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 A B S T R A C T

Multilayer laminated films, consisting of alternating stiff and soft layers, are widely used in 
flexible electronics and photonics. The extreme modulus mismatch between these layers can 
induce shear-lag effects, leading to mechanical behavior distinct from conventional Euler–
Bernoulli beam theory. Compared to three-point bending, wrinkling on a soft substrate is an 
easier-to-implement approach for probing the elasticity of ultrathin films. In this work, we 
introduce a wrinkle-based metrology for directly measuring the equivalent flexural rigidity of 
laminated beams with shear-lag. An analytical framework is developed, demonstrating good 
agreement with experimental results. We systematically investigate the effects of the number of 
layers and layer properties within the film, and substrate modulus. Additionally, we propose a 
criterion to determine when the wrinkle-based metrology is more suitable than the traditional 
three-point bending test.

. Introduction

Flexible electronics have revolutionized a wide array of applications, including flexible displays (Zhao et al., 2022), flexible 
ensors (Luo et al., 2023) and actuators (Hui et al., 2023), wearable and implantable electronics (Sunwoo et al., 2021; Liu et al., 
022; Song et al., 2019), bio-mimetic electronic skins (Yang et al., 2019), bionic eyes (Lee et al., 2018), energy harvesting and 
torage devices (Vallem et al., 2021; He et al., 2024), and soft photonics (Geiger et al., 2020). Multilayer structures with alternating 
tiff functional layers and soft electrically insulating or mechanically isolating layers are widely adopted in numerous devices, 
ncluding flexible neural interfaces (Le Floch et al., 2024), flexible battery arrays (Li et al., 2022), flexible photonics (Li et al., 
014), and flexible energy harvester (Su et al., 2015). Achieving low bending stiffness 𝐾 or flexural rigidity 𝐷 is a key objective 
n the development of flexible electronics. In this article, we differentiate the two as follows. 𝐾 is the ratio of applied force to 
aximum deflection, which is a global structural property that depends on the loading condition, the types of supports, and the 
ength of the beam. 𝐷 is the ratio of internal moment to curvature, which is only dependent on cross-sectional properties in classic 
eam theory. Reduced flexural rigidity enhances the conformability of these devices (Wang and Lu, 2016; Li et al., 2024), improving 
heir ability to maintain intimate contact with target surfaces. For wearable electronics, an increase in conformability can lead to 
igher signal-to-noise ratios in epidermal electrophysiological sensors and improve thermal efficiency in wearable heaters (Jang 
t al., 2022; Mazzotta et al., 2021). For implantable devices, minimizing flexural rigidity reduces the mechanical mismatch between 
evices and human tissue, reducing immune responses, and promoting long-term stability of the devices (Le Floch et al., 2024).
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Euler–Bernoulli beam theory has been widely used to calculate the flexural rigidity of multilayered devices (Le Floch et al., 
2024; Uzun et al., 2016; Kim et al., 2010). However, when there is orders of magnitude modulus mismatch between the soft and 
stiff layers, shear-lag effects kick in, leading to mechanical behavior that deviates from Euler–Bernoulli predictions (Li et al., 2014, 
2016; Wang et al., 2024a). In general, shear-lag refers to cases where increased shear deformability leads to higher compliance 
of materials or structures under tension or bending, as observed in wide-flange beams, fiber-reinforced composites, and nacre-like 
materials (Reissner, 1946; Cox, 1952; Gao and Li, 2005). In multilayer laminated beams with extreme modulus mismatch, the soft 
layers undergo significant shear deformation, reducing axial membrane strains in the stiff layers and resulting in a lower overall 
effective flexural rigidity. Past shear-lag models for multilayer beams focused on estimating the strain in the stiff layers. Li et al. 
(2014) pioneered the exploration of shear-lag effects in flexible photonics, introducing the concept ’split of the neutral axis’ after 
discovering that an SU8-silicone-polyimide laminate had two mechanical neutral axes. They proposed an analytical method based 
on force balance, using one fitting parameter derived from finite element analysis (FEA). This discovery was later validated by Lee 
et al. (2019) using digital image correlation to measure the full-field deformation of multilayer laminated beams. Shi et al. (2014) 
proposed an energy-based analytical framework without any fitting parameters. Su et al. (2015) were the first to propose that the 
soft layers in multilayer laminated beams act as shear-lags, incorporating the shear energy of the soft layers into their analysis. 
Their framework has since been successfully applied to other deformation modes and device configurations (Li et al., 2017, 2022, 
2016). Recently, we expanded Su et al.’s theory (Su et al., 2015) to account for arbitrary layer numbers under various loading 
conditions (Wang et al., 2024a). We identified a dimensionless shear-lag number that quantifies the deviation of shear-lag theory 
from Euler–Bernoulli beam theory. Notably, similar analytical frameworks have also been proposed for 2D materials and nacre-like 
composites (Huang et al., 2023; Liu et al.; Chen et al., 2023).

Although our model (Wang et al., 2024a) offers analytical solutions for computing the flexural rigidity of multilayered beams, 
experimental measurement of flexural rigidity remains a challenge for highly compliant flexible electronics. Three-point bending 
tests are the standard method for measuring beam flexural rigidity (Standard and Iso, 2019; Standard, 1997). However, many 
flexible electronics are ultrathin or extremely compliant and cannot self-support (Fig.  1), causing problems both in the execution 
of these tests and in the interpretation of the results, as will be discussed in the Discussion section of this paper. Many methods 
that have been developed to characterize the elastic modulus of thin films can be adapted to measure flexural rigidity, as long 
as bending is the primary mode of deformation during testing. For example, the drumhead indentation test (Maner et al., 2004; 
Begley and Mackin, 2004), widely used to characterize thin films including 2D materials, involves indenting the center of a thin 
film suspended over a circular hole. This method demands careful sample preparation and a high-resolution load cell. Additionally, 
data analysis can be complex due to the presence of membrane forces and potential sliding at the boundaries (Rao and Lu, 2024). 
Similarly, the bulge test is a common method for measuring the elastic properties of thin films by applying uniform pressure to 
induce deflection in a suspended film (Vlassak and Nix, 1992; Xiang et al., 2005; Beams, 1959). It provides rich information, 
including modulus, Poisson’s ratio, residual stresses and material hardening, but the control of loading and interpretation of data 
can be complex (Hemker and Sharpe Jr., 2007). Other methods, including micro-scale cantilever tests (Haque and Saif, 2003) and 
vibrational methods (Whiting and Angadi, 1990), also require specific equipment. Recently, several elastocapillary-based methods 
have been proposed that eliminate the need for micro-loading apparatus, but they either require repetitive experiments or are not 
directly suitable for measuring flexural rigidity (Bae et al., 2015; Wang et al., 2024b).

