the substrate is represented by a 

finite interfacial shear stress in the supported region (𝑎 < 𝑟 < 𝜌𝑎), where both the blister 

radius (𝑎) and the outer radius of the shear zone (𝜌𝑎) are to be determined depending on 

the liquid volume and the shear stress. The membrane size is assumed to be large so that 

the shear zone does not reach the edge of the membrane. The membrane outside the sliding 

zone (𝑟  𝜌𝑎) is not deformed or stressed. Since ℎ/𝑎 is typically small, the membrane is 

assumed to conform to the liquid (𝑟 < 𝑎) with a uniform pressure, similar to the gas-filled 

blisters. Outside the blister, the substrate-supported membrane is subject to in-plane 

stresses and a constant interfacial shear stress in the shear zone (𝑎 < 𝑟 < 𝜌𝑎). The two 



 153 

parts are coupled at the edge of the blister (𝑟 = 𝑎) by the continuity conditions in terms of 

the stress and displacement. 

According to Chapter 2.2, the mechanical equilibrium of the bulged membrane 

(𝑟 < 𝑎) over the liquid requires that: 

 
𝑑

𝑑𝑟
(𝑟𝑁𝑟) − 𝑁𝜃 = 0, (6.35a) 

 
𝑑

𝑑𝑟
(𝑟𝑁𝑟

𝑑𝑤

𝑑𝑟
) + 𝑞𝑟 = 0, (6.35b) 

where 𝑞 is the intensity of the transverse loading (i.e., the pressure difference across the 

membrane). These equations assume axisymmetric deformation and ignore the bending 

rigidity of the membrane. With linear elasticity and nonlinear kinematics, (6.35a) and 

(6.35b) can be combined into one nonlinear equation: 

 𝑁𝑟
2 𝑑

𝑑𝑟
[
1

𝑟

𝑑

𝑑𝑟
(𝑟2𝑁𝑟)] +

𝐸2𝐷𝑞
2

8
𝑟 = 0. (6.36) 

Following Hencky's approach (Fichter, 1997; Hencky, 1915), the solution to (6.35-6.36) is 

assumed to take the polynomial form as: 

 𝑁𝑟(𝑟) = (
𝐸2𝐷𝑞

2𝑎2

64
)

1

3
∑ 𝑏2𝑛 (

𝑟

𝑎
)
2𝑛

∞
𝑛=0 , (6.37a) 

 𝑁𝜃(𝑟) = (
𝐸2𝐷𝑞

2𝑎2

64
)

1

3
∑ (2𝑛 + 1)𝑏2𝑛 (

𝑟

𝑎
)
2𝑛

∞
𝑛=0 , (6.37b) 

 𝑤(𝑟) = (
𝑞𝑎4

𝐸2𝐷
)

1

3
∑ 𝑎2𝑛 [1 − (

𝑟

𝑎
)
2𝑛+2

]∞
𝑛=0 , (6.37c) 

where seven terms (𝑛 = 0 − 6) are typically included in each polynomial. Substituting 

(6.37a) into Eq. (6.36), all the coefficients 𝑏2𝑛  can be determined in terms of one 

parameter, 𝑏0 . That is, 𝑏2 = −
1

𝑏0
2 ; 𝑏4 = −

2

3𝑏0
5 ; 𝑏6 = −

13

18𝑏0
8 ;  𝑏8 = −

17

18𝑏0
11 ;  𝑏10 =

−
37

27𝑏0
14 ;  𝑏12 = −

1205

567𝑏0
17 . Similarly, substituting (6.37b) into Eq. (35b) yields: 𝑎0 =

1

𝑏0
; 𝑎2 =

1

2𝑏0
4 ;  𝑎4 =

5

9𝑏0
7 ;  𝑎6 =

55

72𝑏0
10 ;  𝑎8 =

7

6𝑏0
13 ;  𝑎10 =

205

108𝑏0
16 ;  𝑎12 =

17051

5292𝑏0
19 . 

Given 𝑎 and 𝑞, the coefficient 𝑏0 can be determined numerically, depending on Poisson’s 

ratio of the membrane and boundary conditions. For instance, 𝑏0 = 1.67 was obtained for 

an elastic membrane clamped at the edge with 𝜈 = 0.165 (for graphene). 



 154 

Outside the blister, the supported 2D membrane is constrained to in-plane 

deformation with axisymmetry and a constant interfacial shear stress (frictional force per 

unit area), 𝜏, which opposes sliding. For a given blister pressure or volume, there would 

exist an annular interfacial sliding zone (𝑎 < 𝑟 < 𝜌𝑎), beyond which there would be no 

sliding and thus zero shear stress. Assuming no buckling or any out-of-plane deflection 

(i.e., 𝑤 = 0) for the supported membrane outside the blister, the in-plane equilibrium 

equation is: 

 
𝑑

𝑑𝑟
(𝑟𝑁𝑟) − 𝑁𝜃 + 𝜏𝑟 = 0. (6.38) 

With linear elasticity and in-plane kinematics, (6.38) can be re-written as: 

 
𝑑

𝑑𝑟
[𝑁𝑟 +

𝑑

𝑑𝑟
(𝑟𝑁𝑟)] = −(2 + 𝜈)𝜏. (6.39) 

Solving (6.38) and (6.39) with the boundary condition at 𝑟 = 𝜌𝑎 , where the in-plane 

stresses are zero (𝑁𝑟 = 𝑁𝜃 = 0), we obtain: 

 𝑁𝑟 = 𝜏𝑎 [(2 + 𝜈) (−
1

3

𝑟

𝑎
−

𝜈−1

6(2+𝜈)
𝜌3

𝑎2

𝑟2
) +  

1+𝜈

2
𝜌], (6.40a) 

 𝑁𝜃 = 𝜏𝑎 [(2 + 𝜈) (−
1+2𝜈

3(2+𝜈)

𝑟

𝑎
+

𝜈−1

6(2+𝜈)
𝜌3

𝑎2

𝑟2
) +  

1+𝜈

2
𝜌]. (6.40b) 

At the edge of the blister (𝑟 = 𝑎), the radial stress and displacement are continuous. 

As a result, both the strain and stress components are continuous, i.e., 𝑁𝑟
𝑖𝑛 =

𝑁𝑟
𝑜𝑢𝑡  𝑎𝑛𝑑 𝑁𝜃

𝑖𝑛 = 𝑁𝜃
𝑜𝑢𝑡  𝑎𝑡 𝑟 = 𝑎. Based on (6.37) for the bulged membrane and (3.40) for 

the membrane outside the blister, the continuity conditions at the edge of the blister lead 

to: 

 𝜏𝑎 [(2 + 𝜈) (−
1

3
−

𝜈−1

6(2+𝜈)
𝜌3) +  

1+𝜈

2
𝜌] = (

𝐸2𝐷𝑞
2𝑎2

64
)

1

3
(𝑏0 −

1

𝑏0
2 −

2

3𝑏0
5 −

⋯),  (6.41a) 

 𝜏𝑎 [(2 + 𝜈) (−
1+2𝜈

3(2+𝜈)
+

𝜈−1

6(2+𝜈)
𝜌3) +  

1+𝜈

2
𝜌] = (

𝐸2𝐷𝑞
2𝑎2

64
)

1

3
(𝑏0 −

3

𝑏0
2  −

10

3𝑏0
5 −

⋯).  (6.41b) 
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Given 𝜏, 𝑎 and 𝑞, (6.41) can be solved to obtain the Hencky constant 𝑏0 and the ratio 𝜌 for 

the outer radius of the interfacial sliding zone.  

 

 

Figure 6.6: The radius ratio 𝜌 of the interfacial sliding zone (black lines) and Hencky 

constant 𝑏0 (blue lines) as a function of 𝜉. 

For a liquid-filled blister with a constant volume (𝑉), we define a length scale as 

𝐿𝑤 = 𝑉
1/3. By integrating the deflection in (6.37), the volume is related to the pressure 

difference as: 

 𝑉 = 2𝜋 ∫ 𝑤(𝑟)
𝑎

0
𝑟𝑑𝑟 =

2𝜋𝑎10/3𝑞1/3

𝐸2𝐷
1/3 ∑ 𝑎2𝑛 (

𝑛+1

2𝑛+4
)𝑛 . (6.42) 

Thus, the normalized pressure difference is: 

 𝑞̅ =
𝑞𝐿𝑤

𝐸2𝐷
= (

𝐿𝑤

𝑎
)
10

[2𝜋 ∑ 𝑎2𝑛 (
𝑛+1

2𝑛+4
)𝑛 ]
−3

. (6.43) 

For given 𝜏, 𝑎 and 𝑉, (6.41) can be solved to obtain 𝑏0 and 𝜌, both depending on 

three dimensionless parameters: 𝜈 , 𝜏̅ =
𝜏𝐿𝑤

𝐸2𝐷
, and 𝑎̅ =

𝑎

𝐿𝑤
. Moreover, for a particular 

membrane material with a constant Poisson’s ratio  𝜈 , 𝑏0  and 𝜌  depend on a single 

parameter: 𝜉 = 𝜏̅𝑎̅7. In Figure 6.6, we plot 𝑏0 and 𝜌 versus 𝜉 for graphene (𝜈 = 0.165). 

Clearly, when 𝜉 → ∞ (i.e., 𝜏 → ∞  or 𝑎̅ → ∞), the results approach the strong shear limit 
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without any sliding (i.e., 𝜌 = 1 and 𝑏0 = 1.67). With a finite interfacial shear stress 𝜏, 𝜌 

increases as 𝜉 decreases. In the weak shear limit (𝜉 → 0), 𝜌 → ∞ and  𝑏0 → 1.47. 

 

 

Figure 6.7: The dimensionless pressures as a function of height/radius ratio under various 

shear stress. Blue and red dots are from the analysis based on Section 5.3. 

According to (6.37), the blister height, ℎ = 𝑤|𝑟=0, and the height-to-radius ratio is: 

 
ℎ

𝑎
= 𝐶1 (

𝑞𝑎

𝐸2𝐷
)

1

3
= 𝐶1 𝑎̅

−3 [2𝜋 ∑ 𝑎2𝑛 (
𝑛+1

2𝑛+4
)𝑛 ]
−1

, (6.44) 

where 𝐶1 = ∑ 𝑎2𝑛𝑛 =
1

𝑏0
+

1

2𝑏0
4 +

5

9𝑏0
7 +⋯ . By (6.44), ℎ/𝑎  depends on both 𝑎̅  and 𝜏̅ . 

Similarly, by (6.43), the normalized pressure difference 𝑞̅ depends on 𝑎̅ and 𝜏̅ as well. For 

a given 𝜏̅, 𝑞̅ is related to 𝑎̅ and then to ℎ/𝑎. It is thus possible to determine the pressure 

inside the blister based on the measurement of the height and radius of the blisters.  

Figure 6.7 plots 
𝑞𝑎

𝐸2𝐷
 (= 𝑞̅𝑎̅) as a function of ℎ/𝑎 for blisters with various interfacial 

shear stresses. Note that, (6.43) can be rewritten as: 

 𝑞 = 𝜂(𝜉, 𝜈)
𝐸2𝐷ℎ

3

𝑎4
, (6.45) 

where 𝜂(𝜉, 𝜈) = 𝐶1
−3. We find that the 

𝑞𝑎

𝐸2𝐷
−
ℎ3

𝑎3
 curves collapse when 𝜏̅ ≥ 1 (strong shear) 

and 𝜏̅ ≤ 10−4 (weak shear). (6.44) is similar to (6.4) by the simple analysis, but it is more 
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accurate. In particular, for the strong and weak shear limits, the simple analysis 

underestimates the pressure significantly. 

For given 𝜏 and 𝑉, the blister radius is determined by minimizing the total free 

energy of the blister, including the elastic strain energy of the membrane and the interfacial 

energy. With the membrane stresses in (6.37), the strain energy for the bulged membrane 

can be obtained as  

 𝐹𝑒1(𝑎) = 2𝜋 ∫ 𝑈𝑆(𝑟)
𝑎

0
𝑟𝑑𝑟 = 𝐸2𝐷𝐿𝑤

2 (
𝐿𝑤

𝑎
)
10

𝑓1(𝜉, 𝜈). (6.46) 

Similarly, the strain energy for the supported membrane can be obtained with the in-plane 

stresses in (6.40) as 

 𝐹𝑒2(𝑎) = 2𝜋 ∫ 𝑈𝑆(𝑟)
𝜌𝑎

𝑎
𝑟𝑑𝑟 = 𝐸2𝐷𝐿𝑤

2 (
𝐿𝑤

𝑎
)
10

𝑓2(𝜉, 𝜈). (6.47) 

Relative to a reference state of the membrane on the substrate without liquid, the interfacial 

energy of the liquid-filled blister is: 

 𝐹𝑖(𝑎) = 𝜋𝑎
2(𝛾𝑤 − 𝛾𝑚 ) + 𝛾𝑤𝑚𝐴′, (6.48) 

where 𝐴′ is the area of blister surface, i.e., 

 𝐴′ = 2𝜋 ∫ √1 + (
𝑑𝑤

𝑑𝑟
)
2𝑎

0
𝑟𝑑𝑟 = 𝐶3𝜋𝑎

2, (6.49) 

and 𝐶3 is a constant that depends on 𝑏0. With Δ𝛾 = 𝛾𝑚𝑤 + 𝛾 𝑤 − 𝛾𝑚 , we have 

 𝐹𝑖(𝑎) = 𝜋𝑎
2Δ𝛾 [1 + (𝐶3 − 1)

𝛾𝑤𝑚

Δ𝛾
]. (6.50) 

To minimize the total free energy, we set 

 𝐹̅(𝑎̅, 𝜏̅, 𝜈) =
𝐹𝑒1+𝐹𝑒2+𝐹𝑖

𝐸2D𝐿𝑤
2 = [𝑓1(𝜉, 𝜈) + 𝑓2(𝜉, 𝜈)]𝑎̅

−10 +
𝜋Δ𝛾

𝐸2D
[1 + (𝐶3 −

1)
𝛾𝑤𝑚

Δ𝛾
] 𝑎̅2,  (6.51) 

and  

 
𝜕𝐹

𝜕𝑎̅
= 0, (6.52) 

by which 𝑎̅ = 𝑎/𝐿𝑤 can be solved as a function of 𝜏̅, 𝜈, 
Δ𝛾

𝐸2D
 and 

𝛾𝑤𝑚

𝐸2D
. Then, by (6.44), the 

ratio ℎ/𝑎 can be obtained as well. Since 𝐶3~1 + 𝒪(ℎ
2/𝑎2), here we neglect the effects of 
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𝛾𝑤𝑚

Δ𝛾
 due to the small aspect ratio observed in our experiments, and only examine the effect 

of shear stress on ℎ/𝑎  in Figure 6.8. Similar to the observation in Figure 6.7, ℎ/𝑎 −

Δ𝛾/𝐸2D curves collapse when 𝜏̅ ≥ 1 (strong shear) and 𝜏̅ ≤ 10−4 (weak shear) and show 

agreement with the simple analysis under small ℎ/𝑎 (<  0.15). However, slight deviations 

can be observed under high aspect ratios, implying the limitation of our simple analysis for 

large deformation.  

 

 

Figure 6.8: The dependency of the aspect ratio on Δ𝛾/𝐸2D for different shear stress. Blue 

and red dots are from a simple analysis.  

6.5.2 Finite sheet size in experiments 

Next, we consider the effect of finite membrane size ( 𝜌 = 𝜌0 ). As the 2D 

membranes in experiments typically have finite lateral sizes (here, defined as 𝜌0𝑎), the 

sliding zone around a blister could grow to the boundary of the membrane if the interface 

is relatively weak or if the blister is located near the edge of a membrane. In these cases, 

the sliding zone radius ratio 𝜌 would become fixed once it reaches the critical value 𝜌0 as 

shown in Fig. S9. Unlike the previous case with 𝑁𝑟 = 𝑁𝜃 = 0 at 𝑟 = 𝜌𝑎, the boundary 
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condition at 𝑟 = 𝜌0𝑎 is slightly different, i.e., 𝑁𝑟 = 0 but 𝑁𝜃 ≠ 0. Thus, for a finite outer 

boundary, the (6.40) can be solved exactly to obtain: 

 𝑁𝑟 = 𝜏𝑎 [−
(2+𝜈)

3

𝑟

𝑎
+ 𝐴0 (

𝑎2

𝑟2
−

1

𝜌02
) +  

(2+𝜈)

3
𝜌0], (6.53a) 

 𝑁𝜃 = 𝜏𝑎 [−
(1+2𝜈)

3

𝑟

𝑎
+ 𝐴0 (−

𝑎2

𝑟2
−

1

𝜌02
) +  

(2+𝜈)

3
𝜌0], (6.53b) 

where 𝐴0  is a dimensionless constant to be determined. Then, based on (6.37) for the 

bulged membrane over the blister and (6.53) for the supported membrane, the continuity 

conditions at the edge of the blister (𝑟 = 𝑎) lead to: 

 𝜏𝑎 [−
(2+𝜈)

3
+ 𝐴0 (1 −

1

𝜌02
) +  

(2+𝜈)

3
𝜌0] = (

𝐸𝑡𝑞2𝑎2

64
)

1

3
(𝑏0 −

1

𝑏0
2 −

2

3𝑏0
5 −⋯) (6.54a) 

 𝜏𝑎 [−
(1+2𝜈)

3
+ 𝐴0 (−1 −

1

𝜌02
) +  

(2+𝜈)

3
𝜌0] = (

𝐸𝑡𝑞2𝑎2

64
)

1

3
(𝑏0 −

3

𝑏0
2  −

10

3𝑏0
5 −

⋯)  (6.54b) 

Combining Eq. (6.43) and Eq. (6.54) we can solve for the constant 𝐴0 and Hencky 

constant 𝑏0, with given 𝜈, 𝜏̅, and 𝑎̅ . Following the same process, we can calculate the total 

free energy 𝐹̅(𝑎̅, 𝜏̅, 𝜈) and determine 𝑎̅ by minimizing the free energy. The ratio ℎ/𝑎 can 

still be determined by (6.44), but with 𝑏0 depending on 𝜌0. In Figure 6.9, we demonstrated 

the effect of 𝜌0 on the ratio ℎ/𝑎. We find that the finite size effect is negligible when 𝜌0  

4, which can be readily satisfied experimentally by choosing 2D materials blisters not 

located too close to the edge of a membrane. 
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Figure 6.9: The aspect ratio as a function of 𝜌0 . The shear stress used for this 

demonstration is 𝜏̅ = 10−5 , with which interface is more sensitive to the 

lateral size compared that with strong shear. 

6.6 MD SIMULATIONS1 

As verification of our analytical model, MD simulations were conducted to 

simulate water-filled blisters trapped between a monolayer graphene membrane and a rigid 

substrate (See details in Appendix in Sanchez et al. 2018). 

6.6.1 Comparison with analytical results 

Figure 6.10 shows a snapshot of a graphene blister with 2700 water molecules 

shaped like a spherical cap by the top and side views. We retrieved the blister configuration 

by sampling 10 snapshots evenly after 1 ns relaxation. The blister height was measured as 

the difference between the largest 𝑧 position of the carbon atoms and the average 𝑧 position 

(~0) outside the blister edge (see Figure 6.10B). The blister diameter was measured as the 

maximum span distance for the carbon atoms with 𝑧  0.1 nm. The height-radius ratio 

                                                 
1 Dr. Peng Wang performed the simulations under the supervision of Prof. Rui Huang. 
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(ℎ/𝑎) was calculated by averaging over the 10 snapshots with an error bar for the standard 

deviation.   

 

 

Figure 6.10: MD simulation of a graphene blister with 2700 water molecules. The adhesion 

energy was Γ𝐺𝑆 = 0.242 J/m2, while the water contact angles were 60 and 40 

for graphene and the substrate, respectively. (a) A top view snapshot of the 

blister, with color contour for the z-position of the carbon atoms in graphene; 

(b) A height profile along a line scan (dashed line in a) across the blister; (c) 

A cross-sectional view of the blister, showing the water molecules (oxygen in 

red and hydrogen in white) between graphene (carbon in gray) and the 

substrate surface (blue line).    
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Figure 6.11: Modeling and MD simulations of water-filled blisters. MD simulation results 

(circular markers) best agree with our simplified model, assuming a 

frictionless, sliding interface (modified weak shear). The deviations, 

especially under small height or aspect ratio, is attributed to the size limitation 

of MD, which can induce discrete behaviors. The figures in the top panel 

demonstrate how the shape of the blister changes for different values of the 

work of adhesion. 

As predicted by (6.4), the aspect ratio of the blister depends on the graphene-to-

substrate adhesion energy (Γ) and the two water contact angles (𝜃  and 𝜃𝑚). For the MD 

simulations, we set 𝜃𝑚 to be 60 and 𝜃  to be 40 by selecting proper parameters for the 

interaction potentials between water and graphene and between water and the substrate. 

The interaction parameters between graphene and the substrate are varied to simulate 

graphene blisters with different aspect ratios as a result of different adhesion energy Γ. It 

is noted that it may not be possible to fully capture the mechanics, wetting, and surface 

chemistry by using the empirical force-fields in the present study.  
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Figure 6.11 plots the MD results in comparison with the analytical predictions, 

along with three snapshots for the trapped water molecules (N = 2700). When the adhesion 

energy is relatively large (Γ  0.2 J/m2), the water molecules take the shape of a spherical 

cap as assumed in the continuum model. In this case, the aspect ratio ℎ/𝑎 increases with 

increasing adhesion energy, in close agreement with the analytical prediction assuming a 

frictionless interface. As expected, the results are bounded by the strong shear limit 

[𝜙 =
24(1−𝜈)

5(7−𝜈)
] and the weak shear limit (𝜙 =

6

5
) for an infinitely large membrane. The 

weak shear limit overestimates the aspect ratio in MD due to the periodic boundary 

conditions employed in the MD simulations, and the strong shear limit underestimates the 

aspect ratio due to the assumption of no sliding. And the modified weak shear model 

described in section 6.3.3 agrees with our MD simulation results very well, expect a 

number of data at small aspect ratios. We explain the deviation as follows. 

6.6.2 Breakdown of the continuum model 

By assuming the trapped water in the blister as a continuum liquid, the model 

predicts the shape of the blister close to a spherical cap. However, our MD simulations 

showed that the blister might take a different shape when the membrane/substrate adhesion 

energy was relatively low, and the number of water molecules was small. Instead of a 

spherical cap, the top of the blister was flat, indicating that the water molecules formed 

discrete layers. In this case, the continuum model breaks down because the trapped water 

cannot be treated as a continuum liquid. It is found that the breakdown occurs when the 

height of the blister predicted by the continuum model drops below the thickness of three 

water monolayers. A simple analysis is presented below to predict the breakdown condition 

in terms of the adhesion energy and the number of water molecules. 

 



 164 

 

Figure 6.12: (a) The height of graphene blister as a function of the number of water 

molecules, predicted by the continuum model for ΓGS = 0.1 J/m2 and 0.242 

J/m2, where the dashed line indicates the critical height for the continuum 

model. (b) The breakdown limit for the continuum model, in terms of the 

adhesion energy ΓGS and the number of water molecules N with the water 

contact angles being 60 and 40 for graphene and the substrate, respectively. 

 

 

Figure 6.13: Blister aspect ratio for different numbers of water molecules, for ΓGS = 0.242 

J/m2 (a) and 0.1 J/m2 (b) with water contact angles being 60 and 40 for 

graphene and the substrate, respectively. The dashed line is predicted by the 

continuum model. The breakdown of the continuum model is predicted at 

𝑁 = 1690  for ΓGS = 0.242  (dotted vertical line in a) and 𝑁 = 7640  for 

ΓGS = 0.1 J/m2. 
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By the simple continuum model, the water volume in the blister is approximately  

 𝑉 =
1

2
𝜋ℎ𝑎2. (6.55) 

The number of water molecules can then be found as 

 𝑁 = 𝜌𝑉, (6.56) 

where ρ is the number density of water, which equals 33.2 nm−3 at 𝑇 = 300 K by the 

TIP4P/2005 model in MD simulations (Wang et al., 2017f). Thus, the height of the blister 

can be written as  

 ℎ = (
2𝑁

𝜋𝜌
)
1 3⁄

(
ℎ

𝑎
)
2 3⁄

= (
2𝑁

𝜋𝜌
)
1 3⁄

(𝜙
𝛤−𝛾𝑤(𝑐𝑜 𝜃𝑚+𝑐𝑜 𝜃𝑠) 

𝐸2𝐷
)

1

6
, (6.57) 

where (6.4)is used for the ratio 
ℎ

𝑎
 . Note that, under the condition of MD simulations, the 

parameter 𝜙 is given by (6.19) as a function of Γ and 𝑉 (or 𝑁). For a given adhesion energy 

Γ and the water contact angles, the blister height decreases with a decreasing number of 

water molecules, as shown in Figure 6.12a (also 6.13a). When the height drops below a 

critical level, the continuum model breaks down, and the water molecules form discrete 

layers instead. The critical height is roughly three times the thickness of a water monolayer, 

which is estimated as ℎ𝑐 = 3𝜌
−1 3⁄ = 0.93 nm. Thus, the continuum model holds only 

when ℎ  ℎ𝑐. For Г = 0.242 J/m2, the continuum model breaks down when the number of 

water molecules N < 1690, while for Г = 0.1 J/m2 the breakdown occurs for N < 7640. By 

setting ℎ = ℎ𝑐, we obtain the critical condition in terms of Г and 𝑁 shown as the blue curve 

in Figure 6.12b (also 6.13b). Furthermore, when the number of water molecules drops 

below a second critical level (~2𝜌−1 3⁄ = 0.62 nm), we may expect the water molecules 

to form a single monolayer. However, since the continuum model has already broken 

down, it is not possible to predict exactly when the water monolayer would form.  

Nevertheless, the analytical prediction based on the continuum model is confirmed 

by the MD simulations for the cases when the adhesion energy and the number of water 
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molecules combine to yield a blister in the shape of a spherical cap, such as Γ  0.2 J/m2 

and 𝑁 = 2700 in Figure 6.11. 

6.7 USEFUL IMPLICATIONS  

Having verified our theoretical analysis with MD simulations, we now apply the 

model to experimentally measured aspect ratio data to extract the adhesion energy for a 

variety of 2D material interfaces, as well as elaborate on the implications of the data for 

2D material systems. 

6.7.1 Adhesion metrology 

The family of 2D materials has grown appreciably in recent years (Geim and 

Grigorieva, 2013; Neto et al., 2009). The emergence of each new material brings demands 

for exploring its vdW interactions with various types of substrates and 2D materials, as 

many exciting applications of these materials come from stacking them into multilayers 

and heterostructures. Because of the significance of vdW interactions, many experimental 

studies have been carried out to measure the adhesion energy of 2D material interfaces, 

e.g. pressurized blister (Koenig et al., 2011), buckling-based metrology (Brennan et al., 

2015; Dai et al., 2016b; Jiang et al., 2014), and double cantilever method (Na et al., 2014; 

Yoon et al., 2012), as summarized in recent review papers (Akinwande et al., 2017; Bunch 

and Dunn, 2012; Liechti, 2019). However, it is tedious or impossible to determine the 

adhesion energy for every pair of the 2D material interface. Based on the present work, we 

propose that the adhesion energy of a 2D material interface can be readily estimated by 

measuring the aspect ratio of spontaneously formed nanoblisters (if present). To calculate 

the adhesion energy, (6.4) is rewritten as   

 Γ =
𝐸2Dℎ

4

𝜙𝑎4
+ 𝛾𝑤(𝑐𝑜𝑠 𝜃𝑚 + cos 𝜃 ), (6.58) 
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which suggests that once the relevant material properties are available, the adhesion energy 

can be determined by just measuring the aspect ratio of a blister.  

 

 

G-SiO2 (Kitt et 

al., 2013; Wang 

et al., 2017b) 

G-G 

(Wang et 

al., 

2017b)  

HOPG-

HOPG 

(Liu et 

al., 2012) 

MoS2-

MoS2 (Li 

et al., 

2017a) 

G-

G 

G-

hBN 

hBN-

hBN 

Shear 

stress 

(MPa) 

0.5-              3.0 
0.02-

0.06 

0.02–     

0.04 

0.04-       

0.12 

 

MD simulations 

(Li et al., 2017c) 

Average: ~0 

 

Maximum 

𝜏̅* 
10−4−10−3** < 10−4 < 10−4 ≈ 10−4 

G denotes graphene; the Blue region shows experimentally measured data; the Pink 

region shows simulation results, whose averages approach 0 due to their stick-slip 

friction with periodically changing peak shear stress. 

*To estimate the maximum 𝜏̅, we utilized the largest experimentally observed h/a (1.8) 

and the radius (~300 nm) as well as the highest shear stress in the third row and the 

lowest 𝐸2D  in Table 6.3. We conclude that for heterostructures with an atom-level 

smooth interface, we can safely use the model with frictionless approximations where 

𝜙 = 6/5. 

**For a typical graphene blister on SiO2 with ℎ/𝑎 of ~0.8 and the radius of 200 nm, the 

𝜏̅ is in the range from 0.0002 to 0.001. The used 𝜙 will cause little influence on the 

adhesion energy estimation since the contact angle part contributes to the Γ greatly.  

Table 6.2: Shear stress at 2D material interfaces. 
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 Graphene (Lee et al., 

2008) 

MoS2 (Bertolazzi et al., 

2011) 

hBN (Falin et al., 

2017) 

𝐸 (TPa) 1.00 0.27 0.87 

𝐸2D(N/

m) 
340 180 289 

Table 6.3: In-plane stiffness of 2D materials. 

 

 

G/HOPG(Koz

bial et al., 

2014; Li et 

al., 2013) 

MoS2(Koz

bial et al., 

2015) 

hBN(Wu 

et al., 

2016) 

Ice(Knight, 

1967) 

CaF2(Zha

ng et al., 

2015) 

Mica(Go

ng et al., 

2015) 

WC

A ( 

o ) 

64 69 47 12 20 23 

 
SiO2(Alam et 

al., 2014) 

SiC(Kazak

ova et al., 

2013) 

Si(Kissin

ger and 

Kissinger

, 1991) 

Sapphire(Zh

ang et al., 

2013a) 

Al2O3(San

tos et al., 

2003) 

V2O5(Li

m et al., 

2007) 

WC

A ( 

o ) 

40 73 60 10 36 0 

Note that the exact liquid contact angle is highly challenging to measure since it can be 

influenced by various surface treatments, treating times, surface roughness, as well as 

containment types and density. In fact, even for water contact angels, there still exits 

inconsistency in the literature, especially for water contact angels of 2D materials. 

Herein, we used the most widely adopted water contact angles, which can allow further 

comparative studies. 

Table 6.4: Water contact angle (WCA) for 2D materials and substrates used in Figure 

6.14 and Table 6.5. 
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We take 𝜙 = 1.2 by the weak interface model due to the typically weak interfacial 

shear resistance for most of the 2D material interfaces (i.e., 𝜏̅ ≤ 10−4 according to 6.5.1, 

also see Table 6.2). Note that the strong interface model gives a smaller prefactor (𝜙 =

0.6), thus overestimating the adhesion energy. Assuming water is trapped in the blisters, 

in Figure 6.14, we calculated the graphene-SiO2, MoS2-SiO2, and MoS2-Al2O3 work of 

adhesion by using our measurements in Figure 6.2. Our values are in reasonable agreement 

with values determined in similar systems via alternative methods (0.1-0.4 J/m2 for 

graphene-SiO2 and 0.04 J/m2 for MoS2-SiO2, also see Table 6.5) (Boddeti et al., 2013b; 

Lloyd et al., 2017; Zong et al., 2010). We attribute our slightly lower adhesion values to i) 

previously neglected, but significant, interfacial sliding; ii) the slight amount of 

contaminants which can influence the surface tension and contact angle terms for water in 

(6.4); iii) the rough substrate surface (197 ± 19 pm in our sample) which is believed to 

cause scattering in adhesion measurements with SiO2 (Koenig et al., 2011). For our Al2O3 

substrate, the surface roughness was measured to be 251 ± 10 pm. Notably, nanoblisters 

found in our samples often exhibit some degree of ellipticity (Figure 6.1). Therefore, only 

approximately circular blisters with minor-to-major axis ratios larger than 0.85 are used 

for the adhesion energy calculations. The resulting uncertainty in adhesion energy is 

calculated to be at most 1 mJ/m2, 1 mJ/m2, and 5 mJ/m2 for graphene-SiO2, MoS2-SiO2, 

and MoS2-Al2O3 interfaces, respectively. 

We further provide a survey of the relevant parameters from several studies of 

water-filled blisters in the literature (Bampoulis et al., 2016; Khestanova et al., 2016; 

Uwanno et al., 2015). The material properties used in adhesion energy calculations are 

summarized in Table 6.3 and 6.4. By substituting these values into (6.58), we are able to 

estimate the interfacial adhesion energies for a variety of interfaces (Figure 6.14, also 

summarized in Table 6.5).  
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Figure 6.14: Work of adhesion values for various 2D material interfaces estimated 

according to blister profiles, including many interfaces found in 2D 

heterostructures. Solid markers indicate our own experiments, while open 

markers are for blisters reported in the literature. 

If the affinity between the 2D material and its substrate is smaller than the affinity 

of the 2D material to the entrapped liquid, then the energetically favorable configuration 

should be the one that maximizes the contact between the 2D material and the liquid. To 

achieve this configuration, the liquid would spread out and form a layered, ice-like 

structure with almost zero h/a. Our model can hence predict an upper limit for the adhesion 

energy of these 2D material interfaces as  ≤  𝛾𝑤(cos 𝜃𝑚 + cos 𝜃 )  (Table 6.5). This 

simple relation may also quantitatively offer a criterion for the interesting observation of 

room-temperature ice formation in a 2D nanochannel (Gowthami et al., 2015; He et al., 

2012; Kazakova et al., 2013; Ochedowski et al., 2014; Shim et al., 2012; Xu et al., 2010). 