Compared to the methods mentioned above, thin film wrinkling on soft substrates stands out as a promising alternative approach 
to determine thin film flexural rigidity due to its simplicity to implement and straightforward data processing (Chung et al., 2011; 
Stafford et al., 2004). In a wrinkle test, a thin film bonded to a soft substrate forms a periodic wrinkle pattern under compression, 
with the wavelength and amplitude of the wrinkles related to the film’s elasticity. Although commonly used to determine the 
elastic modulus, the wrinkling wavelength is governed by the minimization of bending energy in the film and elastic energy in the 
substrate, thereby reflecting the bending properties. Thin film wrinkling on soft substrates has been extensively studied analytically, 
numerically, and experimentally (Huang et al., 2005; Groenewold, 2001; Song et al., 2008), but the wrinkling behavior of laminated 
films with shear-lag effects remains unexplored. In this work, we integrate our analytical framework developed previously for 
laminated beams with shear-lag effects subjected to bending (Wang et al., 2024a) with the classic wrinkling theory (Groenewold, 
2001; Huang et al., 2005) to unveil the wrinkle of laminated beams with shear-lag effects. An equivalent flexural rigidity is defined 
and related to the wavelength of the wrinkle. Experimental results are presented to validate our theoretical predictions. Although 
motivated by flexible electronics, the theoretical framework and metrology platform presented may also find applications in a 
wide range of layered nanomaterials, composites, and structural systems that exhibit large modulus mismatch or weak interfacial 
bonding between layers with slight modifications. Representative examples include multilayer 2D materials (Chen et al., 2019), 2D 
superlattice structures (Zhang et al., 2022; Xiong et al., 2020), and nacre-inspired composites (Zhao et al., 2018).

The remainder of the paper is organized as follows. Section 2 is the Methods section that outlines the experimental procedure 
and theoretical framework. Section 3 presents the results of the wrinkle analysis of laminated beams with shear-lag, including a 
systematic parameter study. Section 4 discusses the relative contributions of different energies, compares shear-lag theory with 
other beam theories, and contrasts the wrinkling method with the traditional three-point bending test. Finally, Section 5 provides 
concluding remarks.

2. Method

2.1. Experimental methods

2.1.1. Sample preparation
The fabrication process of the multi-layer structure is executed in accordance with the sequential procedure depicted in the upper 

half of Fig.  2A:
2 



Z. Wang et al. Journal of the Mechanics and Physics of Solids 202 (2025) 106172 
Fig. 1. (A) An SU-8/Silicone/Polyimide(PI) multilayer with embedded glass photonics buckles under compression. (B) (i) A 9-μm-thin dummy soft neural probe 
made of perfluoropolyether-dimethacrylate (PFPE-DMA) is unable to self-support and sags when placed on a simple support. (ii) A 9-μm-thin, 500-μm-wide soft 
PFPE-DMA neural probe embedded with a 140-nm-thin Au layer in the middle wrapping around a 1-mm-diameter glass tube due to self-weight and capillary 
forces (Le Floch et al., 2024). (iii) A 9-μm-thin SU-8-based neural probes embedded with a 140-nm-thin Au layer in the middle does not wrap around a 
1-mm-diameter glass despite self-weight and capillary forces (Le Floch et al., 2024).

(1) A 4-inch silicon wafer is cleaned by immersing it in acetone with ultrasound for 5 min, followed by immersion in isopropanol 
with ultrasound for an additional 5 min, and then blown dry. A dextran sacrificial layer with a concentration of 10 wt% is uniformly 
applied onto the meticulously cleaned silicon wafer through spin-coating. The initial spin-coating rotational speed is set at 500 
rpm/min for a duration of 5 s, followed by a subsequent speed of 4000 rpm/min sustained for 30 s. The treated wafer is subsequently 
subjected to thermal treatment on a hotplate maintained at 90 ◦C for a duration of 1 h.

(2) SU-8 2002 is spin-coated onto the treated wafer with a rotational speed of 500 rpm for 5 s, followed by a speed of 3000 rpm 
for 30 s. The wafer is then exposed to thermal treatment on a hotplate set at 180 ◦C for a duration of 1 h.

(3) A polydimethylsiloxane (PDMS) mixture, prepared in a base-agent ratio of 10:1, is subjected to spin-coating onto the wafer at 
a rotational speed of 500 rpm for a duration of 10 s. Subsequently, the wafer is exposed to varying spin-coating speeds for 5 min to 
obtain different PDMS thickness, as shown in Fig.  2D. Following this, the wafer undergoes a thermal treatment on a hotplate set at 
150 ◦C for a duration of 1 h. To achieve a thickness of the PDMS below 1 μm, hexane is introduced into the PDMS mixture in various 
mass ratios, as elucidated in Fig.  2E. The hexane/PDMS mixture is then gently applied onto the wafer through spin-coating, with 
a spin-coating speed of 500 rpm for 10 s and subsequently employing differing spin-coating speeds for 1 min, tailored to produce 
varying thicknesses.

(4) A layer of 10 nm gold (Au) is deposited onto the wafer through electron beam evaporation (Denton e-beam evaporator) at 
1 × 10−6 Torr to protect the PDMS from swelling by organic solvent in subsequent steps.

(5) The procedure in step (2) is performed iteratively to sequentially coat an additional layer of SU-8.
Following the manufacturing process, the wafer is sectioned into samples measuring 10 mm × 5 mm, to be reserved for later use. 

The aforementioned thermal treatments entail an elevation in temperature from room temperature to the specified set temperature, 
followed by a 1-hour dwelling period at the set temperature, and ultimately a gradual reduction in temperature to return to room 
temperature.

For the PDMS thickness test shown in Fig.  2D and E, PDMS (10: 1) is spin coated at different speeds or mixed with hexane in 
various ratios and then spin coated at a constant speed of 6000 rpm.

2.1.2. Microwrinkle formation
A VHB substrate with an aspect ratio of 5:1 with an initial length 𝐿 is first affixed onto a stretcher and stretched to a length 

of 𝐿 + 𝛥𝐿. It is observed that the resultant wavelength is insensitive to 𝛥𝐿∕𝐿, provided it exceeds the critical strain, in agreement 
with classical wrinkle theories (Huang et al., 2005; Groenewold, 2001). Subsequently, the specimen prepared in Section 2.1.1 is 
immersed in deionized water for a duration of 20 min. The dextran layer will dissolve in D.I. water so that the SU-8/PDMS/Au/SU-8 
laminated film will be released from the substrate. The detached free-standing multi-layer film is then picked up by cleaned glass 
slide and transferred onto the center of the pre-strained VHB tape (Fig.  2B(i)). Subsequently, the VHB tape is disengaged from the 
stretcher, releasing the strain in the substrate and inducing the formation of microwrinkles (Fig.  2B(ii)).
3 
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Fig. 2. (A) Schematic illustration of the fabrication and wrinkling procedures of the multilayer laminated beam. (B) The multilayer beam on VHB tape is (i) flat 
when the VHB tape is stretched and (ii) wrinkled when the stretch in the VHB tape is released. (C) A representative optical micrograph and the height profile 
of a wrinkled laminated beam. PDMS thickness as a function of (D) spin-coating speed for undiluted PDMS and (E) hexane/PDMS mass ratio at a spin-coating 
speed of 6000 rpm.

2.1.3. Characterization
The thickness of PDMS and the microwrinkle profiles (Fig.  2C) are characterized by a DektakXT contact profilometer with 1–3 mg 

stylus force. The optical images are taken by an Olympus BX51M optical microscope.