This formula can also help explain the so-called self-cleaning mechanism (formation of 

blisters). 
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2D-3D interfaces 

Materials Adhesion/Separation Energy (mJ/m2) Method Ref 

G–SiO2 

93 ± 1 (A) Spontaneous bubbles (Sanchez et al., 2018) 

567.14 (A) Nanoparticle (Torres et al., 2018) 

276 - 453 (A) Double nanoparticle (Gao et al., 2017) 

310 - 450 (S) Pressurized blisters (Koenig et al., 2011) 

460 ± 23 (S) Nanoindentation (Jiang and Zhu, 2015) 

580  ± 20 (S) Nanoindentation (Li et al., 2019) 

G-Si 
151 ± 28 (A) Nanoparticle (Zong et al., 2010) 

357 ± 16 (S) DCB (Na et al., 2014) 

G–Cu 

210–510 (S) Pressurized blisters (Cao et al., 2015, 2016; Cao et al., 2014) 

720 ± 70 (S) DCB (Yoon et al., 2012) 

750 ± 38 (S) Nanoindentation (Jiang and Zhu, 2015) 

G–Pt 4021(A) 
Nanoparticle (Torres et al., 2018) 

G–Au 7687(A) 

G–CaF2 104 (A) 
Spontaneous bubbles (Sanchez et al., 2018) 

G-Ice 124 ± 30 (A) 

G–PMMA 2.8-84.4 (S) Buckle delamination (Dai et al., 2016b) 

    

MoS2–PDMS 18 ± 2 (S) Buckle delamination (Brennan et al., 2015) 

MoS2–Al2O3 101 ± 15 (A) Spontaneous bubbles (Sanchez et al., 2018) 

MoS2–SiO2 

82 ± 1 (A) Spontaneous bubbles (Sanchez et al., 2018) 

482.48 (A) Nanoparticle (Torres et al., 2018) 

170 ± 33 (S) Buckle delamination (Deng et al., 2017) 

MoS2–SiOx 
42 ± 20 (A) 

Pressurized blisters (Lloyd et al., 2017) 
220 ± 35 (S) 

MoS2–Si3N4 
429 (A) Nanoparticle (Torres et al., 2018) 

252 ± 41 (S) Buckle delamination (Deng et al., 2017) 

MoS2–Pt 690 (A) 
Nanoparticle (Torres et al., 2018) 

MoS2–Au 1207 (A) 

    

Ti2CTx–SiO2 400 ± 20 (S) 
Nanoindentation (Li et al., 2019) 

Ti3C2Tx–SiO2 900 ± 30 (S) 

2D-2D interfaces 

G–G 
86 ± 16 (A) Spontaneous bubbles  (Sanchez et al., 2018) 

221 ± 11 (S) Atomic intercalation (Wang et al., 2016c) 

G–hBN 126 ± 20 (A) 

Spontaneous bubbles (Sanchez et al., 2018) 

hBN–hBN 129 ± 4 (A) 

MoS2–hBN 136 ± 11 (A) 

G–MoS2 140 ± 26 (A) 

MoS2–MoS2 174 ± 18 (A) 

Graphite-Graphite 
227  ± 5 (S) 

Shearing 
(Koren et al., 2015) 

370  ± 10 (S) (Wang et al., 2015c) 

Table 6.5: Adhesion energies of 2D material interfaces obtained in this work and in 

literature. 
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Knowing the adhesion values of various vdW interfaces of 2D materials is very 

beneficial to the fabrication of 2D material-based devices. The fabrication typically 

involves either exfoliation of 2D layers from bulk material or transfer of synthesized 2D 

materials from a donor substrate to a target substrate. Such processes rely on the competing 

adhesion energies between the 2D material and its “stamp”, and the various surfaces that 

it contacts. For example, Brennan et al. reported the adhesion of MoS2 to 

polydimethylsiloxane (PDMS) is 18 ± 2 mJ/m2 (Brennan et al., 2015), which is relatively 

weak compared with the adhesion between MoS2 and SiO2, or MoS2 and graphene, as 

estimated in Fig. 4. As a result, delivering 2D MoS2 to those substrates from an elastomeric 

stamp is mechanically viable (Brennan et al., 2017; Wang et al., 2016b; Wang et al., 2015a; 

Wang et al., 2017e). Therefore, the adhesion energy values obtained by our blister 

metrology (Figure 6.14 and Table 6.5) can help guide and optimize the transfer of 2D 

materials. 

6.7.2 Applications of 2D material blisters 

We conclude by highlighting some of the implications of our work for the 

applications of 2D material blisters. In addition to adhesion energy, our liquid-filled blister 

model can also predict the confinement pressure, Δ𝑝, inside the blisters, and the strain 

distribution in the 2D membrane. The confinement pressure was previously estimated by 

capturing pressure-sensitive molecules trapped inside the blister, studying molecular 

structural and conformational changes, and observing the specific chemistry inside the 

blister (Lim et al., 2014; Lim et al., 2013; Vasu et al., 2016). Our model offers a direct 

relation between the confinement pressure and the geometry of the blisters (see section 

6.5.1), namely 

 Δ𝑝 =
1

𝑎
(𝜂𝐸2𝐷

ℎ3

𝑎3
), (6.59) 
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where 𝜂 ≃ 3.1 for a graphene blister with a strong shear interface and 𝜂 ≃ 1.6 for a weak 

shear interface (this relation is also discussed for thin sheets with various Poisson’s ratios 

in Chapter 3.6). Note that unlike the adhesion energy, which only depends on the aspect 

ratio of the blister, the confinement pressure given in (6.59) depends on the size of the 

blister and has to be estimated with both the height and radius known. For a particular 2D 

material and interface, the aspect ratio (ℎ/𝑎) is a constant, and the confining pressure is 

inversely proportional to the blister radius. For the water-filled nanoblisters confined 

between MoS2 and Al2O3 in our experiment (e.g., ℎ = 4 nm, 𝑎 = 50 nm), we estimate the 

confinement pressure to be around 7 MPa.  

Furthermore, in applications of 2D material blisters, it is vital that the blister shape 

and confinement conditions can be controlled. (6.4) provides direct guidance to the aspect 

ratio of the blisters. For a given interface with fixed adhesion, trapping different types of 

liquids with different surface energies and contact angles can tune the blister shape and 

membrane strain. In fact, a recent study by Neek-Amal et al. demonstrated the dependence 

of the shape of graphene nanoblisters on trapped substance (Ghorbanfekr-Kalashami et al., 

2017). Our proposed strategies are also consistent with our MD simulations in Figure 6.11.  

6.8 CONCLUSIONS 

In summary, spontaneously formed nanoblisters are almost inevitable when 

transferring 2D materials to a substrate. We hypothesized that those nanoblisters are filled 

with liquid according to our time-lapse atomic force microscopy scans and reasonable 

estimation of adhesion energy. We showed that the liquid-filled nanoblisters form as a 

result of competition between the elastic energy of the deformed 2D material, the 

interfacial energy associated with van der Waals interactions and surface tension of the 

liquid contents. Besides pointing to solutions for controlling their shape and internal 
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pressure, our analysis provides a method to estimate the work of adhesion of 2D material 

interfaces by simply measuring the aspect ratios of the blisters, which is essential for the 

design and fabrication of 2D material-based applications. 
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Chapter 7:  Buckles1 

In previous chapters, we have mainly studied the blisters where buckle 

delamination in the supported region is fully suppressed by the interface adhesion (Case I 

and II). In this chapter, we present comprehensive discussions on microscale tents formed 

when transferring 2D materials over nanoparticles or nanopillars, in the periphery of which 

radial buckle delamination has been often observed (Case III). Unlike previous chapters 

that are numerically-based, we characterize the shape of the buckles by AFM experiments 

and obtain theoretical predictions for the extent of those buckles by exact closed-form 

solutions to Föppl–von Kármán (FvK) equations in this chapter. Analytical solutions to 

both near-threshold (Case I) and far-from-threshold (Case III) conditions are given. These 

results would provide a direct means to estimate the interfacial shear and adhesive 

properties of the 2D material-substrate system based on simple topological 

characterizations of buckles. In addition, the theoretical understandings establish a 

fundamental base for the rational design of 2D material tents. 

  

                                                 
1A paper based on the work described in this Chapter has been accepted: 

Z. Dai, D. Sanchez, C. J. Brennan, N. Lu. Radial Buckle Delamination around 2D Material Tents. Journal 

of the Mechanics and Physics of Solids 2020, 137, 103843. (Z.D. contributed to conceptualization, analysis 

of experiments, theory, and writing.) 
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7.1 INTRODUCTION 

Two-dimensional (2D) materials are a relatively new class of atomically thin 

materials with emerging mechanical and electronic properties that lend well to next-

generation electronics and photonics (Geim and Grigorieva, 2013; Neto et al., 2009). 

Applications in this context typically involve transferring 2D materials to a supporting 

substrate. When 2D materials are transferred over nanoparticles on the substrate, nanotents 

are formed. Initially, these tents were viewed as disruptions for device applications 

(Akinwande et al., 2017; Pizzocchero et al., 2016). However, recent works discovered 

considerable mechanical strain within the tent, which is useful for many exciting 

electromechanical applications of 2D materials (Chaste et al., 2018; Dai et al., 2018; Dai 

et al., 2019a; Feng et al., 2012; Klimov et al., 2012; Tomori et al., 2011). As a result, 

microscale tents were designedly created by transferring 2D materials to substrates pre-

patterned with nanopillars (Figure7.1a) (Branny et al., 2017; Jiang et al., 2017). For 

example, 2D semiconductors draping over an array of nanopillars were demonstrated with 

the possibility to become large-scale quantum emitters, except that sometimes the pillars 

pierce through the 2D materials without mechanically guided design (Branny et al., 2017; 

Palacios-Berraquero et al., 2017). Moreover, the nanoindentation of 2D material 

drumheads also represents a common type of inverse 2D material tents (Cao and Gao, 

2019; Lee et al., 2008). Both types of tents have been approximately modeled as circular 

membranes subjected to a point load at the center and clamped at the edge (Dai et al., 

2019b; Vella and Davidovitch, 2017). Such modeling, together with experiments on these 

2D materials tents of different origins, has facilitated many vital metrologies for 2D 

materials, such as Young’s moduli, mechanical strength, and adhesion energies to the 

substrate as we discussed in Chapters 2-6. 
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Figure 7.1: (a) A schematic of transferring graphene over a pillared substrate. (b) A 

schematic of radial buckles (blue arrows) surrounding a graphene tent formed 

over an Au pillar (red arrow). (c) Scanning electron microscope (SEM) image 

of monolayer graphene covering a periodic array of nanopillars. Each 

nanopillar has a height of about 260 nm and an apex radius of 20 nm − 50 nm. 

The pillar pitch is 1.4 μm. Source: Figures adapted from (Xu et al., 2016) (a 

and b) and (Reserbat-Plantey et al., 2014) (c). 

Both experimental and theoretical studies of 2D material tents assume that the 2D 

material perfectly conforms to the substrate outside the tent. However, radial buckle 

delamination has been widely observable in the substrate-supported zone (Figure 7.1) 

(Jiang et al., 2017; Reserbat-Plantey et al., 2014), which is prohibited under such 
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assumption. Since the buckles can reflect 2D material-substrate interfacial interactions and 

affect device design, it is crucial to achieve a comprehensive mechanistic understanding 

for them (Dai et al., 2020).  

In this Chapter, we characterize radial buckles that form at the periphery of 

multilayer graphene and monolayer MoS2 tents. Using atomic force microscopy (AFM), 

we find that the buckle profiles along the hoop direction follow a simple cosine function, 

and the wavelength and height of the buckles are proportional to a characteristic length. 

We attribute the radial buckles to the interface sliding between the 2D material and its 

substrate. A simplified 1D analysis, along with the Lamé problem, can quantitatively 

explain the decay of the wavelength and the height of the buckling profile with the 

increasing radial position. Finally, we present theory built upon the membrane limit of 

Föppl–von Kármán (FvK) equations and account for the interfacial sliding in the periphery 

of the 2D material tents. These results show important implications for the adhesion and 

friction metrology of 2D materials as well as for the rational design of 2D material tents. 

7.2 EXPERIMENTS 

7.2.1 Sample preparation1 

To obtain accurate profiles of the radial buckles, we experimentally produced 

graphene and MoS2 tents as graphene and MoS2 are two of the most prevalent 2D materials 

studied in recent years. We prepared graphene samples by exfoliating SPI-1 grade highly 

ordered pyrolytic graphite (HOPG) on SiO2. Blue polyethylene cleanroom tape (CRT) was 

used to peel large and thick flakes off the bulk crystal. The exfoliated flakes were brought 

into contact with another piece of the CRT and exfoliated three more times. The flakes 

were then stored for a minimum of three hours in ambient conditions to allow ambient 

                                                 
1 Daniel Sanchez and Christopher Brennan prepared the tent samples discussed in this Chapter.  
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moisture and other contents to adsorb on the surface of the exposed flakes. The SiO2 chip 

was exposed to O2 plasma using a Nordson MARCH Plasma CS170IF Etching System for 

two minutes at 150 W to remove any organic residue. Immediately after O2 plasma 

exposure, the exfoliated HOPG flakes on CRT were placed onto the surface of the SiO2 

chip. Then the SiO2 chip was placed on a hot plate and was heated at 100 °C for two 

minutes. The sample was removed from the hot plate and cooled to room temperature, after 

which the CRT was removed. AFM step height measurement suggested that the multilayer 

graphene sample contained 10-20 layers, as this method is known to be inaccurate for 

determining 2D material thickness (Brennan et al., 2015). 

We prepared monolayer MoS2 by chemical vapor deposition (CVD) on SiO2 from 

solid precursors (Brennan et al., 2017). A polydimethylsiloxane (PDMS) stamp and a water 

bath were used to separate the MoS2 from the growth substrate. The PDMS/MoS2 was then 

placed on the receiving substrate, Al2O3/Si, and heated with a hot plate to 50 °C. Slowly 

peeling away, the PDMS transferred the MoS2 to the substrate. We found that tents 

spontaneously formed when HOPG was mechanically exfoliated onto SiO2 (left panel in 

Figure 7.2a), and when CVD-grown monolayer MoS2 was transferred to Al2O3 (right panel 

in Figure 7.2a). Similar tents were also observed in many 2D material devices in the 

literature (Budrikis et al., 2015; Jiang et al., 2017; Reserbat-Plantey et al., 2014). The 

formation of tents is typically attributed to nanostructures or nanoparticles confined at the 

interface. In this work, we focus on the radial buckles that commonly formed at the 

periphery of the 2D material tents (Figure 7.2a), which have been overlooked in previous 

experimental characterizations and theoretical analysis. We note that the substrates used 

here are relatively stiff as Young’s moduli of silicon dioxide (supporting the multilayer 

graphene) and aluminum oxide (supporting the monolayer MoS2) are around 70 GPa and 

300 GPa, respectively.  
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7.2.2 Shapes 

 

Figure 7.2: (a) AFM images of a multilayer graphene tent and a monolayer MoS2 tent. 

The vertical scales indicate the height of the tents. Radial buckles can be 

found at the substrate-supported regime outside the tent, and their profiles can 

be obtained by taking scans transverse to the buckles in the AFM height 

image. (b) Normalizing these AFM scans gives the characteristic buckle 

profile, which is well fitted by the cosine function given by (7.1) (black 

curve). This fit can yield the buckle wavelength 𝜆 and height 𝛿. Different 

colors of the markers represent scans at different radial locations in the MoS2 

tent while these profiles are normalized by their fitted wavelength and height. 

(c) The wavelength (𝜆) of the multilayer graphene and monolayer MoS2 

buckles as a function of their height (𝛿) in a log-log plot. Colored markers are 

used to differentiate different buckles surrounding the same tent. The black 

lines correspond to a power-law fit with an exponent of ½. 
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Using tapping mode AFM, we obtained the height images of a multilayer graphene 

tent and a monolayer MoS2 tent as well as the radial buckles surrounding them (Figure 

7.2a). 1  From these images, we extracted the height profile of a buckle by scanning 

transversely to the buckle (i.e., along the circumferential direction). Though depending on 

the radial position, i.e., the distance to the center of the tent 𝑟, all buckle profiles in the 

hoop direction could be well approximated by a cosine function (Figure 7.2b), 

 𝑦(𝑥) =
𝛿

2
(1 + cos

2𝜋𝑥

𝜆
), (7.1) 

where 𝜆 and 𝛿 are the wavelength and height of the buckle, respectively. In fact, a column 

undergoing Euler buckling would deflect into a shape also characterized by (7.1) 

(Timoshenko and Gere, 2009). It has been well studied that the profile of a buckle could 

be modified by the deformation of a soft substrate at the edge of the buckle (Audoly and 

Pomeau, 2000; Boijoux et al., 2018; Parry et al., 2005). The substrates (silicon dioxide and 

aluminum oxide) used here, however, are relatively stiff in comparison with the bending 

stiffness of the 2D material flakes, and hence render the good approximation of (7.1). 

Using (7.1) to fit the measured buckle profiles can readily yield 𝜆 and 𝛿 (Vella et 

al., 2009). We find that both 𝜆 and 𝛿 decay over 𝑟, and finally disappear at a finite distance 

from the center of the tent, reminiscent of the finite wrinkling zone of a water-supported 

elastic membrane (Huang et al., 2007; Vella et al., 2010). Figure 7.2c plots experimentally 

measured buckle wavelength as a function of the buckle height. The power-law fitting 

reveals that 𝜆 is proportional to √𝛿, with a different prefactor for the multilayer graphene 

and the monolayer MoS2. Physically, 𝜆2/𝛿 represents the radius of the curvature of the 

buckle’s crest in the hoop direction (Aoyanagi et al., 2010; Zhang and Yin, 2018). Constant 

𝜆2/𝛿 implies that the profiles of buckles measured at different locations are self-similar as 

                                                 
1 Daniel Sanchez and Christopher Brennan performed the AFM measurements on these 2D material tents. 
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long as they are associated with the same tent. This observation suggests that each 

transverse scan of the buckles may be considered as an isolated one-dimensional (1D) 

buckle. 

7.2.3 1D analysis 

We recall the case of 1D buckling, where an elastic membrane buckles when 

subject to a uniaxial, end-to-end compressive displacement 𝛥  (Figure 7.3a). We limit 

ourselves to the inextensional analysis and neglect any compression of the relatively stiff 

thin membrane (Vella et al., 2009). The elastic energy of the system, therefore, comes from 

the bending of the 2D material 

 𝑈 =
1

2
𝐵 ∫ 𝑦′′(𝑥)2𝑑𝑥

𝜆/2

−𝜆/2
=
𝜋4𝐵𝛿2

𝜆3
, (7.2) 

where 𝐵 is the bending stiffness of the membrane and 𝑦′′(𝑥) is the second derivative with 

respect to 𝑥 of the tent profile given in (7.1), i.e., the curvature. The inextension of the 

membrane dictates the following geometrical relationship 

 𝛥 = ∫ √1 + 𝑦′(𝑥)2𝑑𝑥
𝜆/2

−𝜆/2
− 𝜆 =

𝜋4𝛿2

4𝜆
, (7.3) 

which may be used to eliminate 𝛿 from (7.2) in favor of 𝛥. Through −𝜕𝑈/𝜕𝜆 = Δ𝛾, we 

obtain the following energy release rate 

 Δ𝛾 = 2𝜋4
𝐵𝛿2

𝜆4
. (7.4) 

This result is identical to the previously reported macro/microscopic 1D buckles (Deng et 

al., 2017). However, we should be careful with the change of interfacial energy. When the 

delaminated interface is filled with gas, Δ𝛾 is simply the adhesion energy between the 

membrane and the substrate 

 Δ𝛾gas = Γ. (7.5) 

However, recent works showed strong evidence that the 2D material-substrate interface 

can spontaneously confine hydrocarbons and liquid water (Haigh et al., 2012; Khestanova 
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et al., 2016; Sanchez et al., 2018). When the delaminated interface is filled with liquid 

content, the formation of a buckle involves the interfaces between the liquid, the 

membrane, and the substrate. In this case, the change of the interfacial energy should be 

written as Δ𝛾 = 𝛾𝑚𝑙 + 𝛾 𝑙 − 𝛾𝑚 , where 𝛾𝑚𝑙, 𝛾 𝑙, and 𝛾𝑚  are the energy densities (per unit 

area) for the membrane-liquid interface, substrate-liquid interface, and membrane-

substrate interface, respectively. We can further use Young–Dupré equations to derive 

 Δ𝛾liquid = Γ− 𝛾𝑙(cos 𝜃 + cos 𝜃𝑚), (7.6) 

where 𝛾𝑙 is the surface tension of the liquid, and 𝜃  and 𝜃𝑚 are the liquid contact angles of 

the substrate and the membrane, respectively (Israelachvili, 2011). If given the surface 

tension of the confined liquid and its contact angle to the 2D material and the substrate, 

with 𝛥𝛾 estimated by (7.4), one may extract the interface adhesion for the 2D material-

substrate interface, a key interface parameter for 2D material-based devices (Koenig et al., 

2011). It is worth mentioning that special attention should be given to the bending stiffness 

of 2D materials since the classical bending stiffness-Young’s modulus relation for a plate 

breaks down when bending monolayer or multilayer 2D materials (Lu et al., 2009; Wang 

et al., 2019b; Zhang et al., 2011).  

The 1D analysis gives a characteristic length scale 𝜆2/𝛿~√𝐵/𝛥𝛾, which compares 

surface tension and/or adhesion with bending stiffness and has been referred to as the 

elasto-capillary length (Schroll et al., 2013; Vella et al., 2009). Such scaling can explain 

our experimental observation of constant 𝜆2/𝛿  in Figure 7.2c, although these radial 

buckles, unlike the 1D buckles, involve bending energy from two principal curvatures, i.e., 

both radial and circumferential. However, if the curvature of the crest line (𝜅𝑟) is much 

smaller than the hoop curvature of the buckle (𝜅𝜃) as illustrated in Figure 7.3b, the bending 

energy of the radial buckle can reasonably reduce to the 1D estimate. Experimentally, we 

found that 𝜅𝑟 decays over 𝑟 and the maximum 𝜅𝑟 is found near the edge of the tent (~ 0.1 
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μm-1 for monolayer MoS2 tent) while the maximum 𝜅𝜃 is at the buckle crest appearing to 

be a r-independent constant (~ 2 μm-1). Indeed, 𝜅𝑟 ≪ 𝜅𝜃.  

7.2.4 Formation mechanism of radial buckles 

Having analyzed the hoop-direction profile characteristics of the 2D material radial 

buckles, we move on with the investigation of how these characteristic parameters vary 

with the radial position 𝑟. In Figure 7.3c, we plot the measured λ, 𝛿, 𝜆2/𝛿, 𝛿2/𝜆 of the 

MoS2 buckles shown in Figure 7.2a vs. r. Here, our primary interest is in the size of the 

buckled region, which might be equivalent to the region in which there is a hoop 

compression (Vella et al., 2010). If we assume that the 2D material-substrate interface is 

frictionless, the 2D material inside the tent pulls the 2D material outside the tent inward, 

and hence the hoop stress is negative, leading to the buckle delamination of the atomically 

thin membrane, i.e., the 2D material. If we estimate the size of the buckled zone by the size 

of the compression zone, the analysis of 𝛥~𝑟 relation then becomes a classical problem of 

linear elasticity – the Lamé problem (Davidovitch et al., 2011; Sadd, 2009). We can, 

therefore, obtain the stress and displacement field of the planar, axisymmetric state and 

reach the conclusion that both stress and strain ~𝑟−2 and 𝛥~𝑟−1 if we apply a traction-free 

boundary condition at infinity (Davidovitch et al., 2011; Sadd, 2009). Combining with the 

characteristic length scale yields the following scaling predictions: 

  𝛥 =
𝜋4𝛿2

4𝜆
~𝑟−1,

𝜆2

𝛿
~√

𝐵

𝛥𝛾
~𝑟0, 𝛿~𝑟−2/3, 𝜆~𝑟−1/3. (7.7) 

We plot these scaling relations in Figure 7.3c and find reasonable agreement with 

experimental results. We thus suggest that the formation of the 2D material buckles around 

a tent is a result of interface sliding and their profiles are governed by the competition 

between the bending energy and the interface energies.  
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Figure 7.3: (a) A schematic of a 1D buckle where 𝛥  represents the compressive 

displacement. (b) Schematic illustration of radial buckles at the periphery of 

a tent. r represents the radial position. 𝜅𝜃  and 𝜅𝑟  denote the buckle crest 

curvature in the hoop and radial direction, respectively. 𝛥  represents the 

compressive displacement in the hoop direction which varies with r. (c) 

Experimentally measured 𝛿2/𝜆 , 𝜆2/𝛿 , λ , 𝛿  of the buckles formed by the 

monolayer MoS2 tent as a function of the radial position. Solid lines are based 

on the scaling law given in (7.7), and the dashed lines represent the best 

fitting. 
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However, the frictionless assumption indicates that the entire substrate-supported 

part of the membrane undergoes the hoop compression and thus over-predicts the extent of 

the buckled region compared with that observed experimentally. Specifically, the best 

fittings in Figure 7.3c (dashed lines) yield a much faster decay of 𝛥 than 𝑟−1 (𝑟−2.3±0.2 in 

fact), of 𝛿  than 𝑟−2/3  (𝑟−1.5±0.1 ), as well as a slightly faster decay of 𝜆  than 𝑟−1/3 

(𝑟−0.7±0.1). This motivates the following analysis accounting for above-overlooked factors 

such as interfacial shear traction, pretension, and the finite size of the nanopillar and the 

membrane, all of which may affect the size/extent of the zone subjected to hoop 

compression (we then call it the compression zone). Since these factors are possible to be 

controlled in experiments, knowing their effects may guide the rational design of 2D 

material tents with or without peripheral instabilities.  

Another important reason for the deviation between Lamé predictions and the 

observation in Figure 7.3 is that a highly bendable sheet cannot sustain compressive 

stresses and instabilities occur and release the hoop compression (Box et al., 2019). It is 

thus necessary to perform an analysis to consider that the negative stresses are relaxed in 

the membrane (frequently referred to as tension field theory or far-from threshold analysis) 

(Davidovitch et al., 2011; King et al., 2012; Vella, 2019). Note that such relaxation may 

not be complete for relatively thick 2D material membranes because of the stiff, adhesive 

substrate. We will demonstrate an example of this case in Section 7.8. 

Therefore, in the following sections, we first consider a limiting case in Section 7.4 

assuming that the hoop compressive stress is maintained (instabilities are suppressed) such 

that we can adopt near-threshold (NT) modeling with the consideration of interfacial shear 

traction, pretension, and the finite size of pillar and membrane. Parametric studies based 

on NT modeling are performed in Section 7.5. For thin sheets, a more representative case 

arises from that the hoop compressive stress is fully relaxed. We describe this case through 
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far-from-threshold (FFT) modeling in Section 7.6. The analysis of FFT modeling and its 

comparison with NT modeling are discussed in Section 7.7. The NT and FFT modeling 

would provide upper/lower limits for the tent system in general, and we will leverage them 

to interpret our experimental observations in Section 7.8. 

7.4 NEAR-THRESHOLD MODELING 

 

Figure 7.4: Notations for the analysis of an axisymmetric tent, where a finite zone in the 

substrate-supported regime (𝑅 < 𝑟 < 𝑅𝑜)  undergoes hoop compression 

caused by interface sliding. 𝑅 is the edge of the tent, 𝑅𝑜 is the edge of the 

compression zone, and 𝑅out  is the outer radius of consideration. 𝜏  is the 

membrane-substrate interface shear traction and 𝑡𝑝𝑟𝑒 is the pretension in the 

membrane. 

7.4.1 General theory 

We first present a theoretical framework for considering the finite interfacial shear 

traction between the 2D material and its substrate. We will show that other factors (i.e., 

pretension, and the finite size of the nanopillar and the membrane) come into play through 

boundary conditions. A theoretical idealization of an axisymmetric tent formed by 2D 

materials is shown in Figure 7.4. Inside the tent (𝑟 < 𝑅), the vertical displacement 𝑤(𝑟) 

caused by a point load 𝐹 is related to the Airy stress function 𝜙(𝑟) by Föppl–von Kármán 

(FvK) equations (Mansfield, 2005; Vella and Davidovitch, 2017), 

 ∇2(𝐵∇2𝑤) − [𝜙,𝑤] −
𝐹

2𝜋

𝛿(𝑟)

𝑟
= 0 (7.8) 

𝑤(𝑟)
𝑟

𝑅

𝑅𝑜𝑅out

𝜏

𝑡𝑝𝑟𝑒
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and 

 ∇4𝜙 +
1

2
𝐸2D[𝑤,𝑤] = 0, (7.9) 

where 𝐸2D is the in-plane stiffness of the membrane, 𝛿(𝑟) is the Dirac delta function, the 

operators [𝑓, 𝑔] = (𝑓,𝑟𝑟𝑔,𝑟 + 𝑓,𝑟𝑔,𝑟𝑟)/𝑟, ∇
2𝑓 = 𝑓,𝑟𝑟 + 𝑓,𝑟/𝑟, ∇

4= ∇2∇2, and ( ),𝑟 denotes 

differentiation with respect to 𝑟. The radial and circumferential stress resultants can take 

the form 

 𝑁𝑟𝑟 = 𝜙,𝑟/𝑟 and 𝑁𝜃𝜃 = 𝜙,𝑟𝑟. (7.10) 

For the membrane outside the tent (𝑅 < 𝑟 < 𝑅𝑜) , we assume 𝑤 = 0 , i.e., no 

buckling and hence compressive stress not relaxed. 𝑅𝑜  is the outer radius of the 

compression zone. Considering the thinness of 2D materials, we can treat the interface 

shear traction, 𝜏, as a body force and assume that it is derivable from an in-plane potential 

function 𝑣 such that (Sadd, 2009) 

 𝑣,𝑟 + 𝜏 = 0. (7.11) 

This assumption is not very restrictive because many models about interfacial interactions 

between the 2D material and its substrate followed this approach (Zhang and Arroyo, 2013; 

Zhang and Arroyo, 2014, 2016; Zhang and Tadmor, 2018). The equilibrium can be 

automatically satisfied by taking stress resultants as 

 𝑁𝑟𝑟 = 𝜙,𝑟/𝑟 + 𝑣 and 𝑁𝜃𝜃 = 𝜙,𝑟𝑟 + 𝑣. (7.12) 

In the NT analysis, the strain compatibility holds and provides the governing equation 

 ∇4𝜙 + (1 − 𝜈)∇2𝑣 = 0. (7.13) 

7.4.2 Non-dimensionalization 

Equations (7.8-7.13) complete the governing equations for the tent problem 

accounting for finite interface shear and are to be solved along with boundary conditions. 

Before proceeding, we note that the first term in (7.8), representing bending, can be 
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neglected due to the thinness of 2D materials. The tent radius 𝑅 and the membrane stiffness 

𝐸2D are experimentally accessible, and sometimes (e.g. in nanoindentation tests) the radius 

is prescribed by a hole patterned on the substrate. We then use these two quantities to non-

dimensionalize the variables as follows 

 𝜌 =
𝑟

𝑅
, 𝜌𝑜 =

𝑅𝑜

𝑅
,𝑊 =

𝑤

𝑅
, 𝐻 =

𝑤(0)

𝑅
, 𝐹 =

𝐹

𝐸2D𝑅
, 𝛷 =

𝜙

𝐸2D𝑅2
, 𝛵 =

𝜏𝑅

𝐸2D
, 𝑉 =

𝑣

𝐸2D
. (7.14) 

Now, inside the tent (𝜌 ≤ 1), we integrate (7.8) and (7.9) once and find that 

(Chopin et al., 2008)  

 𝛷′𝑊′ +
𝐹

2𝜋
= 0 (7.15) 

and  

 𝜌
d

d𝜌
[
1

𝜌

d

d𝜌
(𝜌𝛷′)] +

1

2
𝑊′2 = 0, (7.16) 

where ( )′  denotes differentiation with respect to 𝜌 . Outside the tent (1 ≤ 𝜌 ≤ 𝜌𝑜) , 

(7.11) and (7.13) become 

 𝑉′ + 𝑇 = 0 (7.17) 

and  

 
d

d𝜌
[
1

𝜌

d

d𝜌
(𝜌𝛷′)] + (1 − 𝜈)𝑉′ = 0. (7.18) 

The four boundary value problems, i.e. 𝛷′(𝜌)  and 𝑊(𝜌)  when 𝜌 ≤ 1 , and 𝛷′(𝜌)  and 

𝑉(𝜌) when 𝜌 ≥ 1, can be solved according to boundary conditions. In this work, we 

present closed-form analytical solutions to them, by which several useful composite 

parameters emerge naturally and relate to experiments directly. 

7.4.3 Analytical results: outside the tent 

There has been a surge of interest in the sliding between 2D materials and their 

substrates in recent years (Xu and Zheng, 2018). Micro-scale Raman characterizations 

indicated nonlinear shear responses of the 2D material-substrate interface (Dai et al., 

2016b; Guo and Zhu, 2015; Jiang et al., 2014; Wang et al., 2016b; Wang et al., 2017b). 
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Moreover, many subtle features of the interface shear/friction appeared when measurement 

resolutions downsized to the atomic level (Kitt et al., 2013; Wang et al., 2017b). For 

example, the frictional resistance is found to be particularly sensitive to chemical bonding, 

substrate roughness, and the local lattice state of the interface. So-call superlubricity (a 

nearly frictionless state) can be achieved between incommensurately stacked 2D materials 

(Liu et al., 2012). Here, we take the first-order approximation and assume a constant 

interface shear traction within the sliding zone (i.e., the compression zone), like the perfect 

plasticity behaviors (Gong et al., 2010; Kitt et al., 2013; Wang et al., 2017b). With this 

simplification, (7.17) can be integrated once such that 

 𝑉 = −𝑇𝜌 + 𝐴.  (7.19) 

Equation (7.18) can then be solved directly 

 𝛷′(𝜌) = 𝐵𝜌 +
𝐶

𝜌
+
1−𝜈

3
𝑇𝜌2. (7.20) 

At the outer edge of the circumferentially compressed zone (𝜌 = 𝜌𝑜), both radial and 

circumferential stress resultants decay to zero, i.e. 𝛷′(𝜌𝑜)/𝜌𝑜 + 𝑉 = 𝛷′′(𝜌𝑜) + 𝑉 = 0, 

leading to  

 𝐴 + 𝐵 =
1+𝜈

2
𝑇𝜌𝑜 and 𝐶 =

1−𝜈

6
𝑇𝜌𝑜

3. (7.21) 

7.4.4 Analytical results: inside the tent 

Nonlinear FvK equations for thin membranes are difficult to solve, but analytical 

progress has been recently made for axisymmetric cases (Jin et al., 2017; Vella and 

Davidovitch, 2017; Vella and Davidovitch, 2018). Here, we adopted the strategy proposed 

by Vella et al. (Chopin et al., 2008; Vella and Davidovitch, 2017). Using (7.15) can 

eliminate 𝑊′ in (7.16),  

 𝜌
d

d𝜌
[
1

𝜌

d

d𝜌
(𝜌𝛷′)] +

1

2
(

𝐹

2𝜋𝛷′
)
2

= 0. (7.22) 

It is convenient to introduce (Bhatia and Nachbar, 1968) 
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 𝜓(𝜂) = 𝜌𝛷′(𝜌), 𝜂 = 𝜌2, (7.23) 

such that (7.22) can be simplified as 

 
d2𝜓

d𝜂2
= −

𝐹
2

32𝜋2𝜓2
. (7.24) 

We integrate once to obtain 

 
d𝜓

d𝜂
=

𝐹

4𝜋
√( 𝜓 + 1)/𝜓 , (7.25) 

where   is a negative constant to be determined based on boundary conditions. Using 𝜓̃ =

− 𝜓, (7.25) becomes 

 
d𝜓̃

d𝜂
=
𝐹√(−𝛼)3

4𝜋
√(1 − 𝜓̃)/𝜓̃ . (7.26) 

Further integrating analytically (Chopin et al., 2008), we have   

 
𝐹√(−𝛼)3

4𝜋
𝜂 = −√𝜓̃(1 − 𝜓̃) + tan−1√𝜓̃/(1 − 𝜓̃), (7.27) 

where we used the zero radial displacement condition at the center of the tent, i.e. 

lim
𝜌→0

𝜌[𝜙′′(𝜌) − 𝜈𝜙′(𝜌)] = 0 or essentially  

 𝜓̃(0) = 0.  (7.28) 

At the edge of the tent (𝜂 = 1), a useful parameter 𝜓̃1 = 𝜓̃(1) can be defined that satisfies 

 
𝐹√(−𝛼)3

4𝜋
= −√𝜓̃1(1 − 𝜓̃1) + tan

−1√𝜓̃1/(1 − 𝜓̃1). (7.29) 

Invoking the continuity condition of radial stress and displacement, we have 

𝛷′(1−) = 𝛷′(1+) + 𝑉(1+)  and 𝛷′′(1−) − 𝜈𝛷′(1−) = 𝛷′′(1+) − 𝜈𝛷′(1+) + (1 −

𝜈)𝑉(1+),  (7.30) 

which further lead to  

 𝜓̃1 = − 𝑇 (
1+𝜈

2
𝜌𝑜 +

1−𝜈

6
𝜌𝑜
3 −

2+𝜈

3
) (7.31) 

and  

 
d𝜓̃

d𝜂
|𝜂=1 = − 𝑇

1+𝜈

2
(𝜌𝑜 − 1). (32) 

Ostensibly, the boundary value problem in (7.24) is a 2nd order system with three 

boundary conditions, i.e., (7.28), (7.31), and (7.32). However, the size of the compression 
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zone, 𝜌𝑜, is unknown. In fact, (7.32) can be used to give an equation for the integration 

constant   in (7.26) 

 − 𝑇
1+𝜈

2
(𝜌𝑜 − 1) =

𝐹(−𝛼)3/2

4𝜋
√
1−𝜓̃1

𝜓̃1
 . (7.33) 

Further, combining (7.29) and (7.33) can eliminate 𝐹 and relate the   to 𝜓̃1, 𝑇, and 𝜌𝑜 by 

  =
2[1−𝜓̃1−√(1−𝜓̃1)/𝜓̃1 tan

−1√𝜓̃1/(1−𝜓̃1)]

(1+𝜈)𝑇(𝜌𝑜−1)
 . (7.34) 

We then use (7.34) to eliminate the constant   in (7.31), and finally, find 𝜓̃1 as a 

function of 𝜌𝑜 

 
3(1+𝜈)(𝜌𝑜−1)

[3(1+𝜈)𝜌𝑜+(1−𝜈)𝜌𝑜
3−2(2+𝜈)]

=  1 − 𝜓̃1
−1 +√(1 − 𝜓̃1)/𝜓̃1

3 tan−1√𝜓̃1/(1 − 𝜓̃1). (7.35) 

It is found that 𝜓̃1 → 1 represents the lubricated membrane-substrate interface as 

the size of the compression zone 𝜌𝑜 → ∞. In general, for a given size of the compression 

zone 𝜌𝑜, we can figure out the required parameters 𝜓̃1 by (7.35),   by (7.34), and then the 

point force 𝐹 by (7.33) in terms of the interfacial shear traction 𝑇. 