2.2. Analytical model

In this work, we consider a laminated beam with 𝑁 + 1 stiff layers and 𝑁 soft layers stacked alternatively (Fig.  3A(i)). The 𝑖th 
layer has a Young’s modulus of 𝐸i, a Poisson’s ratio of 𝜈i, and a height of ℎi. The beam is bounded to a semi-infinite incompressible 
substrate with modulus 𝐸s. Specifically, the contribution of the gold layer to the mechanical behavior of the laminated film in 
experiment is negligible, as it is three orders of magnitude thinner than the adjacent SU-8 layer but only one order of magnitude 
stiffer. Therefore, the SU-8/PDMS/Au/SU-8 structure is effectively treated as a trilayer system of SU-8/PDMS/SU-8 in this work, 
representing the simplest configuration of laminated films. When subjected to compression, the film wrinkles into a sinusoidal shape 
with wavelength 𝜆 and amplitude 𝐴 (Fig.  3A(ii)). In this section, we first follow the framework by Groenewold (Groenewold, 2001) 
to develop a general framework to determine the wavelength and critical strain of the wrinkling using an energy approach. We then 
discuss various beam theories and their solution for the wrinkling problem.

2.2.1. General framework for wrinkling
The deflection of the wrinkled beam is characterized by a sinusoidal function as: 

𝑤 = 𝐴 cos (𝑘𝑥), (1)

where 𝑤 is the displacement in 𝑦 direction, 𝐴 is the amplitude of the wrinkle, 𝑘 = 2𝜋∕𝜆 is the wave number. In this work, we 
assume small deflection, i.e., 𝐴 ≪ 𝜆 and that the average membrane strain in the beam is zero (Groenewold, 2001). As a result, the 
4 
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Fig. 3. (A) Schematic of a multilayer laminated film with extreme modulus mismatch, where red represents the stiff layers and blue represents the soft layers. 
The 𝑖th layer has a Young’s modulus of 𝐸𝑖, a Poisson’s ratio of 𝜈𝑖, and a height of ℎ𝑖. (i) The undeformed, stress-free configuration. (ii) The wrinkled configuration 
with wavelength 𝜆 and amplitude 𝐴 on a semi-infinite soft substrate. 𝑤 is the out-of-plane displacement (B) Deformed shapes of the black dash box in A(i), 
showing the cross-sections corresponding to different beam theories: (i) Euler–Bernoulli beam theory (EBT), (ii) Timoshenko beam theory (TBT), (iii) modified 
Timoshenko beam theory (MTBT), and (iv) Shear-lag theory.

amplitude 𝐴 can be written as a function of compressive strain of the beam before wrinkle 𝜖0 and the wavelength 𝜆: 

𝐴 =
2
√

𝜖0
𝑘

. (2)

The curvature of the wrinkled beam 𝜅 under small deflection is: 
𝜅 = 𝑤′′ = −𝑘2𝐴 cos (𝑘𝑥) = −2

√

𝜖0𝑘 cos(𝑘𝑥). (3)

The elastic energy of the semi-infinite incompressible substrate due to wrinkling is: 

𝑈sub = 1
6
𝐸s𝑘𝐴

2 =
2𝐸s𝜖0
3𝑘

. (4)

Let 𝑈wrinkle
beam (𝜖0, 𝑘) denote the elastic energy of the wrinkled beam per unit length. Its specific form depends on the beam theory 

adopted and will be discussed in the following sections. The total energy of the system is: 
𝑈tot = 𝑈sub + 𝑈wrinkle

beam . (5)

The wave number 𝑘 is determined by minimizing 𝑈tot, which is determined by the following implicit equation: 
𝜕𝑈tot

(

𝑘, 𝜖0
)

𝜕𝑘
= −

2𝐸s𝜖0
3𝑘2

+
𝜕𝑈wrinkle

beam
𝜕𝑘

= 0. (6)

To solve for the critical compressive strain to induce wrinkle, we compare the total energy of the wrinkled system to the 
compressive energy of the beam without wrinkling. Let 𝑈min

tot (𝜖0) be the minimized total energy in Eq. (5) for a given 𝜖0. The 
compressive energy of the beam without wrinkling is written as 𝑈cprs(𝜖0) = 1

2𝐸𝐴𝜖20 , where 𝐸𝐴 =
∑

𝐸iℎi is the axial stiffness of the 
beam under plane strain condition, and 𝐸𝑖 =

1
1−𝜈2𝑖

𝐸𝑖 is the plane strain modulus of the layer 𝑖. The critical strain 𝜖𝑐 is determined 
implicitly through the following equation: 

𝑈cprs(𝜖𝑐 ) = 𝑈min
tot (𝜖𝑐 ). (7)

2.2.2. Wrinkling of Euler–Bernoulli beam
As shown in Fig.  3B(i), the classic Euler–Bernoulli beam theory is based on two kinematic assumptions: (1) the cross section of 

the beam remains planar after bending, and (2) the cross section of the beam remains perpendicular to the deformed axis of the 
5 
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beam. In small deflection, the second assumption is equivalent to prescribing the rotation angle of the cross-section 𝜃 as: 
𝜃 = 𝑤′. (8)

The bending energy per unit area can be written as a function of curvature 𝜅 and flexural rigidity 𝐸𝐼 as: 

𝑈wrinkle
beam = 1

𝜆 ∫

𝜆

0

1
2
𝐸𝐼𝜅2𝑑𝑥 = 𝜖0𝐸𝐼𝑘2. (9)

𝐸𝐼 =
∑𝑖=2𝑁+1

𝑖=1 𝐸𝐼 i+
∑𝑖=2𝑁+1

𝑖=1 𝐸𝐴i𝑦2i  is a function of elastic modulus and thickness of each layer, where 𝐸𝐼 i =
1
12

𝐸i
1−𝜈2i

ℎ3i , 𝐸𝐴i =
𝐸i

1−𝜈2i
ℎi, 

and 𝑦𝑖 is the 𝑦 coordinate of the 𝑖th layer.
Substituting Eq.  (9) into Eqs. (6) and (7), we can solve for the equilibrium wavelength 𝜆EB and the critical compressive strain 

𝜖EBc  for Euler–Bernoulli beams: 

𝜆EB = 2𝜋
(

3𝐸𝐼
𝐸𝑠

)1∕3

(10)

𝜖EBc =
(3𝐸𝐼)1∕3𝐸2∕3

𝑠

𝐸𝐴
(11)

Specifically, for a homogeneous beam where 𝐸1 = 𝐸2 = ⋯ = 𝐸2𝑁+1, 𝜈1 = 𝜈2 = ⋯ = 𝜈2𝑁+1, we have 𝐸𝐼 = 1
12

𝐸1
1−𝜈21

ℎ3, 
𝐸𝐴 = 1

1−𝜈21
𝐸1ℎ, where ℎ =

∑2𝑁+1
𝑖=1 ℎ𝑖 is the total thickness of the beam, and the above equation reduces to the classical wrinkle 

theory: 

𝜆 = 2𝜋ℎ

(

𝐸1
4𝐸𝑠

)1∕3

(12)

𝜖c =
1
4

(

4𝐸𝑠

𝐸1

)2∕3

(13)