7.4.5 A composite parameter  

We aim to relate to the size of the compression zone 𝜌𝑜 to the center height of the 

tent 𝐻 = 𝑊(0) because the latter one is experimentally accessible. Note that from (7.15), 

 𝐻 = ∫
𝐹𝑑𝜌

2𝜋𝛷′

1

0
=
−𝐹𝛼

4𝜋
∫

𝑑𝜓̃

𝜓̃𝜓̃′

𝜓̃1

0
. (7.36) 

Combining (7.36) with (7.26) can analytically obtain 

 𝐻 =
2

√−𝛼
tan−1√𝜓̃1/(1 − 𝜓̃1). (7.37) 

Equations (7.34), (7.35), and (7.37) complete the analytical solutions to the problem where 

a circular membrane is poked with a height of 𝐻 and is supported by an interface with a 

constant shear traction 𝑇. Particularly, (7.34) and (7.37) can cancel the constant   out and 

hence the size of the compressive/buckling zone 𝜌𝑜  depends on a single composite 
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parameter 𝒮 = 𝐻2/𝑇 . This suggests that reducing the interfacial shear resistance and 

increasing the tent height can extend the compression zone outside the tent.  

7.5 PARAMETRIC STUDIES BASED ON NEAR-THRESHOLD MODELING 

Based on NT modeling, we now present how the size of the compression zone 

changes with the height of the tent and other parameters of the system, including the shear 

traction of the 2D material-substrate interface, pretension in the 2D material, size of the 2D 

material, and the pillar radius. 

7.5.1 Effect of 𝓢 

We start with the distribution of the hoop compressive displacement in the 

substrate-supported region (𝜌 ≥ 1) by considering the shortened perimeter of a material 

circle. Hooke’s law can relate the hoop strain to stress resultants by 

 𝜖𝜃𝜃  =
𝑁𝜃𝜃−𝜈𝑁𝑟𝑟 

𝐸2D
. (7.38) 

The stress resultants can be readily calculated through (7.12) and (7.19-7.21). We 

normalize the hoop compression by the tent radius such that 

 𝛥̅ = −
2𝜋𝑟𝜖𝜃𝜃

𝑅
=
𝜋(1−𝜈2)

3
𝑇𝜌 (−3𝜌𝑜 +

𝜌𝑜
3

𝜌2
+ 2𝜌). (7.39) 

In Figure 7.5a, we plot 𝛥̅ as a function of 𝜌 for tents subject to different center 

heights and various interfacial tractions. Evidently, when 𝑇 → 0, the limit of 𝛥̅(𝜌)~𝜌−1 

can be observed, which is consistent with what was predicted under the assumption of the 

frictionless interface in Section 7.3.3. The maximum compressive displacement is thus 

located at the edge of the tent, i.e. 𝛥̅1 = 𝛥̅(1). However, with finite interfacial shear 

traction, the compression zone outside the tent is confined within a finite region 

(1 ≤ 𝜌 ≤ 𝜌𝑜). As a result, the hoop compressive displacement decays faster than 𝜌−1 

when approaching 𝜌𝑜, especially for tents with small center heights.  
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Figure 7.5: (a) Hoop compressive displacement along the radial direction for various 

interfacial shear tractions. Solid curves denote tents with a center height 𝐻 =
0.2 while dashed curves denote 𝐻 = 0.02. (b) The size of the compression 

zone versus the center height of the tent for various interfacial shear tractions. 

(c) The dependency on 𝒮 of the hoop compressive displacement at the edge 

of the tent. (d) The dependency on 𝒮 of the size of the compression zone. All 

quantities are normalized quantities in this figure. 

The detailed size of the compression zone versus center height for various 

interfacial tractions is further plotted in Figure 7.5b. As expected, large center deflection 

and weak shear traction at the membrane-substrate interface can facilitate the propagation 

of the compression zone in the supported region. Notably, both 𝛥̅1/𝐻
2 and 𝜌𝑜 depend on 

the single sliding parameter 𝒮  monotonically, and the corresponding master curves are 

shown in Figures 5c and d. We may point out that this composite parameter compares the 
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shear traction at the interface with the stretching forces in the membrane since the latter 

one scales as 𝐻2 inside the tent. 

7.5.2 Effect of 𝓣 

We consider the pretension (𝑇𝑝𝑟𝑒 = 𝑡𝑝𝑟𝑒/𝐸2D, Figure 7.4) in 2D materials that may 

be introduced when transferring them to target substrates (Brennan et al., 2015). For 

simplicity, we focus on a limiting case – frictionless interface – such that the general 

solution for the Airy stress function outside the tent (also known to Lamé) takes a simple 

form 

 𝛷′ = 𝑎𝜌 + 𝑏/𝜌. (7.40) 

In addition, we expect 𝑎 = 𝑇𝑝𝑟𝑒  since the stress resultants approach the applied 

pretension as 𝜌 → ∞. The constant 𝑏 can be determined analytically in terms of the applied 

pretension 𝑇𝑝𝑟𝑒 and the center height of the tent 𝐻 based on the continuity conditions at the 

edge of the tent (Appendix 7.B). With (7.38-7.40), we can derive circumferential 

compressive displacement 

 𝛥̅ = 2𝜋(1 + 𝜈)𝑏/𝜌 − 2𝜋(1 − 𝜈)𝑇𝑝𝑟𝑒𝜌. (7.41) 

Figure 7.6a shows the 𝛥̅ as a function of 𝜌 for tents subject to different center 

heights and various values of pretension. Analogous to the effect of 𝑇 in Figure 7.5a, the 

distribution of compressive displacement approaches 𝛥̅~𝜌−1 as 𝑇𝑝𝑟𝑒 → 0. Also, the finite 

pretension makes the decay of 𝛥̅ faster than 𝜌−1, especially for tents with small center 

deflections since the size of the compression zone outside the tent becomes finite. These 

results are similar to the finite wrinkling zone of a thin polymeric film floating on the water 

surface while undergoing a point force at the center and surface tension at the edge of the 

film (Vella et al., 2015).  
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Figure 7.6: (a) Hoop compressive displacement along the radial direction for different 

values of pretension. Solid curves denote tents with a center height 𝐻 = 0.3  

while dashed curves denote 𝐻 = 0.03. Note that for the cases of 𝑇𝑝𝑟𝑒 = 10
−3 

and 10−2 , the tent of 𝐻 = 0.03  shows hoop tension across the entire 

membrane indeed. (b) The size of the compression zone versus the center 

height of the tent for different values of pretension. The dashed line shows that 

a critical center deflection is required for the onset of a compression zone 

outside the tent due to the existence of pretension. (c) The dependency on 

𝒯 = 𝑇𝑝𝑟𝑒/𝐻
2 of the compressive displacement at the edge of the tent. (d) The 

dependency on 𝒯  of the size of the compression zone. All quantities are 

normalized quantities in this figure. 

 

We find that when pretension exists, a critical center deflection is required for the 

onset of the compression zone outside the tent. For example, in the cases of 𝑇𝑝𝑟𝑒 ≥ 10
−3 

and 𝐻 = 0.03 in Figure 7.6a, the thin sheet is subject to tension everywhere across its 
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entire area and hence, circumferential compression is prohibited. This phenomenon can be 

further elucidated by 𝜌𝑜~𝐻  curves in Figure 7.6b where the outer radius of the 

compression zone is identified by  

 𝛥̅(𝜌𝑜) = 0. (7.42) 

Clearly, the critical center deflection ensuring 𝜌𝑜  1 increases with increasing 

pretension in the membrane. Interestingly, the normalized maximum compressive 

displacement (𝛥̅1/𝐻
2) and the size of the compression zone (𝜌𝑜) depend on a composite 

parameter 𝒯 = 𝑇𝑝𝑟𝑒/𝐻
2 as shown in Figures 7.6c and 7.6d (Appendix 7.B). As the center 

deflection of the tent causes a strain scaling as (𝑤(0)/𝑅)2 or 𝐻2, and associated stress 

scaling as 𝐸2D𝐻
2, the composite parameter, 𝒯, thus compares the pre-stress with the stress 

associated with the out-of-plane deformation of the tent. Notably, buckling instabilities are 

likely to occur only when 𝒯 ≲ 0.12. When the interfacial shear traction is considered, we 

expect two governing parameters: 𝒯 and 𝒮. 

7.5.3 Effect of 𝝆𝐨𝐮𝐭 

We now turn to the case that the compression zone engulfs the entire membrane 

since the size of the 2D materials (𝜌out = 𝑅out/𝑅 , Figure 7.4) is typically limited in 

experiments. Before the outer edge of the compression zone approaches the edge of the 2D 

material flake (𝜌𝑜 ≤ 𝜌out), our analysis in Section 7.5.1. should still hold. However, when 

𝜌𝑜 ≡ 𝜌out, we neglect the pretension for simplicity such that the edge of the membrane 

becomes traction-free, i.e., 𝑁𝑟𝑟(𝜌out) = 0, or 

 
𝛷′(𝜌out)

𝜌out
+ 𝑉 = 0. (7.43) 
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Figure 7.7: (a) Hoop compressive displacement along the radial direction for tents with 

various center heights. Solid curves denote tents with an outer radius 𝜌out =
3 while dashed curves denote the case where the membrane size is sufficiently 

large. Note that when the center height is small (i.e. 𝐻 = 0.04 and 0.06), the 

solid and dashed curves overlap because 𝜌𝑜 ≤ 𝜌out. (b) The dependency on 

𝑇/𝐻2 of the normalized compressive displacement at the edge of the tent. 

We then write circumferential compressive displacement regarding the interfacial 

shear traction and the size of the 2D material 

 𝛥̅ = 2𝜋𝑇𝜌 [
𝐶1

𝑇
(
1−𝜈

𝜌out
2 +

1+𝜈

𝜌2
) −

1−𝜈2

3
(
2+𝜈

1+𝜈
𝜌out − 𝜌)], (7.44) 
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where the constant 𝐶1 can be determined by the abundant continuity conditions at the edge 

of the tent (Appendix 7.B).  

Figure 7.7a shows the evolution of 𝛥̅ with increasing tent height where solid curves 

represent membranes with 𝜌out  of 3 and dashed curves represent sufficiently large 

membranes (𝜌out  𝜌𝑜). After 𝜌𝑜 → 3, differences between the two types of tents appear 

regarding the displacement fields. Specifically, further increasing the center height of the 

tent, dashed curves approach 𝛥̅~𝜌−1 from below (the same as the observations in Figure 

7.5), while solid curves show larger compressive displacement and even overshoot the 

𝛥̅~𝜌−1 limit near the outer edge of the thin membrane. In addition, we found that 𝐶1/𝑇 is 

a function of the parameters 𝒮 and 𝜌out (Appendix 7.B), as is the normalized compressive 

displacement at the edge of the tent 𝛥̅1/𝐻
2 as shown in Figure 7.7. When the pretension is 

considered, we expect three governing parameters in this system: 𝒯, 𝒮 and 𝜌out. 

7.5.4 Effect of 𝝆𝐢𝐧 

Up to now, we have assumed a point force acting at the tent center. However, in 

many experimental setups, the radius of the pillar (𝜌in = 𝑅in/𝑅) is finite, which may have 

a nontrivial effect on the size of the compression zone. When accounting for the finite 

radius of the circular plateau at the tip of the pillar, the differential equations inside the 

tent, i.e., (7.15) and (7.16), are still applicable, while the integrating domain to derive them 

becomes [𝜌in, 1]. We may consider the following “boundary” values at the edge of the 

pillar and tent, 

 𝑊(𝜌in) = 𝐻, 𝜓̃(𝜌in
2 ) = 𝜓̃in, 𝜓̃(1) = 𝜓̃1.  (7.45) 

𝜓̃1  is constrained by the continuity conditions and then relates to the size of the 

compression zone by (7.30). In addition, we assume that the radial displacement is fixed at 

the edge of the pillar for simplicity that requires  
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d𝜓̃

d𝜂
|𝜂=𝜌in

2 =
1+𝜈

2

𝜓̃in

𝜌in
2 . (7.46) 

 

Figure 7.8: Contour plots for the normalized compressive displacement at the edge of the 

tent 𝛥̅1/𝐻
2 (a) and the size of the compression zone 𝜌𝑜 (b) as a function of 

two governing parameters: 𝜌in and 𝒮. 

We still pursue exact analytical solutions using the same technique as outlined in 

Section 7.4 (effects of the finite size of the 2D material and pretension are neglected, see 

details in Appendix 7.C). This allows us to eliminate intermediate parameters and find out 
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governing ones: the radius of the pillar and the combined parameter 𝒮. In Figure 7.8, we 

show the dependency of the normalized compressive displacement at the edge of the tent 

𝛥̅1/𝐻
2 and the size of the compression zone 𝜌𝑜 on 𝜌in and 𝒮. As 𝜌in → 0, we verify that 

these results recover those obtained by assuming a point force in Figure 7.5. Furthermore, 

we find that the hoop compression at the edge of the tent increases significantly as the pillar 

radius increases from 0.001 to 0.25, (Figure 7.8a) while the size of the compression zone 

increases slightly (Figure 7.8b). When the finite size of the 2D material and pretension are 

considered, we expect four governing parameters: 𝒯, 𝒮, 𝜌in, and 𝜌out. 

7.6 FAR-FROM-THRESHOLD MODELING 

 

 

Figure 7.9: Schematic illustration of the difference between near-threshold (NT) and far-

from-threshold (FFT) modeling of a thin sheet tent.  

Based on the NT analysis, we have derived four controlling parameters exactly: 𝒮, 

𝒯, 𝜌out, and 𝜌in. However, such analysis may approximate well only when the sheet is 

very thick and the substrate can largely constrain the formation of the buckling (the ~15-

layer graphene sample shown in Figure 7.15 would be an example). FFT analysis comes 

naturally from that buckle instabilities occur and relax the hoop compressive stress such 

that 𝑁𝜃𝜃 ≈ 0 or |𝑁𝜃𝜃| ≪ 𝑁𝑟𝑟  (Davidovitch et al., 2011; Vella and Davidovitch, 2018). 

This scenario would be particularly true for a highly bendable sheet that is wrinkled in the 

suspended region and buckled in the substrate-supported region, for example, the 

Substrate

NT FFT

Substrate

Allowing 𝑁𝜃𝜃 < 0 𝑁𝜃𝜃 = 0 (due to buckling)

𝑁𝜃𝜃 = 0 (due to wrinkling)

𝑅𝑤
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monolayer MoS2 sample shown in Figure 7.2a right panel and Figure 7.14. As a result, a 

number of regions should be considered in general, including a central suspended and 

unwrinkled region [0, 𝜌𝑤] , a suspended and wrinkled region [𝜌𝑤 , 1] , a supported and 

buckled region outside the tent [1, 𝜌𝑏], and then an outmost unbuckled region [𝜌𝑏 , 𝜌𝑜]. In 

this case, the size of the buckled zone can be estimated by the size of the zero-𝑁𝜃𝜃 region 

(denoted by 𝜌𝑏). Note that the last region needs more thoughts when the pretension applies 

or when the buckled zone propagates and engulfs the finite membrane. For simplicity, we 

neglect the finite size effect of the sheet and the pretension (due to a number of uncertainties 

as discussed later in Section 7.8.2.) for this FFT analysis and focus on the main physics 

associated with the interfacial shear traction.  

We define 𝜌 = 𝜌𝑤 (i.e. 𝑟 = 𝜌𝑤𝑅) as the boundary between the unwrinkled and 

wrinkled region in the suspended region of a tent (Figure 7.9). When 0 ≤ 𝜌 ≤ 𝜌𝑤 , the 

regular FvK equations, i.e. (7.15) and (7.16), and their analytical solutions, still apply. 