2.2.3. Wrinkling of Timoshenko beam
Timoshenko beam theory (TBT) is widely used for short beams or beams under dynamic loading. It retains the first kinematic 

assumption in Euler–Bernoulli beam theory but relaxes the constraint on the cross section rotation by considering the shear 
deformation in the beam (Fig.  3B(ii)). When the deflection 𝑤 is given, the rotation angle 𝜃 can be solved through the following 
equation: 

d𝑤
d𝑥 = 𝜃 − 𝐸𝐼

𝛼𝐺ℎ
d2𝜃
d𝑥2

(14)

where ℎ is the total thickness of the beam, 𝐺 is the effective shear modulus of the laminated beam, and 𝛼 is the geometry dependent 
Timoshenko shear coefficient. The values of 𝐺 and 𝛼 for laminated composite can be found in the work by Qin et al. (2020). Plugging 
in Eq. (1), we can solve the rotation angle 𝜃 to be: 

𝜃 = −
2
√

𝜖0
1 + 𝛽TBT𝑘2

sin 𝑘𝑥, 𝛽TBT = 𝐸𝐼
𝛼𝐺ℎ

(15)

The elastic energy of beam per unit area is calculated as: 

𝑈wrinkle
beam = 1

𝜆 ∫

𝜆

0

[

1
2
𝐸𝐼

(

d𝜃
d𝑥

)2
+ 𝛼𝐺ℎ

2

(

𝜃 − d𝑤
d𝑥

)2
]

𝑑𝑥

= 𝜖0𝐸𝐼 𝑘2

1 + 𝛽TBT𝑘2

(16)

The wave number and the critical strain can be solved numerically by plugging Eq. (16) into Eqs. (6), (7).

2.2.4. Wrinkling of modified Timoshenko beam
Qin et al. (2020) proposed a modified Timoshenko beam theory (MTBT) for multilayer 2D materials and laminated materials, 

where the Timoshenko beam theory tends to overestimate the flexural rigidity and can predict unphysical deformation under certain 
loading conditions. In this section, we give a brief recaption of MTBT and apply it to the wrinkle problem. MTBT maintains the 
kinematic assumption of TBT in an average sense and also uses the rotation of the cross section 𝜃 and the deflection 𝑤 to describe 
the deformation of the beam (Fig.  3B(iii)). Locally, it assumes that each stiff layer still follows the Euler–Bernoulli beam theory, 
which is equivalent to assuming a zigzag cross-sectional shape after deformation. In MTBT, the flexural rigidity is split into two 
parts 𝐸𝐼0 and 𝐸𝐼b: 

𝐸𝐼b =
𝑖=2𝑁+1
∑

𝐸𝐼 i, 𝐸𝐼0 = 𝐸𝐼 − 𝐸𝐼b, (17)

𝑖=1

6 
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where 𝐸𝐼0 is the sum of flexural rigidity of stiff layers, and 𝐸𝐼b is the remainder of total flexural rigidity predicted by Euler–Bernoulli 
beam theory. The governing equation for 𝜃 is: 

d𝑤
d𝑥 = 𝜃 −

𝐸𝐼0
𝛼𝐺ℎ

d2𝜃
d𝑥2

, (18)

where 𝐺 and 𝛼 are the same effective shear modulus of laminated beam and the Timoshenko shear coefficient as in Timoshenko 
beam theory. Plugging in Eq. (1), we can solve the rotation angle to be: 

𝜃 = −
2
√

𝜖0
1 + 𝛽MTBT𝑘2

sin 𝑘𝑥, 𝛽MTBT =
𝐸𝐼0
𝛼𝐺ℎ

. (19)

The elastic energy of the film per unit area is 

𝑈bend = 1
𝜆 ∫

𝜆

0

[

1
2
𝐸𝐼𝑏

(

d2𝑤
d𝑥2

)2

+ 1
2
𝐸𝐼0

(

d𝜃
d𝑥

)2
+ 𝛼𝐺ℎ

2

(

𝜃 − d𝑤
d𝑥

)2
]

𝑑𝑥

= 𝜖0

[

𝐸𝐼b𝑘
2 + 𝐸𝐼0

𝑘2

1 + 𝛽MTBT𝑘2

]

(20)

The wave number and the critical strain can be solved numerically by plugging Eq. (20) into Eqs. (6), (7).

2.2.5. Wrinkling of beam with shear-lag
In shear-lag theory, both kinematic assumptions in Euler–Bernoulli beam theory are dropped and the cross section can deform 

into any zig-zag shape that minimizes the elastic energy (Fig.  3B(iv)). The deformation must be described by deflection 𝑤 and axial 
displacement in each stiff layer 𝑢2𝑘−1. The membrane strain in each stiff layer is 𝜖2𝑘−1 = d𝑢2𝑘−1

d𝑥 . Our previous work established the 
relationship between the shear strain in the soft layers 𝛾2𝑘 and the axial displacements in the stiff layers for large deflection. In this 
work, we use a linearized form: 

𝛾2𝑘 = 1
ℎ2𝑘

[

𝑢2𝑘−1 − 𝑢2𝑘+1 + (ℎ2𝑘 + ℎ2𝑘−1∕2 + ℎ2𝑘+1∕2)
d𝑤
d𝑥

]

(21)

The total elastic energy in the beam can be written as: 

𝑈beam =
𝑁+1
∑

𝑘=1

1
𝜆 ∫

𝜆

0

1
2
𝐸𝐼2𝑘−1𝜅

2𝑑𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑈bendbeam

+
𝑁+1
∑

𝑘=1

1
𝜆 ∫

𝜆

0

1
2
𝐸𝐴2𝑘−1𝜖

2
2𝑘−1𝑑𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑈 stretchbeam

+
𝑁
∑

𝑘=1

1
𝜆 ∫

𝜆

0

1
2
𝐺2𝑘ℎ2𝑘𝛾

2
2𝑘𝑑𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑈 shearbeam

(22)

where 𝑈bend
beam represents the bending energy in the stiff layers, 𝑈 stretch

beam  represents the stretching energy in the stiff layers, and 𝑈 shear
beam

represents the shear energy in the soft layers. The stretching energy and bending energy in the soft layers are neglected due to 
the extreme modulus mismatch. For a more general case where the stiff and soft layers do not stack alternatively, the adjacent stiff 
layers can be considered a single stiff layer described by the composite Euler–Bernoulli beam, while additional kinematic assumption 
and energy analysis needs to be made to derive an equivalent shear modulus for adjacent soft layers. The governing equation and 
the boundary condition for 𝑢2𝑘−1 is obtained by taking variation of 𝑈beam with respect to 𝑢2𝑘−1 and implementing linearization and 
normalization: 

d2u
d𝑥̂2

= 𝛱2
[

ĈÂu − Ĉb̂d𝑤d𝑥̂

]

(23)

u|𝑥̂=0 = u|𝑥̂=1 ,
du
d𝑥̂

|

|

|

|𝑥̂=0
= du
d𝑥̂

|

|

|

|𝑥̂=1
(24)

where u = [𝑢1, 𝑢3,… , 𝑢2𝑁+1]𝑇 , 𝑥̂ = 𝑥∕𝜆 is the normalized coordinate, 𝛱 =
√

(1 − 𝜈21 )
𝐺2
𝐸1

𝜆2
ℎ1ℎ2

 is the dimensionless shear-lag number,

Ĉ =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
𝐸𝐴1
𝐸𝐴3

𝐸𝐴1
𝐸𝐴5

⋱
𝐸𝐴1

𝐸𝐴2N+1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

Â =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

1 −1
−1 1 + 𝐺4

ℎ4
ℎ2
𝐺2

−𝐺4
ℎ4

ℎ2
𝐺2

− 𝐺4
ℎ4

ℎ2
𝐺2

⋱ ⋱

⋱ ⋱ −𝐺2𝑁
ℎ2𝑁

ℎ2
𝐺2

−𝐺2𝑁 ℎ2 𝐺2𝑁 ℎ2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

,

⎣ ℎ2𝑁 𝐺2 ℎ2𝑁 𝐺2 ⎦
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b̂ =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0.5ℎ1+0.5ℎ3+ℎ2
ℎ1+ℎ2

𝐺4
ℎ4

ℎ2
𝐺2

0.5ℎ3+0.5ℎ5+ℎ4
ℎ1+ℎ2

− 0.5ℎ1+0.5ℎ3+ℎ2
ℎ1+ℎ2

𝐺6
ℎ6

ℎ2
𝐺2

0.5ℎ5+0.5ℎ7+ℎ6
ℎ1+ℎ2

− 𝐺4
ℎ4

ℎ2
𝐺2

0.5ℎ3+0.5ℎ5+ℎ4
ℎ1+ℎ2

⋮

−𝐺2𝑁
ℎ2𝑁

ℎ2
𝐺2

0.5ℎ2𝑁−1+0.5ℎ2𝑁+1+ℎ2𝑁
ℎ1+ℎ2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

Plugging the Eq. (1) into Eq. (23), we can solve the axial displacements and the membrane strains in the stiff layers: 

u = −2
√

𝜖0 sin (2𝜋𝑥̂)
𝑖=𝑁+1
∑

𝑖=2

𝑔𝑖𝛱2

𝑘2 +𝛱2𝜆̂𝑖
v̂𝑖, (25)

where 𝜆𝑖 is the eigenvalues of ĈÂ in ascending order, 𝑣̂𝑖 is the corresponding eigenvalues, and Ĉb̂ =
∑𝑖=𝑁+1

𝑖=1 𝑔𝑖v̂𝑖. It can be shown 
that the solution reduces to the Euler–Bernoulli beam theory when 𝛱 approaches infinity (Wang et al., 2024a).

The wavelength can be determined by combining Eqs. (6), (7), (22), (25). Inspired by Eq. (10), we define the equivalent flexural 
rigidity in a consistent manner with the wrinkling of Euler–Bernoulli beams: 

𝐷 =
𝐸s
3

( 𝜆
2𝜋

)3
. (26)

It can be shown the equivalent flexural rigidity defined in Eq. (26) is equivalent to the intrinsic definition of flexural rigidity in an 
energy perspective Appendix  B.

2.2.6. Frictionless interface model
In this section we consider a special case of the shear-lag model where 𝛱 approaches zero. In this limit, Eq. (25) reduces to 

u = 0, indicating that the axial displacements and membrane strains in all the stiff layers are zero. Physically, this scenario suggests 
that the stiff layers can glide over each other freely, akin to a frictionless interface. Thus, we refer to this case as the frictionless 
interface model. Specifically, when all stiff layers possess identical elastic properties 𝐸1, 𝜈1 and height ℎ1 and all soft layers also 
have identical shear modulus 𝐺2 and height ℎ2, the frictionless interface model predicts the wrinkle wavelength, equivalent flexural 
rigidity, and the critical strain to induce wrinkle to be: 

𝜆FI = 2𝜋

(

3(𝑁 + 1)𝐸𝐼1
𝐸s

)1∕3

(27)

𝐷FI = (𝑁 + 1)𝐸𝐼1 (28)

𝜖FIc = (𝑁 + 1)−2∕3
(3𝐸𝐼1)1∕3𝐸

2∕3
s

𝐸𝐴1
(29)

2.3. Finite element model

An ABAQUS finite element model (FEM) is developed to validate our theory (Fig.  4). The FEM consists of a laminated film of 
length 𝐿 placed on a soft substrate with thickness ℎsub. The left and right ends of the model are fixed in the 𝑥-direction, while 
the bottom surface of the substrate is fixed in both x- and 𝑦-directions. Following the approach of Chen and Hutchinson (2004), 
wrinkling is induced in the laminated film via artificial thermal expansion. An artificial coefficient of thermal expansion (CTE) of 
𝛼 = 0.05 is used for the multilayer film, with a CTE of zero for the substrate. The temperature field was assigned to increase from 
0 to 1 during the simulation. Due to the constraints imposed by the boundary conditions, the number of wrinkles is restricted to 
integer or half-integer values. To minimize the wavelength error in the simulations to within ±5%, the model length L is chosen to 
be at least ten times the wavelength of the wrinkle. The thickness of the substrate ℎsub is selected to be greater than the wavelength 
of the wrinkle to ensure that the finite thickness effect of the substrate is negligible (Huang et al., 2005).

The model is discretized using a structured mesh with CPE4R elements. The stiff and soft layers of the laminated film are meshed 
uniformly, while a biased mesh is applied to the substrate to increase mesh density near the film–substrate interface. A Poisson’s 
ratio of 0.48 is assigned to the soft layers to approximate incompressibility. A linear buckling analysis is first performed to obtain the 
eigenmodes, and the first eigenmode is scaled and imposed as a geometric imperfection. The maximum amplitude of the introduced 
imperfection is set at 2% of the total thickness of the laminated film. The wavelength of the wrinkle in the simulation consistently 
followed the introduced imperfection.

3. Results

For simplification, we focus on the case where 𝐸1 = 𝐸3 = … = 𝐸2𝑁+1, 𝜈1 = 𝜈3 = … = 𝜈2𝑁+1, ℎ1 = ℎ3 = … = ℎ2𝑁+1, 
𝐺2 = 𝐺4 = … = 𝐺2𝑁 , ℎ2 = ℎ4 = … = ℎ2𝑁 . The baseline geometric parameters and material properties are chosen to be ℎ1 = 2.93 μm, 
ℎ = 1.00 μm, 𝑁 = 1, 𝐸 = 2.0 GPa, 𝜈 = 0.22, 𝐸 = 2 MPa, 𝜈 = 0.5, and 𝐸 = 175 μm based on our experimental system.
2 1 1 2 2 sub
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Fig. 4. Schematic for finite element model of laminated film wrinkling on soft substrate. The wrinkle is induced by artificial thermal expansion in the model.

Fig. 5. Optical micrographs and corresponding height profiles of wrinkles in SU-8/PDMS/SU-8 trilayer films with SU-8 thickness of 2.93 μm and varying PDMS 
thicknesses: (A) 0.55 μm, (B) 0.93 μm, (C)3.20 μm, and (D) 4.00 μm. (E) Normalized wrinkle wavelength as a function of the stiff-to-soft layer thickness ratio, 
comparing predictions from shear-lag theory (teal curve), Euler–Bernoulli beam theory (purple curve), and the frictionless interface model (black curve) with 
experimental measurements (markers with error bars). The shear-lag theory is in good agreement with experimental results. The colors of the markers are 
consistent with the curve colors in A-D.