Particularly, at 𝜌 = 𝜌𝑤, we can define a useful parameter 𝜓̃𝑤 = 𝜓̃(𝜌𝑤
2 ) that satisfies 

 
𝐹√(−𝛼)3

4𝜋
𝜌𝑤
2 = −√𝜓̃𝑤(1 − 𝜓̃𝑤) + tan

−1√𝜓̃𝑤/(1 − 𝜓̃𝑤). (7.47) 

At this boundary, we also let the hoop stress be zero (Vella and Davidovitch, 2018) and, 

according to (7.26), obtain 

 
𝐹√(−𝛼)3

2𝜋
𝜌𝑤
2 = √

𝜓̃𝑤
3

(1−𝜓̃𝑤)
 (7.48) 

Interestingly, combining (7.47) and (7.48) can eliminate 𝐹,  , and 𝜌𝑤 simultaneously, such 

that 𝜓̃𝑤 must satisfy the transcendental equation 

 √𝜓̃𝑤
3 /(1 − 𝜓̃𝑤) + 2√𝜓̃𝑤(1 − 𝜓̃𝑤) = 2tan

−1√𝜓̃𝑤/(1 − 𝜓̃𝑤), (7.49) 

whose nontrivial solution is 𝜓̃𝑤 ≅ 0.6965. However, 𝜌𝑤  is not known a priori, which 

prevents the solution to 𝐹√(− )3.  
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To deal with this unknown, we move on to the wrinkled region, 𝜌𝑤 ≤ 𝜌 ≤ 1, within 

which the second FvK equation concerning the compatibility is replaced by 𝑁𝜃𝜃 = 0. This 

leads to a constant 𝛷′, and a linear out-of-plane profile of the tent according to the first 

FvK equation (within which 𝐹 = 0), 

 𝛷′ = −
𝜓̃𝑤

𝛼𝜌𝑤
 and 𝑊 = 𝐶𝑤(1 − 𝜌), (7.50) 

where we used the continuity of radial stress at 𝜌 = 𝜌𝑤  and the boundary condition 

𝑊(1) = 0. To ensure the continuity of in-plane displacement (𝑢 = 𝑅𝑢̃), we recall the 

kinematics within the wrinkled region to show that 

 𝜖𝜌𝜌 =
𝑑𝑢

𝑑𝜌
+
1

2
(
𝑑𝑊

𝑑𝜌
)
2

or −
𝜓̃𝑤

𝛼𝜌𝑤𝜌
=
𝑑𝑢

𝑑𝜌
+
1

2
𝐶𝑤
2 . (7.51) 

Integrating (7.51) once, we have  

 𝑢̃(𝜌𝑤) − 𝑢̃(1) = −
𝜓̃𝑤

𝛼𝜌𝑤
ln 𝜌𝑤 +

1

2
𝐶𝑤
2(1 − 𝜌𝑤).  (7.52) 

This means the in-plane displacement difference across the wrinkled region is enlarged by 

the in-plane stretch of the sheet (since 𝜌𝑤 ≤ 1 and  < 0) while reduced by the out-of-

plane rotation of the sheet. We can detail 𝑢̃(𝜌𝑤) by Hooke’s law and stress states in the 

unwrinkled region at 𝜌 = 𝜌𝑤,  

 𝑢̃(𝜌𝑤)  =
𝜌𝑤(𝑁𝜃𝜃−𝜈𝑁𝑟𝑟)

𝐸2D
= 𝜈

𝜓̃𝑤

𝛼𝜌𝑤
. (7.53) 

To detail 𝑢̃(1), we consider the stress field in the compression-free, supported region (1 ≤

𝜌 ≤ 𝜌𝑏), where (7.18) is modified by the release of the hoop stress due to buckling. We 

rewrite the in-plane force balance equation that reads 

 
𝑑

𝑑𝑟
(𝑟𝑁𝑟𝑟) + 𝜏𝑟 = 0. (7.54) 

We can find the exact solution to (7.54) when the pretension is absent (see 

Appendix 7.D), 

 
𝑁𝑟𝑟

𝐸2D
=
𝑇

2
(𝜌𝑏
2𝜌−1 − 𝜌) + 𝐶𝑁𝑇𝜌

−1, (7.55) 
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where 𝐶𝑁 = −
2+𝜈

3
𝜌𝑏
2 −

𝜈−1

6
𝜌𝑜
3𝜌𝑏

−1 +  
1+𝜈

2
𝜌𝑜𝜌𝑏  and 𝜌𝑏 =

1−𝜈+√9+6𝜈−15𝜈2

4+8𝜈
𝜌𝑜 . The 

associated displacement at the edge of the tent, 

 𝑢̃(1) = ∫
𝑁𝑟𝑟

𝐸2𝐷
𝑑𝜌

1

𝜌𝑐
=
𝑇

4
(−2𝜌𝑏

2 ln 𝜌𝑏 + 𝜌𝑏
2 − 1) − 𝐶𝑁𝑇 ln 𝜌𝑏 + 𝐶𝜈𝑇𝜌𝑏𝜌𝑐, (7.56) 

where 𝐶𝜈 = 𝜈(1 + 𝜈) [−3(1 + 3𝜈) + √3(1 − 𝜈)(3 + 5𝜈)] /(4 + 8𝜈). The continuity of 

radial stress at 𝜌 = 1 can then give rise to  

  𝜌𝑤𝑇(𝜌𝑏
2 − 1) + 2𝜓̃𝑤 + 2 𝐶𝑁𝑇𝜌𝑤 = 0 (7.57) 

and the continuity of the in-plane displacement, together with (7.52) and (7.53), leads to  

 
𝜓̃𝑤

𝜌𝑤
ln 𝜌𝑤 −

𝛼𝐶𝑤
2

2
(1 − 𝜌𝑤) +

𝜈𝜓̃𝑤

𝜌𝑤
−
𝛼𝑇

4
(−2𝜌𝑏

2 ln 𝜌𝑏 + 𝜌𝑏
2 − 1) +  𝐶𝑁𝑇 ln 𝜌𝑏 −

 𝐶𝜈𝑇𝜌𝑏𝜌𝑜 = 0.  (7.58) 

Along the line of NT modeling in Section 7.4, we relate the parameter of interest (i.e. 𝜌𝑜 

and 𝜌𝑤) to the center height of the tent, 

 𝐻 = 𝑊(𝜌𝑤) + ∫
−𝐹𝑑𝜌

2𝜋𝛷′

0

𝜌𝑤
= 𝐶𝑤(1 − 𝜌𝑤) +

2

√−𝛼
tan−1√𝜓̃𝑤/(1 − 𝜓̃𝑤). (7.59) 

Finally, the continuity of the tent’s slope at 𝜌 = 𝜌𝑤 should be satisfied, giving an equation 

for 𝐶𝑤 according to (7.15) and (7.48) 

 𝐶𝑤 =
1

𝜌𝑤√−𝛼
 √

𝜓̃𝑤

1−𝜓̃𝑤
. (7.60) 

The problem containing multiple regions is then largely simplified (see Appendix 

7.D), which is to solve analytical (7.57-7.60) for 𝜌𝑏  and 𝜌𝑤  with the prescribed center 

height of the tent 𝑊0 and interfacial shear traction 𝑇. We find √− 𝐻~𝑓(𝜌𝑤) from. (7.59) 

and (7.60) and  𝑇~𝑔(𝜌𝑏 , 𝜌𝑤) from (7.57), which again enable the composite parameter 𝒮 

to select 𝜌𝑏 and 𝜌𝑤.  

7.7 PARAMETRIC STUDIES BASED ON FAR-FROM-THRESHOLD MODELING 

With the analytical FFT modeling, we are able to elucidate how the size of the 

buckled and wrinkled region evolves with the controlling composite parameter. It is worth 

noting that in FFT modeling, buckling instabilities take place and 𝜌𝑏  characterizes the 
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extent of the buckled region by the size of the zero-𝑁𝜃𝜃  region; in NT modeling, 

instabilities are suppressed and 𝜌𝑜 represents the supported region where sliding radially 

inward occurs (i.e. 𝑢 < 0). The extent of the buckled region (i.e. 𝜌𝑏 in FFT modeling) is 

directly accessible to AFM-based topographical characterizations; the sheet sliding around 

a tent accompanies radial tension and hoop compression – both of them vary radially, 

making 𝜌𝑜 in NT modeling accessible to Raman spectroscopy (Kitt et al., 2013; Wang et 

al., 2017b).  

7.7.1 Extent of the buckled and wrinkled region 

The 𝜌𝑏 − 𝑇/𝑊0
2  and 𝜌𝑤 − 𝑇/𝑊0

2  relations are plotted in Figure 7.10a and b, 

respectively. As expected, like the size of the compression zone in the NT modeling, the 

extent of both buckled (𝜌𝑏) and wrinkled (1 − 𝜌𝑤) region increases in the FFT modeling 

as the sliding parameter 𝒮 increases. A key difference is that the formation of wrinkling 

and buckling requires a critical 𝒮 (≈ 0.43), beyond which the buckled region appears and 

grows. The critical 𝒮 for the onset of instabilities results from Poisson’s effect: a material 

circle (e.g. at the edge of the tent) is likely to wrinkle/buckle only when its inward shrinkage 

caused by the sliding overwhelms the lateral shrinkage caused by the radial tension. This 

critical value thus vanishes as the Poisson’s ratio goes to zero.  
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Figure 7.10: (a) The dependency on 𝑇/𝐻2 of the extent of the buckled region 𝜌𝑏 (black 

solid curve, predicted by FFT analysis) and the size of the compression zone 

𝜌𝑜  (black solid curve predicted by FFT analysis and red dashed curve 

predicted by NT analysis). (b) The dependency on 𝑇/𝐻2 of the extent of the 

wrinkled region 𝜌𝑤  in the suspended region of the tent (predicted by FFT 

analysis).  

7.7.2 NT and FFT modeling 

It is natural to compare FFT with NT modeling regarding how 𝜌𝑜 evolves (Figure 

7.10a) as both types of modeling characterize 𝜌 = 𝜌𝑜 by the position where the stresses 

decay to zero (neglecting the pretension and finite size of the sheet). We find that these two 

types of modeling give close 𝜌𝑜 − 𝑇/𝐻
2 prediction when 𝜌𝑜 < 3 (the difference is within 

20%), implying that the formation of buckling and wrinkling causes only a small 

perturbation to the stress state of a tent under such condition. However, the difference 
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becomes increasingly significant as 𝜌𝑜  grows (in particular, it grows faster in the FFT 

modeling).  

 

 

Figure 7.11: (a) Hoop compressive displacement along the radial direction for various 

interfacial shear tractions. Solid curves denote tents with a center height 𝐻 =
0.2  while dashed curves denote 𝐻 = 0.02 . The markers are from NT 

modeling in Figure 7.5a. (b) The dependency on 𝒮  of the compressive 

displacement at the edge of the tent. The red dashed curve is from NT 

modeling in Figure 7.5c. 

 

10
-3

10
-2

10
-1

10
0

10
1

10
2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

 FFT analysis

 NT analysis

10
0

10
1

10
2

1E-6

1E-5

1E-4

1E-3

0.01

0.1
         log T

 -6

 -4

 -2

b

a

𝛥
 ̅

𝛥 ̅~𝜌−1

𝛥
 ̅ 1
/𝐻

2

𝒮

𝜌

𝐻 = 0.2

𝐻 = 0.02
(NT) 

𝐻 = 0.2
log 𝑇 = −6



 208 

Besides, the spatial distribution of the hoop compression, 𝛥̅, (i.e. the shortened 

perimeter of a material circle) is intrinsically different between NT and FFT modeling. We 

have shown the scaling 𝛥̅~𝜌−1 in the analysis of NT modeling (Section 7.5) when the 

deformation is large, or the interfacial shear traction is small. In FFT modeling, the hoop 

compression is calculated from (7.55) that allows the hoop compressive stress to be relaxed 

by buckling, 

 𝛥̅ = −2𝜋𝑢̃ =  𝜋𝑇 [𝜌𝑏
2 ln

𝜌𝑏

𝜌
+
1

2
𝜌2 −

1

2
𝜌𝑏
2 + 2𝐶𝑁 ln

𝜌𝑏

𝜌
+
(1−𝜈)(𝜌𝑜−𝜌𝑏)

2(𝜌𝑜+2𝜌𝑏)

3𝜌𝑏
]. (7.61) 

We plot 𝛥̅ as a function of 𝜌 in Figure 7.11a for tents subject to different center 

heights and interfacial shear tractions. Clearly, the 𝛥̅~𝜌−1 relation breaks down (see solid 

and dashed curves). Besides, we find that the buckling instability brings more slip and 

hence, a larger hoop compression compared with the results in the NT modeling under the 

same loading condition. The physical interpretation is that the formation of the buckle 

delamination in the supported region makes the sheet (and its interface) less resistive to the 

inward sliding. We may also draw this conclusion by considering the shortened perimeter 

of the material circle at the edge of the tent, 𝛥̅1 in Figure 7.11b, where 𝛥̅1/𝐻
2 depends on 

a single parameter, 𝒮. Based on the analysis of NT modeling in Section 7.5, we also expect 

three additional governing parameters: 𝒯, 𝜌out, and 𝜌in in this FFT modeling when the 

pretension, the sheet’s finite size, and the pillar’s finite radius are taken into account. Here, 

we focus on the effect of the pillar’s radius because of its particular uses in the mechanical 

metrology of interfacial shear traction and the design of pillar-poked tents that will be 

discussed in Section 7.8. 

7.7.3 Finite pillar radius 
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Figure 7.12: Contour plots for the extent of the buckled region 𝜌𝑏 outside the tent (a) and 

the extent of the wrinkled region 𝜌𝑤 inside the tent (b) as a function of two 

governing parameters: 𝜌in and 𝒮. 

We still consider the exemplary case where the radial displacement is fixed at the 

edge of the pillar. Using the same technique as outlined in Section 7.5.4, we show exact 

analytical solutions based on the FFT modeling in Appendix 7.E. Similarly, two governing 

parameters appear in the FFT modeling: the radius of the pillar 𝜌in  and the combined 
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parameter 𝒮 = 𝑇/𝐻2. We then show the dependency of the extent of the buckled region 

and wrinkled region on these two governing parameters in Figure 7.12. To be consistent 

with Figure 7.8, we focus on the domain 0.001 ≤ 𝜌in ≤ 0.25. The results as 𝜌in → 0 can 

recover those obtained by assuming a point force in Figure 7.10 and the upper limit of 𝜌in 

also avoids 𝜌𝑤 < 𝜌in (Figure 7.12). Note that the blank regime in Figure 7.12 covers the 

conditions under which instabilities are prohibited, and hence the nonzero radius of a pillar 

essentially facilitates the onset of instabilities. In general, tents poked by sharper pillars 

feature a shorter extent of the buckled and wrinkled region. However, non-monotonic 

behavior arises for 𝜌𝑤 in the bottom right corner of the contour plot in Figure 7.12b. It 

would be interesting to clarify how the growth of the wrinkled region benefits from the 

pillar at its early stage, yet becomes suppressed by the pillar when the wrinkle gets close 

to the pillar edge as well as how the system behaves after the wrinkle comes into contact 

with the pillar in a future study. 

7.8 IMPLICATIONS FOR 2D MATERIAL APPLICATIONS 

Having characterized buckles around the 2D material tent and modeled the tent with 

a sliding boundary analytically, we conclude by highlighting the implications of our results 

for 2D-material-based applications. 

7.8.1 Estimation of interface adhesion 

In the nanoscale regime, the interactions between the 2D material and its substrate 

become relatively significant such that the performance of 2D-material–based devices 

relies heavily on the mechanical behaviors of interfaces (Geim and Grigorieva, 2013; Neto 

et al., 2009). This fact has motivated extensive efforts to understand the mechanics of 2D 
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material interfaces, especially adhesion and friction (Akinwande et al., 2017; Lloyd et al., 

2017; Zong et al., 2010).  

 

 

Figure 7.13: (a) The estimated adhesion energy between CVD-grown monolayer MoS2 and 

the Al2O3 substrate. This estimation is enabled by measuring the buckle 

profiles at different radial locations, which are offered in Figure 7.3c. Blue 

markers are based on gas-filled buckles and solid markers are based on water-

filled buckles. (b) The SEM image of the monolayer MoS2 tent in Figure 7.2a. 

The solid white circle highlights the edge of the tent.  
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In Section 7.3.1, we pointed out that the crest curvature of the buckles can be used 

to estimate the interface adhesion between the 2D material and its substrate after 

identifying the content (i.e., gas or liquid) trapped inside the buckle. Plugging our 

measurements in Figure 7.2c into (7.4) and (7.5), the extracted adhesion energy between 

the monolayer CVD-grown MoS2 and Al2O3 is ~1.3 mJ/m2 by taking the content as gas and 

the bending stiffness as 10 eV (Figure 7.13a) (Androulidakis et al., 2018). If we assume 

that the buckles are filled with water such that 𝛾𝑙 = 72 m /m
2, 𝜃 = 36°, and 𝜃𝑚 = 69° 

(Kozbial et al., 2015; Rafiee et al., 2012; Santos et al., 2003), (7.6) offers a more reasonable 

adhesion value of ~ 85.3 mJ/m2, which is comparable with many adhesion values reported 

in the literature (Deng et al., 2017; Lloyd et al., 2017; Sanchez et al., 2018).  

We have claimed that the water-filled buckle model could give a more reasonable 

adhesion value (comparable previous reports) than the gas model. The reason is that the 

former considers essentially three interfaces (water-membrane, water-substrate, and 

membrane-substrate) such that the wetting properties of the system will contribute to the 

extracted value of the membrane-substrate adhesion. However, so far there is no solid 

evidence for the presence of water trapped inside the buckle through the SEM image in 

Figure 13b shows likely liquid fringes near the edge of the tent (the darkish region near the 

white circle). The authors are working on characterizations of the trapped chemical 

components. It is expected that the detailed trapped substance contains both water and 

hydrocarbon that are readily absorbed in the 2D material-substrate interface (Khestanova 

et al., 2016), thus affecting the surface tension of the liquid, contact angle, and the extracted 

adhesion energy in (7.6). Besides, the mixed-mode adhesive interactions between the 

membrane and the substrate are not considered in this work. The above-mentioned 

adhesion is more rigorously called adherence (Boijoux et al., 2018; Faou et al., 2015; 

Hutchinson and Suo, 1991). However, the difference between adhesion and adherence in 
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our system may be small due to the facts that (i) the bending may dominate the deformation, 

and (ii) the interfacial shear traction is typically much weaker than normal traction as the 

interface is adhered by pure van der Waals (vdW) forces and 2D materials are atomically 

smooth. It would be interesting to examine the exact phase angle of mode-mix in this 

buckled configuration (Boijoux et al., 2018; Faou et al., 2015; Hutchinson and Suo, 1991), 

particularly with the consideration of the frictional features of the vdW interface (Ruffini 

et al., 2012a; Ruffini et al., 2012b). 

7.8.2 Estimation of interface friction (FFT) 

Our present analysis relates the size of the compression zone (in NT) and the extent 

of the buckled and wrinkled region (in FFT) to four governing parameters: 𝒮, 𝒯, 𝜌out and 

𝜌in. Experimentally, the effect of a sheet’s finite size can be neglected, the tent height and 

the pillar radius can be accessible through AFM-based characterizations, while the force 

terms, i.e., interfacial shear traction and pretension, are relatively elusive. The pretension 

was extensively used as a fitting parameter in indentation tests and found to be less than 

~0.4 N/m, i.e., 𝑇𝑝𝑟𝑒~ 10
−3 for graphene (Lee et al., 2008). However, the exact pretension 

varies heavily with materials, substrate, and transfer processes, and even appears to be 

negative (residual compression). Herein, we neglect the pretension effect such that we are 

able to estimate the interfacial shear traction via experimentally accessible parameters, 

including 𝜌𝑏, 𝜌in, and 𝐻. It is worth noting that the pretension may be caused by surface 

tension at the outer edge of the membrane, epitaxial growth, thermal expansion and so on, 

which would modify such estimation (Dai et al., 2019a; Davidovitch et al., 2019). 

Experimentally, mapping of Raman bands may shed light on the level of the pretension but 

uncertainties are nontrivial due to the so-called doping effect from the substrate (Dai et al., 

2019a).  
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Figure 7.14: AFM height (a) and amplitude (b) images of a monolayer MoS2 tent, based 

on which 𝜌in, 𝐻, 𝜌𝑏 and 𝜌𝑤  are extracted (These two are the same with the 

Figure 1c in (Dai et al., 2018)). The extent of the buckled region (c) and 

wrinkled region (d) depends on the interface shear traction 𝑇, the height of 

the tent 𝐻, and the radius of the pillar 𝜌in. 

We first focus on a CVD-grown monolayer MoS2 tent. From its AFM height and 

amplitude image in Figure 7.14a and b, we see both suspended, wrinkled region and 

supported, buckled region. We then assume that such instabilities can relax the hoop 

compressive stress in this atomically thin sheet such that our analytical FFT results in 

Section 7.7.3 can be leveraged directly. We measure the 𝐻 of this monolayer MoS2 tent 

from its AFM height image and determine the tent radius by line-scans across the tent 
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center as well as the ratio of pillar radius to tent radius (𝜌in~0.10). The tent’s 𝜌𝑏 is simply 

estimated to be 1.89 ± 0.17 through the location beyond which the buckles disappear 

(Figure 7.14a) and, similarly, the tent’s 𝜌𝑤 is found to be 0.35 ± 0.04 (Figure 7.14b).  

We plot the master 𝜌𝑏~𝒮 curve for the specific 𝜌in in Figure 7.14c. Plugging the 

geometrical parameters obtained above into the master curve leads to shear traction ranging 

from 1.7 to 2.9 MPa forthe CVD-grown monolayer MoS2 on Al2O3. However, our 

criterion that buckle delamination occurs in the supported region whenever the sheet is 

under compressive stress may cause errors in predicting the extent of the buckled region. 

The errors mainly come from the fact that the onset of buckle delamination of a sheet 

typically needs a nontrivial compressive strain (Vella et al., 2009) because of adhesion. 

Therefore, our criterion may underdetermine the extent of the buckled region and hence 

overestimate the traction. We also plot the master curve for the extent of the wrinkled 

region in Figure 7.14d, plug the measured 𝜌𝑤 into it, and find a much weaker interfacial 

shear traction (~0.04 MPa). The huge inconsistency between 𝜌𝑤 -based and 𝜌𝑜 -based 

estimations may be a result of the complexity in real experimental fabrications: the sheet 

is transferred with a pre-existing nanoparticle on the substrate, and the complicated contact 

occurs spontaneously. Our model is idealized for the situation that the center height of the 

tent is loaded quasi-statically, which calls for further controlled indentation experiments 

(possibly at larger scales) for validations.  

7.8.3 Estimation of interface friction (NT) 

We then move on to a relatively thick 2D flake, i.e. the ~15-layer graphene tent in 

Figure 7.15. For this multilayer sample, the hoop compressive stress in the supported 

region may not be completely relaxed, and we then prefer to apply the NT analysis 

developed in Section 7.5.4 though the difference between FFT and NT analysis here could 
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be minor since 𝜌𝑜 < 2. More appropriate modeling might be achieved by considering the 

wrinkling instability in the suspended region of the tent but neglecting the buckle or the 

buckle-caused stress relaxation in the supported region (we expect that the results should 

lie in between FFT and NT limits and the difference could be negligible for small 𝜌𝑜).  

 

 

Figure 7.15: AFM height (a) and amplitude (b) images of a ~15-layer graphene tent, based 

on which 𝜌in, 𝐻, and 𝜌𝑜 are extracted (These two are the same with the Figure 

7.1b in (Dai et al., 2018)). (c) The radius of the compression zone outside the 

tent depends on the interface shear traction 𝑇, the height of the tent 𝐻, and the 

radius of the pillar 𝜌in.  
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We find an obvious coffee-ring-like domain in the supported region (see the AFM 

amplitude image in Figure 7.15b). Inside this domain, the local delamination (labeled by 

the arrow) takes elliptical shapes with the long axis along the radial direction of the tent. 

Similar features have been observed recently in thin-film-capped droplets when an 

anisotropic stretch is applied to the thin film (Schulman and Dalnoki-Veress, 2018). In our 

case, the anisotropy within this coffee-ring-like domain should arise from the local hoop 

compression and radial tension, i.e. 𝑁𝑟𝑟  𝑁𝜃𝜃, which are indeed caused by the inward 

sliding of the sheet (𝑢 < 0). We therefore approximately extract the corresponding 𝜌𝑜 =

1.72 ± 0.26 by the outer radius of this domain. 

From the AFM height image of the multilayer graphene tent, we extract 𝐻 (~0.08) 

and 𝜌in (~0.07). The master 𝜌𝑐~𝒮 curves for this specific 𝜌in is plotted in Figure 7.15c 

based on NT modeling. Plugging these geometrical parameters into the master curve leads 

to shear traction ranging from 0.9 to 5.6 MPa for the exfoliated multilayer graphene on 

SiO2. This result shows quantitative agreement with the shear traction, also called 

interfacial shear stress, which was measured to be 1-3 MPa for monolayer graphene on 

SiO2 via bulge tests of drumhead specimens (Kitt et al., 2013; Wang et al., 2017b). The 

relatively large uncertainty for the multilayer graphene sample comes from the uncertainty 

in both 𝜌𝑜 and the number of layers (see Section 7.2). 

7.8.4 Guidelines for fabricating arrays of 2D material tents 

Recently, arrays of micro-tents became a popular strategy for the periodic strain 

engineering of 2D materials due to their self-sustainability and designability. A typical 

puzzle when designing arrays of 2D material tents comes from the dimensions of the 

supporting micro/nanopillars. Though the sharpness of pillar tips is limited by the 

fabrication resolution, the pillar height ℎ and the pillar-pillar distance 𝑑 are relatively easy 
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to control (Figure 7.11a). However, improper design, such as 𝑑 ≤ 2𝑅, may exclude the 

formation of tents (Figure 7.11b); insufficient pillar-pillar distance, such as 2𝑅 ≤ 𝑑 ≤

2𝑅𝑏, may cause a network of buckles between tents (Figure 7.11c); isolated tents require 

𝑑 ≥ 2𝑅𝑏 (Figure 7.11d), which have been used as strain-engineered arrays of quantum 

emitters in applications (Branny et al., 2017).  

Chopin et al. and Dai et al. have shown a linear relation between 𝑅 and ℎ, i.e. 

ℎ/𝑅~(𝛥𝛾/𝐸2𝐷)
1/4, in thin membrane tent and the prefactors at two limits (i.e. 𝑇 → ∞ and 

𝑇 → 0) were derived (Chopin et al., 2008; Dai et al., 2018). Our results in Section 7.5 and 

7.7 further provide exact solutions to the nonlinear relation between 𝑅𝑏/𝑅 (i.e. 𝜌𝑏) and 𝒮 

as well as how such relation is affected by the radius of pillars. In other words, by knowing 

the elastic properties of the 2D material as well as the adhesion and friction properties of 

the 2D material-substrate interface, the configurations in Figures 7.11b-d can be designedly 

avoided or achieved by tuning the pillar-pillar distance, the pillar radius, and the pillar 

height. Furthermore, we suggest the formation of buckles may be suppressed by 

introducing pretension in this system (and vice versa). We hope that these quantitative 

understandings would lead to the deterministic design of arrays of 2D material tents in the 

future. 

 



 219 

 

Figure 7.16: (a) Schematic of an array of 2D material tents. (b) SEM image of CVD-grown 

monolayer graphene on silicon pillars (Reserbat-Plantey et al., 2014). (c) 

SEM image of CVD-grown monolayer graphene on lift-off resist nanopillars 

(Tomori et al., 2011). (c) AFM image of the topography of an exfoliated 

monolayer WSe2 flake on top of negative resist nanopillars (Branny et al., 

2017). (e) A Phase diagram of three configurations of 2D material tent arrays. 
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7.9 CONCLUSIONS 

We presented experimental observations on the radial buckles formed around 2D 

material tents and found an interesting characteristic length for the hoop-direction 

curvature of the buckle crests. A simple 1D model is adopted to show how the buckle shape 

relates to the material properties and the interface adhesion properties. The dependence of 

the buckle profile on the radial position further suggests that the interface sliding outside 

the tent may be the origin of hoop compression and buckle delamination. We establish 

analytical models for cases as simple as tents subjected to a point load at the center, zero 

shear traction at the interface, and zero pretension on the periphery all the way to tents with 

finite pillar size, finite pretension as well as finite flake size. Two types of modeling (i.e. 

NT and FFT modeling) accounting for none and complete compression relaxation are 

presented and may provide the upper and lower limits for this instability problem, 

respectively. Several governing composite parameters have been found for each case 

analytically by which the design of arrays of 2D material tents could be guided in a 

deterministic way. Furthermore, our theoretical analysis shows that the simple geometrical 

characterization of these buckles might be utilized for the adhesion and friction metrology 

of the 2D material-substrate interface. 
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7.10 APPENDIX 

7.A Pretension (NT) 

We enforce the continuity of radial stress and displacement at 𝜌 = 1, 

 𝛷′(1−) = 𝛷′(1+) and 𝛷′′(1−) − 𝜈𝛷′(1−) = 𝛷′′(1+) − 𝜈𝛷′(1+), (7.A1) 

which lead to 

 𝜓̃1 = − (𝑇𝑝𝑟𝑒 + 𝑏), (7.A2) 

and  

 
d𝜓̃

d𝜂
|𝜂=1 = − 𝑇𝑝𝑟𝑒. (7.A3) 

The continuity of displacement in (7.A3), together with (7.26), can give an equation for the 

constant   

 − 𝑇𝑝𝑟𝑒 =
𝐹(−𝛼)3/2

4𝜋
√
1−𝜓̃1

𝜓̃1
. (7.A4) 

We can eliminate the point force in (7.A4) by (7.29), 

  (𝑇𝑝𝑟𝑒, 𝜓̃1) =
1

𝑇𝑝𝑟𝑒
 [1 − 𝜓̃1 −√

1−𝜓̃1

𝜓̃1
 tan−1√

𝜓̃1

(1−𝜓̃1)
]. (7.A5) 

If we relate   to the center height of the tent 𝐻 by (7.37), it is readily found that the constant 

𝜓̃1 only rely on a combined parameter, 𝒯 = 𝑇𝑝𝑟𝑒/𝐻
2. Also, the continuity of radial stress 

in (7.A2) indicates that 𝑏/𝑇𝑝𝑟𝑒 is a function of 𝜓̃1 or 𝒯 by 

 
𝑇𝑝𝑟𝑒

𝑏+𝑇𝑝𝑟𝑒
=  1 −

1

𝜓̃1
+√

1−𝜓̃1

𝜓̃1
3 tan

−1√
𝜓̃1

1−𝜓̃1
. (7.A6) 

Finally, the size of the compression zone can be determined by (7.42)  

 𝜌𝑜
2 =

1+𝜈

1−𝜈

𝑏

𝑇𝑝𝑟𝑒
, (7.A7) 

which implies 𝜌𝑜~𝜌𝑜(𝒯). 

7.B Finite sheet size (NT) 

The zero radial stress in (7.43) gives that  

 𝐴 + 𝐵 = −
𝐶1

𝜌out
2 +

2+𝜈

3
𝑇𝜌out. (7.B1) 
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The continuity conditions of radius stress and displacement in (7.30) hold and can lead to 

 𝜓̃1 = − [(1 −
1

𝜌out
2 ) 𝐶1 +

2+𝜈

3
𝑇(𝜌out − 1)], (7.B2) 

and  

 
d𝜓̃

d𝜂
|𝜂=1 = − (−

1

𝜌out
2 𝐶1 +

2+𝜈

3
𝑇𝜌out −

1+𝜈

2
𝑇). (7.B3) 

Still utilizing the intermediate parameter 𝜓̃1 in (7.26) and (7.29), equation (7.B3) can give 

an equation for   

 − (−
1

𝜌out
2 𝐶1 +

2+𝜈

3
𝑇𝜌out −

1+𝜈

2
𝑇) = −1 + 𝜓̃1 +√

1−𝜓̃1

𝜓̃1
tan−1√

𝜓̃1

1−𝜓̃1
. (7.B4) 

We can further eliminate   by (7.B2) that provides an expression for the 𝐶1/𝑇~𝜓̃1 relation  

 
−6𝐶1/𝑇+2(2+𝜈)𝜌out

3 −3(1+𝜈)𝜌out
2

6(𝜌out
2 −1)𝐶/𝑇+2(2+𝜈)(𝜌out−1)𝜌out

2 = 1 −
1

𝜓̃1
+√

1−𝜓̃1

𝜓̃1
3 tan

−1√
𝜓̃1

1−𝜓̃1
. (7.B5) 

We may also eliminate   in a different way, that is combining (7.B2) and (7.37) 

 𝜓̃1 =
4𝑇

𝐻2
[(1 −

1

𝜌out
2 )

𝐶1

𝑇
 +

2+𝜈

3
(𝜌out − 1)] [tan

−1√
𝜓̃1

1−𝜓̃1
]

2

. (7.B6) 

Equations (7.B5) and (7.B6) indicates that 𝐶1/𝑇  is a function of the combined 

parameter 𝒮 = 𝑇/𝑊0
2 and the geometrical parameter 𝜌out ( 1).  

7.C Finite pillar radius (NT) 

When the pillar radius is finite, we lose the condition of 𝜓̃(0) = 0 in (7.28). Instead, the 

integration of (7.26) in this case brings a constant term 

 
𝐹√(−𝛼)3

4𝜋
𝜂 = −√𝜓̃(1 − 𝜓̃) + 𝑡𝑎𝑛−1√

𝜓̃

1−𝜓̃
+ 𝐶pillar. (7.C1) 

However, this constant can be eliminated by considering the values of 𝜓̃ at 𝜌 = 𝜌in and 

𝜌 = 1,  

 
𝐹√(−𝛼)3

4𝜋
(1 − 𝜌in

2 ) = −√𝜓̃1(1 − 𝜓̃1) + √𝜓̃in(1 − 𝜓̃in) + tan
−1√

𝜓̃1

1−𝜓̃1
−

tan−1√
𝜓̃in

1−𝜓̃in
.  (7.C2) 
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The 𝐹√(− )3 can be related to the intermediate parameter 𝜓̃in by (7.26) and the condition 

of fixed displacement at the edge of the tip in (7.46), 

 
𝐹√(−𝛼)3

4𝜋
=
1+𝜈

2
𝜌in
−2√

𝜓̃in
3

1−𝜓̃in
.  (7.C3) 

Then (7.C2) can be written as  

 
1+𝜈

2
√

𝜓̃in
3

1−𝜓̃in
(
1

𝜌in
2  − 1) = −√𝜓̃1(1 − 𝜓̃1) + √𝜓̃in(1 − 𝜓̃in) + tan

−1√
𝜓̃1

1−𝜓̃1
−

tan−1√
𝜓̃in

1−𝜓̃in
.  (C4) 

The continuity of displacement at the edge of the tent, i.e. (7.33), still requires  

 − 𝑇
1+𝜈

2
(𝜌𝑜 − 1) =

𝐹(−𝛼)3/2

4𝜋
√
1−𝜓̃1

𝜓̃1
. (7.C5) 

By combining (7.C4), (7.C5), and (7.31) for the continuity of radial stress, we eliminate 𝐹 

and  : 

 
6𝜌in

2 (𝜌𝑜−1)

3(1+𝜈)𝜌𝑜+(1−𝜈)𝜌𝑜
3−2(2+𝜈)

= √
𝜓̃in
3 (1−𝜓̃1)

𝜓̃1
3(1−𝜓̃in)

 (7.C6) 

As we aim to relate to the size of the compression zone 𝜌𝑜 to the height of the tent 𝐻, the 

integration domain is from 𝜌in to 1 in (7.36) such that  

 𝑊0 =
−𝐹𝛼

4𝜋
∫

𝑑𝜓̃

𝜓̃𝜓̃′
=

2

√−𝛼
[tan−1√

𝜓̃1

1−𝜓̃1
− tan−1√

𝜓̃in

1−𝜓̃in
]

𝜓̃1

𝜓̃in
, (7.C7) 

where (7.26) was used for the analytical solution. Again, using (7.C7) and (7.31) can cancel 

out   and lead to 

 𝜓̃1 [tan
−1√

𝜓̃1

1−𝜓̃1
− tan−1√

𝜓̃in

1−𝜓̃in
]

−2

=
4𝑇

𝐻2
 (
1+𝜈

2
𝜌𝑜 +

1−𝜈

6
𝜌𝑜
3 −

2+𝜈

3
). (7.C8) 

Now, 𝜓̃in, 𝜓̃1, and 𝜌𝑜 can be analytically solved by (7.C4), (7.C6), and (7.C8) that only 

depend on two parameters – they are the size of the tip, 𝜌in, and the combined parameter, 

𝒮 = 𝑇/𝐻2. 
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7.D The composite parameter (FFT) 

Equation (7.54) is solved based on the continuity of the hoop and radial stresses. 