3.1. Effect of layer thickness ratio

Fig.  5A-D present optical micrographs and wrinkle profiles of the laminated films with varying PDMS thicknesses, ranging 
from 0.55 μm to 4.00 μm. The parameters are chosen to span a wide range, from those close to frictionless interface to those 
approximating the Euler–Bernoulli beam theory. Due to fabrication limitations, the minimum achievable PDMS thicknesses is 
550 nm. The experimentally measured normalized wrinkle wavelength is plotted against the stiff-to-soft layer thickness ratio ℎ1∕ℎ2, 
and compared to predictions from the shear-lag theory, the Euler–Bernoulli beam theory, and the frictionless interface model (Fig. 
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Fig. 6. (A) The wrinkle wavelength of the laminated beam with shear-lag (blue curve) decreases with increasing substrate modulus, showing good agreement 
with the FEM results (purple dots). (B) The equivalent flexural rigidity of the laminated beam increases with wrinkle wavelength. (C) Critical strain to wrinkle 
increases with increasing substrate modulus. All three parameters approach Euler–Bernoulli beam theory (red line) at low substrate modulus or large wavelength 
and the frictionless interface model (yellow line) at high substrate modulus or small wavelength.

5E). All three theories predict an increase in normalized wavelength as the stiff-to-soft layer thickness ratio increases, attributed 
to the enhanced stiffness of the laminated beam, which is positively correlated with the wrinkle wavelength. As expected, the 
shear-lag theory predicts a wavelength higher than the frictionless interface model but lower than that of the Euler–Bernoulli beam 
theory, a trend observed in all subsequent parameter studies. As ℎ1∕ℎ2 increases, the shear-lag number 𝛱 increases, leading the 
shear-lag theory results to transition from the frictionless interface model towards the Euler–Bernoulli theory. The shear-lag theory 
demonstrates reasonable agreement with the experimental results in all thickness ratios tested, while the Euler–Bernoulli theory and 
the frictionless interface model show significant deviations, particularly at higher ℎ1∕ℎ2 values.

3.2. Effect of substrate modulus

Fig.  6A plots the wrinkle wavelength as a function of the substrate modulus for the shear-lag theory, the Euler–Bernoulli theory 
and the frictionless interface model. Both the Euler–Bernoulli beam theory and the frictionless interface predict a relationship of 
𝜆 ∝ 𝐸−1∕3

s , which appears as straight lines with a slope of −1/3 in a log–log plot. This power-law behavior with an exponent of −1/3 
aligns with the classic wrinkling theory for homogeneous beams (Eq. (12)). Although shear-lag theory also predicts a reduction in 
wrinkle wavelength with increasing substrate modulus, the relationship is not a simple power law. At lower substrate modulus, the 
predictions of the shear-lag theory closely match those of the Euler–Bernoulli theory. However, as the substrate modulus increases, 
the wrinkle wavelength and the shear-lag number both decrease, leading the shear-lag theory to approach the frictionless interface 
prediction. The FEM results show good agreement with the predictions of the proposed shear-lag theory across all cases considered, 
with an error always below 3%, as will be further demonstrated in the following sections. The minor discrepancy is mainly attributed 
to the constraint that the number of wrinkle waves must be integer or half-integer values in the numerical simulation. For cases 
where the relative error exceeds 1%, it is confirmed that the wavelength predicted by the shear-lag theory consistently falls between 
the wavelengths of the first and second eigenmodes obtained from the linear buckling analysis.

Fig.  6B plots the equivalent flexural rigidity of the laminated beam for varying the substrate modulus as a function of the 
wavelength of the wrinkle. The equivalent flexural rigidity increases in the following order: frictionless interface, shear-lag theory, 
and Euler–Bernoulli theory. This trend is consistent with our previous findings on the bending of laminated beams (Wang et al., 
2024a) and is observed throughout all subsequent parameter studies. Both the frictionless interface and the Euler–Bernoulli theory 
predict a constant flexural rigidity, independent of the substrate modulus and wrinkle wavelength. In contrast, shear-lag theory 
shows an increase in equivalent flexural rigidity with increasing wavelength, reflecting the distinct length dependence that has 
previously been reported (Li et al., 2016). This phenomenon is attributed to the increase in shear-lag number 𝛱 with increasing 
wavelength. At smaller wavelengths, 𝛱 is small, and shear-lag theory approaches frictionless interface model. At larger wavelengths, 
𝛱 becomes large, and the shear-lag theory approaches the predictions of the Euler–Bernoulli beam theory.

Fig.  6C plots the critical strain of the laminated beam as a function of the substrate modulus on a log–log scale. All three 
theories predict an increase in critical strain with increasing substrate modulus. Both the Euler–Bernoulli theory and the frictionless 
interface model predict 𝜖𝑐 ∝ 𝐸2∕3

s , consistent with the classic wrinkling theory (Eq. (13)). Although classic theory suggests that a more 
compliant beam leads to a higher critical strain, the comparison among the three models reveals the opposite trend: the stiffest beam, 
as described by Euler–Bernoulli theory, exhibits the highest critical strain, while the softest, represented by the frictionless interface, 
shows the lowest critical strain. This contrast underscores that a multilayer beam with shear-lag effects cannot be treated simply 
as a homogeneous beam with a lower effective Young’s modulus. Similarly to the trends observed for wavelength and equivalent 
flexural rigidity, the predicted critical strain follows a nonpower-law relationship, approaching the Euler–Bernoulli theory at low 
substrate modulus and the frictionless interface behavior at high substrate modulus.
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Fig. 7. (A) The wrinkle wavelength, (B) equivalent flexural rigidity, and (C) critical strain of the laminated beam with shear-lag all increase with the soft layer 
modulus, approaching the Euler–Bernoulli beam theory at high modulus and the frictionless interface model at low modulus.

Fig. 8. (A) The wrinkle wavelength and (B) the flexural rigidity of the laminated beam with shear-lag increase with increasing stiff layer modulus whereas 
(C) the critical strain to wrinkling decreases with increasing stiff layer modulus, all converging to Euler–Bernoulli theory at low stiff layer modulus and to the 
frictionless interface model at high stiff layer modulus.

3.3. Effect of soft layer modulus

Fig.  7 A–C present the wrinkle wavelength, the equivalent flexural rigidity, and the critical strain as functions of the soft 
layer modulus in the laminated beam for the shear-lag theory, the Euler–Bernoulli theory, and the frictionless interface model. As 
anticipated, the frictionless interface model predicts that the wavelength, flexural rigidity, and critical strain are independent of the 
soft layer modulus, as the contribution of the soft layer to the total elastic energy is neglected. Similarly, the Euler–Bernoulli theory 
predicts that these parameters are nearly independent of the soft layer modulus. This occurs because the contribution of the soft layer 
modulus 𝐺2 to the flexural rigidity 𝐸𝐼 is minimal, given that 𝐸1 ≫ 𝐺2. For all three parameters investigated, including wavelength, 
flexural rigidity, and critical strain, the predictions from the shear-lag theory increase from values close to those predicted by the 
frictionless interface at low soft layer modulus and approach those predicted by the Euler–Bernoulli theory at higher soft layer 
modulus. This behavior is driven by the increase in the shear-lag number 𝛱 with increasing soft layer modulus.