Particularly, in the unbuckled, supported domain [𝜌𝑏 , 𝜌𝑜], (7.19-7.21) hold; and at the inner 

boundary of this domain, the hoop stress is released to be zero, which leads to 

  𝜌𝑏 =
1−𝜈+√9+6𝜈−15𝜈2

4+8𝜈
𝜌𝑜,  (7.D1) 

and 

  
𝑁𝑟𝑟(𝜌𝑏)

𝐸2D
= 𝑇 (−

2+𝜈

3
𝜌𝑏 −

𝜈−1

6
𝜌𝑜
3𝜌𝑏

−2 +  
1+𝜈

2
𝜌𝑜). (7.D2) 

We highlight the fast and easy implementation of our analytical solutions in calculating 

how the extent of wrinkles in the suspended region and buckles in the supported region 

evolves. Essentially, 𝜓̃𝑤 = 0.6965  is an independent constant and the intermediate 

parameters 𝐶𝑤 and   can be eliminated by combining (7.57), (7.58), and (7.60) 

 2 ln 𝜌𝑤 + 2𝜈 +
1

𝜌𝑤
 
1−𝜌𝑤

1−𝜓̃𝑤
=
2𝜌𝑏

2 ln𝜌𝑏−𝜌𝑏
2+1+4𝐶𝑁 ln𝜌𝑏−4𝐶𝜈𝜌𝑏𝜌𝑜

𝜌𝑏
2−1+2𝐶𝑁

, (7.D3) 

or (7.57), (7.59), and (7.60) 

 
𝐻2

𝑇

2𝜓̃𝑤

𝜌𝑤(𝜌𝑏
2−1)+2𝐶𝑁𝜌𝑤

= (
1−𝜌𝑤

𝜌𝑤
 √

𝜓̃𝑤

1−𝜓̃𝑤
+ 2 𝑡𝑎𝑛−1√

𝜓̃𝑤

1−𝜓̃𝑤
)

2

, (7.D4) 

where the governing parameter 𝒮 = 𝑇/𝐻2 appears. 

7.E Finite pillar radius (FFT) 

In this case, the unwrinkled domain becomes 𝜌in ≤ 𝜌 ≤ 𝜌𝑤  where 𝜌in < 𝜌𝑤 . The 

integration of (7.26) over this domain gives 

 
𝐹√(−𝛼)3

4𝜋
𝜂 = −√𝜓̃(1 − 𝜓̃) + tan−1√

𝜓̃

(1−𝜓̃)
+ 𝐶pillar. (7.E1) 

We eliminate the integration constant by considering boundary values of 𝜓̃ at 𝜌 = 𝜌in and 

𝜌 = 𝜌𝑤,  

 
𝐹√(−𝛼)3

4𝜋
(𝜌𝑤
2 − 𝜌in

2 ) = −√𝜓̃𝑤(1 − 𝜓̃𝑤) + √𝜓̃in(1 − 𝜓̃in) + tan
−1√

𝜓̃𝑤

1−𝜓̃𝑤
−

tan−1√
𝜓̃in

1−𝜓̃in
.  (7.E2) 
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The condition of fixed displacement at the edge of the tip in (7.C3) holds. Plugging it into 

(7.E2) can give  

 
1+𝜈

2
√

𝜓̃in
3

1−𝜓̃in
(
𝜌𝑤
2

𝜌in
2  − 1) = −√𝜓̃𝑤(1 − 𝜓̃𝑤) + √𝜓̃in(1 − 𝜓̃in) + tan

−1√
𝜓̃𝑤

1−𝜓̃𝑤
−

tan−1√
𝜓̃in

1−𝜓̃in
,  (7.E3) 

and into the condition of zero hoop stress at 𝜌 = 𝜌𝑤, i.e. (7.48), leads to  

  (1 + 𝜈)𝜌in
−2√

𝜓̃in
3

1−𝜓̃in 
= 𝜌𝑤

−2√
𝜓̃𝑤
3

1−𝜓̃𝑤
. (7.E4) 

We note that (7.57), (7.58), and (7.60) still apply because they are based on the continuity 

conditions at 𝜌 = 𝜌𝑤 and 𝜌 = 1. However, to obtain the center height of the tent, (7.59) 

needs to change its integration domain,   

 𝐻 = 𝑊(𝜌𝑤) + ∫
−𝐹𝑑𝜌

2𝜋𝛷′

𝜌in
𝜌𝑤

= 𝐶𝑤(1 − 𝜌𝑤) +
2

√−𝛼
[tan−1√

𝜓̃𝑤

1−𝜓̃𝑤
−

tan−1√
𝜓̃in

1−𝜓̃in
].  (7.E5) 

As a result, the controlling equations discussed in Appendix 7.D are modified, 

 2 ln 𝜌𝑤 + 2𝜈 +
1

𝜌𝑤
 
1−𝜌𝑤

1−𝜓̃𝑤
=
2𝜌𝑏

2 ln𝜌𝑏−𝜌𝑏
2+1+4𝐶𝑁 ln𝜌𝑏−4𝐶𝜈𝜌𝑏𝜌𝑜

𝜌𝑏
2−1+2𝐶𝑁

, (7.E6) 

 
𝐻2

𝑇

2𝜓̃𝑤

𝜌𝑤(𝜌𝑏
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= (
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𝜌𝑤
 √

𝜓̃𝑤

1−𝜓̃𝑤
+ 2 tan−1√

𝜓̃𝑤

1−𝜓̃𝑤
− 2 tan−1√

𝜓̃in

1−𝜓̃in
)

2

. (7.E7) 

With the prescribed 𝜌in  and a given composite parameter 𝒮 , equations (7.E3), (7.E4), 

(7.E6), and (7.E7) complete the conditions to determine 𝜓̃in, 𝜓̃𝑤, 𝜌𝑤, and 𝜌𝑜. When the 

pillar has a finite radius, 𝜓̃𝑤 is not necessary to be a constant. 
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Chapter 8:  Epilogue 

In this dissertation, we have studied a series of problems associated with the 

mechanics of 2D material bubbles and tents. A particular feature of these problems arises 

from the lubricated 2D material interface that allows the sheet to slide on its supporting 

substrate when the load (a point force for the tent; a uniform pressure for the bubble) acts 

on the sheet. In this chapter, we summarize our findings and outlook future work. 
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8.1 CONCLUSIONS 

Chapter 1 introduced that 2D materials often occupy the 3rd dimension via the out-

of-plane deformation, particularly in research areas of functionalities and metrologies. 2D 

material bubbles and tents stand out as two commonly deformed configurations; they can 

be called by a unified name, 2D material blisters. We also reviewed experimental and 

theoretical understandings on the vdW interaction between the 2D material and its 

substrate; In brief, they are relatively strong in the normal direction but extremely weak in 

the tangential direction.   

In Chapter 2, we studied the governing equations and the boundary and matching 

conditions for a thin sheet with a sliding boundary under a transverse point load or pressure. 

The theoretical framework considered elastic instabilities of the thin sheet in tents and 

bubbles that have been observed in recent experiments yet remain poorly understood. Such 

instabilities take the form of wrinkling in regions where the sheet is suspended and the 

form of buckle delamination in regions where the sheet is in adhesive contact with a 

substrate. Such observations motivated us to consider three possible cases: the instability-

free base state, the state with wrinkling but without buckle delamination, and the state with 

both wrinkling and buckle delamination. This theoretical setting is built for 2D materials 

sticking to a substrate via vdW interactions and the physical concept may also apply for a 

range of ultrathin sheets if their edge cannot be constrained completely. For example, some 

larger-scale systems such as pulling of polymeric sheets from a liquid-lubricated solid 

surface follow the same physical idea.  

Numerical calculations on these problems have been the focus of Chapter 3. An 

interesting parameter, sliding number, is identified in both bubble and tent problems. The 

physical quantities, such as the effective stiffness and the extent of the stabilities, are found 

to depend on this composite number. We understand this number by how the membrane 
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tension competes for the edge constraint (i.e., interfacial shear traction) in each system. 

Particularly, when the constraint dominates (we call strong shear limit), a small sliding 

number is obtained – the system approaches the so-called clamped boundary conditions. 

When the membrane tension (scaling as the quadratic center deflection) is sufficiently large 

(we obtain weak shear limit naturally), the sheet-substrate interface would then behave like 

ultra-lubricated. For intermediated situations, we elucidated the dependency on the sliding 

number of the effective poking/bulging stiffness as well as the geometrical features of 

elastic instabilities (if happened).  

Chapter 4 presented a special case of bubbles when the center deflection is 

comparable to the sheet thickness that allows for direct measurements of the bending 

rigidity of the sheet. We studied multilayer graphene, molybdenum disulfide (MoS2), and 

hexagonal boron nitride (hBN). The transition from membrane to plate behaviors of the 2D 

multilayer was achieved by controlling the sample thickness and bubbling deflection. We 

extracted both bending rigidity and Young’s modulus of the sheet according to 

experimental results at bending- and stretching-dominated asymptotic regimes. 

Interestingly, the measured Young’s moduli agree with those reported in the literature: 

𝐸graphene   𝐸hBN  𝐸MoS but bending rigidity results show a completely reversed trend: 

𝐵MoS2
 𝐵hBN  𝐵graphene  for multilayers with comparable thickness. We attributed the 

abnormal bending behavior of 2D multilayers to the atomic shear/friction between layers 

that is missing in classical plate prediction.  

In Chapter 5, we move on to the shape characteristics of nanoscale bubbles and 

tents formed by 2D materials in experiments (the bending effect is negligible), which led 

to a simple power-law approximation. The approximation further enabled closed-form 

analytical solutions to the strain fields using classical membrane theories. The solutions 

were given under the strong and weak shear limits. A useful feature of the solutions for the 
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emerging strain engineering applications of 2D materials was that they drew a direct 

relation between the aspect ratio and the strain fields in the 2D material bubbles and tents. 

Both numerical and Raman characterizations have confirmed the decent accuracy of our 

analytical solutions. Though these analytical results failed to capture the wrinkling 

instabilities at the tent or bubble edges, we suggest that they may provide good 

approximations for the radial strains as well as hoop strains in areas far away from the 

wrinkling region. This could be explained by the fact that the release of the compression 

by wrinkling would not cause significant perturbation to the system. Caution, however, 

must be exercised when buckling delamination occurs in the supported region as it could 

ruin the analytical solutions obtained in this chapter. 

The aspect ratio of bubbles has been extensively reported to be constant if the 

bubbles were formed spontaneously during the transfer process and filled with liquids. 

Chapter 6 explained these observations through the concept of elasto-capillarity. We 

showed that the liquid-filled bubbles form as a result of competition between the elastic 

energy of the deformed 2D material, the interfacial energy associated with van der Waals 

interactions and surface tension of the liquid contents. Taking advantage of analytical 

approximations derived in Chapter 5, we reported an analytical relation between the bubble 

aspect ratio and the mechanical and surface properties of the system; similar results were 

also derived for tents. The analytical relation was verified by more rigorous solutions to 

the governing equations and by molecular dynamics simulations on water-filled graphene 

systems. We then applied this relation to estimate the adhesion energy for more than ten 

2D materials interfaces, many of which have never been obtained before. 

The last chapter focused on buckle delamination around 2D material tents. We 

showed how the buckle shape relates to the material properties and the interface adhesion 

properties as well as how the buckle profile varies with the radial position. An important 
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finding in this chapter came from the exact analytical solutions to the tent problems with 

the consideration of edge slippage. Parametrical studies were performed for cases as simple 

as tents subjected to a point load at the center, zero shear traction at the interface, and zero 

pretension on the periphery all the way to tents with finite pillar size, finite pretension as 

well as finite flake size. In addition, two types of modeling accounting for none and 

complete compression relaxation were presented. We identified several governing 

parameters that may also lead to future works discussed as follows: the sliding number, the 

indenter/tip size, the pretension number.  

8.2 FUTURE WORK 

Measuring the mechanical behavior of 2D materials. In Chapter 3, we concluded 

that it remains a grand challenge to measure the pretension and in-plane stiffness for an 

atomically thin sheet so far. The reason comes from: in poking tests, the consideration of 

edge slippage, pretension, and indenter shape and size would render simple analytical 

formulae such as (3.1) elusive and the interpretation of experimental data highly 

challenging. However, the erroneous expression (3.1) has been widely applied and 

propagated in the literature; In the bulge test, the pressure cannot be fine controlled at small 

deflections – the regimes where pretension in the thin sheet is more likely to be detected. 

Recent work by (Vella and Davidovitch, 2017) proposed a methodology through poking 

bulged thin sheets. The advantage of this method is that the pretension effect would be 

tuned by the applied pressure, and the contact stiffness of a shallow poking can give rise to 

the more accurate extraction of the pretension and in-plane stiffness. The realization of 

such methodology needs verifications. We suggest three controlling parameters that need 

to be verified along with the technique outlined in Chapter 2: the sliding number 𝒮 =

𝐻2/𝑇 , the pretension number 𝒯 = 𝑇pre/𝐻
2 , and the size effect of the indenter 𝜌in =
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𝑅in/𝑅. In particular, it is possible to test whether the regime of 𝒮 ≪ 1, 𝒯 ≫ 1, 𝜌in ≪ 1 

exists in experiments so that the pretension in the thin sheet could be extracted without the 

influence of the pressure-induced tension; Similarly, the existence of the regime of 𝒮 ≪

1, 𝒯 ≪ 1, 𝜌in ≪ 1 can allow the in-plane stiffness of the thin sheet to be extracted without 

fitting deep indentation force-depth curves that span two asymptotic regimes.  

2D material wrinkling instabilities. In Chapter 3, we have shown the maximum 

radial size of the wrinkling zone for tents (~0.5𝑅) and bubbles (~0.15𝑅), as shown in 

Figure 8.1. The detailed evolution of the extent of the wrinkling zone brings an additional 

means for the mechanics metrology of thin sheets. For example, the onset of the wrinkling 

is extremely sensitive to the Poisson’s ratio of the thin sheet, which might be beneficial to 

future measurement on thin-film Poisson’s ratio. Besides, the dependency of the instability 

extent on the sliding number may lead to quantitative information regarding the interfacial 

shear tractions of the 2D material-substrate interfaces. Finally, we have neglected bending 

rigidity of the thin sheet and adopted the tension field theory to describe the stress state in 

the wrinkling zone; However, the local features such as the wavelength and the number of 

wrinkles would need the considerations of the sub-dominant bending effect. It would be 

interesting to answer the question of what sets the local geometrical feature of wrinkles in 

the poking and bulging problem in a future study. 
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Figure 8.1: AFM amplitude images of a spontaneous multilayer graphene tent (a, 

courtesy of Daniel Sanchez) and a gas-pressurized bilayer graphene bubble 

(b, courtesy of Guorui Wang).1 (c) Schematics for case II of the tent problem 

(top panel) and the bubble problem (bottom panel) when the sheet is allowed 

to slide over its supporting substrate and wrinkling forms. (d) The dependency 

of the extent of the wrinkling zone on the sliding number from bubbles and 

tents. 

 

                                                 
1 These two images are also adapted for the Graphic illustration in Phys. Rev. Lett. 121, 266101 (2018) 

https://journals.aps.org/prl/issues/121/26.  
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8.3 DISCUSSION 

The relatively simple framework of the theory for substrate-supported 2D materials 

has allowed the exploration of some of the key mechanical behaviors of 2D material blister 

systems. However, our analysis neglects some important aspects of interface mechanics.   

The plane-stress state. We assumed that the unbuckled sheet in the supported region 

remains flat so that the plane stress analysis with a body force was adopted. This 

assumption may approximate well when the blister is formed between a 2D material sheet 

and a 2D materials substrate where the resulted interface is atomically flat. However, when 

the 2D material is supported by a regular substrate (e.g., SiO2), the effect of the substrate 

roughness needs to be considered. Such effect on the effective poking or bulging stiffness 

of the sheet may be negligible since the sliding number in these systems is relatively small 

(the systems are close to being clamped); the size of the sliding zone may be influenced by 

the substrate roughness in a nontrivial manner. This also brings an interesting question of 

how the substrate roughness tunes the tangential properties and behavior of 2D material-

substrate interfaces.  

Tension field theory (TFT). We adopted TFT to describe the buckled sheet in the 

supported region, such as vanishing hoop stress and negligible bending energy. However, 

these conclusions are derived based on ultrathin freestanding wrinkled sheets according to 

an energetically-based analysis. It is unclear whether the compressive stress is allowed (or 

not completely released) in the supported buckled sheet, particularly under the 

circumstances that the radial buckled delamination is asymmetric and an additional length 

scale appears about the spacing of these buckles. Recently, Davidovitch et al., reported a 

relevant problem where a circular sheet with an outer traction-free edge conforms onto a 

rigid sphere through a linear Winkler foundation (so-called inverted TFT) (Davidovitch et 

al., 2011). The task of extending this concept to our problems is challenging due to the 
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asymmetric nature of these buckles and the consideration of interfacial friction. In addition, 

we assumed the hoop stress continuity at the outer buckling tip for simplicity while the 

sheet-substrate adhesion may allow a jump of the hoop stress. The detailed value may be 

evaluated by considering the energy release rate of the system; a 1D case has been studied 

in the literature (Vella et al. 2009).  

Traction-separation (TS) laws. We have used the simplest tangential traction-

separation law where the traction remains a constant. Apparently, our conclusions will be 

modified if a different TS law is adopted. A number of interesting subtleties may be 

introduced and further discussed, such as the rate-dependency and the small-scale 

characteristics at 2D-2D interfaces. Notably, we still expect the existence of a strong- and 

a weak-shear limit. Besides, blisters are inherently mixed mode with both normal and shear 

tractions at the interface (Cao, 2015; Cao et al., 2015, 2016; Cao et al., 2014; Liechti, 2019). 

For example, by varying the thickness of the backing layer in their bulge tests, Cao et al. 

showed that the interfacial toughness between graphene and substrates had a strong 

dependence on the fracture mode-mix (Cao, 2015; Cao et al., 2015, 2016; Cao et al., 2014). 

However, this important feature has been neglected in this dissertation. In bubbles and tents 

formed by ultrathin 2D materials, from the point of view of intermolecular interactions, the 

normal interfacial separation should further weaken the tangential shear resistance, leading 

to a larger sliding number or more significant interfacial sliding when the coupling is 

considered. However, it is unclear how the shear sliding modifies the normal interfacial 

traction and further affect the interfacial adherence. In-depth studies are needed to improve 

our understanding of the mode-mix of the atomic-level interfaces between 2D materials 

and their substrates. 
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