3.4. Effect of stiff layer modulus

Fig.  8A–C plot the wrinkle wavelength, the equivalent flexural rigidity, and the critical strain as functions of the stiff layer 
modulus 𝐸1 in laminated beams for the shear-lag theory, the Euler–Bernoulli theory, and the frictionless interface model. The 
frictionless interface theory predicts that 𝜆 ∝ 𝐸1∕3

1 , 𝐷 ∝ 𝐸1, and 𝜖𝑐 ∝ 𝐸−2∕3
1 , which aligns with the classic wrinkle theory for 

homogeneous beams. A similar trend is observed for the Euler–Bernoulli theory, as the flexural properties of laminated beams are 
dominated by the properties of the stiff layer. The shear-lag theory predicts values that lie between those of the Euler–Bernoulli 
theory and the frictionless interface. The behavior of the shear-lag number 𝛱 is controlled by two competing factors: the increasing 
stiff layer modulus, which tends to decrease 𝛱 , and the increasing wavelength, which tends to increase 𝛱 . In our combinations of 
parameters, the increase in the stiff layer modulus outraces the increase in wavelength. Therefore, the shear-lag number decrease 
with increasing stiff layer modulus, causing the shear-lag theory to approach the Euler–Bernoulli theory at low 𝐸1 and the frictionless 
interface model at high 𝐸 .
1
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Fig. 9. (A) The wrinkle wavelength of the laminated beam and (B) the flexural rigidity of the laminated beam increase with the number of layers for all three 
models. (C) The critical strain remains constant at large layer numbers for Euler–Bernoulli beam theory and shear-lag theory, while it decreases with increasing 
number of layers for the frictionless interface model.

3.5. Effect of stiff layer number N+1

Fig.  9A plots the wrinkle wavelength as a function of the soft layer number 𝑁 (ranging from 1 to 100) for the Euler–Bernoulli 
theory, shear-lag theory, and the frictionless interface model. On a log–log scale, all three models predict an increase in wavelength 
with increasing layer number, characterized by a smaller slope at low 𝑁 and a gradual approach to a straight line at large 𝑁 . Both 
the Euler–Bernoulli and shear-lag theories predict 𝜆 ∝ 𝑁 for large 𝑁 , while the frictionless interface model predicts 𝜆 ∝ 𝑁1∕3. 
Similarly, the Euler–Bernoulli and shear-lag theories predict that 𝐷 ∝ 𝑁3, while the frictionless interface model predicts 𝐷 ∝ 𝑁 for 
large layer numbers (Fig.  9B). This distinct scaling behavior of flexural rigidity between the frictionless interface and Euler–Bernoulli 
theory has also been reported in our previous work (Wang et al., 2024a). As shown in Fig.  9C, both the Euler–Bernoulli and shear-lag 
theories predict a constant critical strain at large 𝑁 , while the frictionless interface model predicts a decreasing critical strain, scaled 
as 𝑁−2∕3. Notably, the scaling law of the Euler–Bernoulli theory aligns with the conventional wrinkling theory for homogeneous 
beams, suggesting that laminated beams following the Euler–Bernoulli model can be approximated as homogenized composite beams 
when the number of layers is sufficiently large. Interestingly, while our previous work on fixed-size beams conforming to an arch 
showed that a larger layer number strengthens the shear-lag effect (Wang et al., 2024a), the wrinkle problem exhibits the opposite 
trend. This is because, in the wrinkle problem, the wavelength, which corresponds to the beam length in the previous study, also 
increases with the number of layers 𝑁 .

4. Discussion

4.1. Energy contribution

Fig.  10 shows the relative contributions of different energy components in the wrinkling of laminated beams with shear-lag. 
The components include membrane energy and bending energy within the stiff layers, shear energy within the soft layers, and 
substrate energy, all plotted against the wrinkle wavelength, which is varied by adjusting the substrate modulus while keeping 
other parameters constant. At small wavelengths, the shear-lag number 𝛱 is small, causing the shear-lag theory to approach the 
frictionless interface model. Consequently, the membrane energy in the stiff layers approaches zero, as the membrane strain is zero 
in the frictionless interface model. Similarly, the shear energy in the soft layers also approaches zero because the frictionless interface 
model represents a soft layer with negligible modulus, resulting in minimal shear energy. As the wavelength increases, 𝛱 increases, 
and the shear-lag theory converges towards the Euler–Bernoulli beam theory. This leads to a monotonic increase in the relative 
contributions of the membrane energy and a decrease in the contribution of the bending energy. The shear energy first increases 
and then decreases as the wavelength increases. At large wavelengths, the shear energy approaches zero again, consistent with the 
Euler–Bernoulli beam theory, where the shear strain is zero. Regardless of wavelength, the substrate energy is always twice the sum 
of the bending and membrane energies within the stiff layers, a relationship that can be mathematically proven for arbitrary layer 
properties and layer numbers Appendix  A. This finding aligns with the classic wrinkle theory, where the energy of the substrate is 
twice the energy of the beam.

4.2. Comparison to TBT and MTBT

Fig.  11A compares the predicted wrinkle wavelength from the shear-lag theory, Timoshenko beam theory (TBT) and the modified 
Timoshenko beam theory (MTBT) across the substrate modulus ranging from 1 kPa to 10 MPa. The prediction of MTBT closely 
aligns with the shear-lag theory, with a maximum relative error in wavelength of 13.5%, corresponding to a 46.5% error in the 
equivalent flexural rigidity. The TBT also shows good agreement with both the MTBT and shear-lag theory at low substrate modulus 
12 
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Fig. 10. The relative contributions of membrane energy in the stiff layers (blue curve), bending energy in the stiff layer (red curve), shear energy in the soft 
layers (yellow curve), and substrate energy (purple curve) to the total energy of the trilayer laminated beam wrinkling on semi-infinite substrate as functions of 
wrinkle wavelength. The wavelength is varied by adjusting the substrate modulus while keeping the beam properties fixed.

Fig. 11. (A) MTBT, TBT and Shear-lag theory predict similar wavelengths at small substrate modulus. However, the Timoshenko Beam Theory (TBT) predicts 
an unphysical jump at small wavelengths. (B) The shear-lag Theory predicts a linear distribution of membrane strain similar to MTBT and TBT at large shear-lag 
numbers (𝛱), but a nonlinear distribution at small 𝛱 .

(or large wavelengths), but it predicts an unphysical discontinuity, where the total energy minimizes at the 0 wavelength for higher 
substrate modulus. This abrupt change occurs because the Timoshenko beam theory overestimates the compliance of the laminated 
beam when the shear deformability is significant. Similar behavior can be observed when applying the Timoshenko beam theory to 
the three-point bending test of 2D materials (Qin et al., 2020). A similar behavior is observed in the comparison among shear-lag 
theory and MTBT across all other investigated parameters, as presented in the Supplementary Information.

Fig.  11B plots the normalized membrane strain in each stiff layer, normalized by the membrane strain in the first layer for 
shear-lag theory, modified Timoshenko beam theory (MTBT), and standard Timoshenko beam theory (TBT). As described in the 
Methods section, both the MTBT and the TBT assume that the cross section remains planar after deformation, leading to a linear 
distribution of membrane strain. The distribution of membrane strain in shear-lag theory depends on the shear-lag number 𝛱 . When 
𝛱 is large, the shear-lag theory converges towards the Euler–Bernoulli beam theory, resulting in an almost linear strain distribution 
across the layers. In contrast, when 𝛱 is small, shear-lag effects become significant, leading to a nonlinear distribution of normalized 
membrane strain. This suggests that while the MTBT provides reasonable predictions for wavelength and equivalent flexural rigidity, 
its estimation of membrane strain may introduce significant errors, which are crucial for determining the bendability of the laminated 
structure. For an in-depth analysis of membrane strain profiles across layers and possible simplified solution, the readers are referred 
to the work by Shen et al. (2024).

4.3. Wrinkle test vs three point bending test

In a standard three-point bending test with small deflections, the beam’s self-weight does not influence the bending stiffness, 
i.e., the slope of the force–deflection curve, due to the superposition principle in linear elasticity. However, when the deflection is 
13 
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Fig. 12. (A) FEM simulation of deflection–force curve for three point bending test with and without self weight. (B) The normalized maximum deflection caused 
by self-weight increases with increasing beam length, causing significant geometrical nonlinearity at large beam length (black dash line).

comparable to film thickness, membrane stress can cause significant non-linearity, necessitating nonlinear theories such as Föppl–
von Kármán theory or Kirchhoff–Love theory (Timoshenko and Woinowsky-Krieger, 1959). In these cases, the force–deflection curve 
depends not only on the elastic properties of the beam but also on the self-weight and membrane forces, requiring sophisticated data 
processing to extract intrinsic material and structural properties.  For example, Fig.  12A presents the FEM results of the three-point 
bending test for a baseline case with a beam length of 4 mm. When self-weight is not considered, the force–deflection curve exhibits 
an initial linear regime at small deflections, the slope of which can be used to extract the flexural rigidity of the beam. As the 
ratio of deflection 𝛿 to total thickness 𝐻tot exceeds 0.3, significant geometric nonlinearity arises due to membrane stress. When 
self-weight is included, the initial 𝛿∕𝐻tot prior to the application of the point load already exceeds 0.3, placing the entire force–
deflection response within the nonlinear regime. Similar nonlinear behavior is widely observed in drumhead indentation tests of 2D 
materials, where the large deflection and unknown initial membrane stress necessitates complex post-processing and often results 
in reduced measurement accuracy (Rao and Lu, 2024). Therefore, in scenarios where self-weight induces substantial nonlinearity, 
the wrinkling-based method offers a simpler and more reliable approach for characterizing the flexural rigidity of laminated beams.

We propose a rule of thumb for determining whether the three-point bending test is applicable: first, calculate the maximum 
deflection induced by the self-weight, normalized by the total beam thickness, while neglecting geometric nonlinearity. If the 
normalized deflection exceeds 0.3 (black dashed line in Fig.  12), it is considered large and the three-point bending test is considered 
inappropriate. As illustrated in Fig.  12, the normalized deflection increases with beam length. For our SU8-PDMS-SU8 system, the 
wrinkle test is preferred for beams larger than 3 mm.

5. Conclusion

In this study, we propose the use of wrinkling on soft substrate as a simple yet effective approach to determine the flexural 
rigidity of ultrathin laminated beams with shear-lag and present the corresponding analytical framework. The model agrees well 
with the experimental measurements performed on an SU-8/PDMS/SU-8 trilayer bonded to a soft VHB tape. A systematic parameter 
study demonstrates that shear-lag theory is governed by the dimensionless shear-lag number and bonded by the Euler–Bernoulli 
beam theory and the frictionless interface model. Additionally, we make a comparison between the wrinkling test and the standard 
three-point bending test, and propose a criterion for determining when the wrinkle test is more suited.
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Appendix A. Relative energy contribution

In this section, we treat 𝜖0 as a constant. Based on Eq. (25), we can write the axial displacements in the stiff layers in the form 
of: 

u = 2
√

𝜖0 sin (𝑘𝑥) ũ, (A.1)

where ũ = [𝑢̃1, 𝑢̃3,… , 𝑢̃2𝑁+1]𝑇  is a vector independent of x. Substituting Eq. (A.1) into Eq. (22), the total beam energy for shear-lag 
beam theory can be rewritten as: 

𝑈beam(ũ, 𝑘) = 𝑓1 (ũ) 𝑘2 + 𝑓2(ũ).

𝑓1(ũ) = 𝜖0
𝑘=𝑁+1
∑

𝑘=1

[

𝐸𝐼2𝑘−1 + 𝐸𝐴2𝑘−1𝑢̃
2
2𝑘−1

]

𝑓2(ũ) = 𝜖0
𝑘=𝑁
∑

𝑘=1

𝐺2𝑘
ℎ2𝑘

(

𝑢̃2𝑘+1 − 𝑢̃2𝑘−1 − ℎ2𝑘 −
1
2
ℎ2𝑘−1 −

1
2
ℎ2𝑘+1

)2

(A.2)

where 𝑓1(ũ) = 𝑈bend
beam + 𝑈 stretch

beam  is the bending and stretching energy in the stiff layers, and 𝑓2(ũ) = 𝑈 shear
beam  is the shear energy in the 

soft layers. The governing equation of the shear-lag beam theory (Eq. (23)) is equivalent to: 
𝜕𝑈beam(ũ, 𝑘)

𝜕ũ = 𝟎, (A.3)

which is an implicit equation that prescribes ũ as a function of 𝑘. As discussed in the method section, the wavelength 𝑘 is obtained 
by minimizing the total energy with respect to 𝑘: 

0 =
d𝑈tot
d𝑘

=
d𝑈sub
d𝑘 +

d𝑈beam(ũ, 𝑘)
d𝑘

= −
2𝐸s𝜖0
3𝑘2

+
𝜕𝑈beam(ũ, 𝑘)

𝜕𝑘
+

𝜕𝑈beam(ũ, 𝑘)
𝜕ũ

𝜕ũ
𝜕𝑘

= −
2𝐸s𝜖0
3𝑘2

+ 2𝑘𝑓1(ũ).

(A.4)

The simplification utilized the condition of Eq. (A.3). We can further rewrite the equation in terms of energy contribution: 

𝑈sub =
2𝐸s𝜖0
3𝑘

= 2𝑓1(ũ)𝑘2 = 2(𝑈bend
beam + 𝑈 stretch

beam ), (A.5)

which means that the substrate energy is always two times of the bending energy and the stretching energy in the stiff layers of the 
laminated beams.

Appendix B. The equivalent flexural rigidity

The intrinsic definition of flexural rigidity 𝐷 is the ratio of the internal bending moment 𝑀 to the local curvature 𝜅, which is 
equivalent to the following. 

𝑈bend
beam + 𝑈 stretch

beam = 1
𝜆 ∫

𝜆

0

1
2
𝐷𝜅2𝑑𝑥 = 𝜖0𝑘

2𝐷 (B.1)

Substituting Eq. (A.5), we have: 

𝐷 =
𝑓1(ũ)𝑘2

𝜖0𝑘2
=

𝐸𝑠𝜖0
3𝑘

=
𝐸s
3

( 𝜆
2𝜋

)3
. (B.2)

Appendix C. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jmps.2025.106172.
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