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Compression of elastic layers bonded between parallel plates often find applications in the mechanical
characterization of soft materials or the transfer-printing of nanomembranes with polymeric stamps.
In addition, annular rubbery gaskets and sealers are often under uniaxial compression during service.
Analysis of elastic layers under compression has been focused on nearly incompressible materials such
as rubbers, and empirical assumptions of displacements were adopted for simplicity. For compressible
materials, solutions obtained by the method of averaged equilibrium are sufficient for effective compres-
sion modulus but inaccurate for the displacement or stress fields whereas solutions obtained by the
method of series expansion are considerably complicated. In this paper, we report full field, closed-form
solutions for bonded elastic layers (disks, annuli, annuli with rigid shafts, infinitely long strips) in com-
pression using separation of variables without any pre-assumed deformation profile. These solutions can
satisfy the exact forms of the equilibrium equations and all essential boundary conditions as well as the
weak form of the natural boundary conditions. Therefore the predicted stress, displacement, and effective
modulus have found excellent agreement with finite element modeling (FEM) results over a wide range
of Poisson’s ratio and aspect ratio. The analytical and FEM results of the stress, displacement, and effec-
tive modulus are highly sensitive to Poisson’s ratio, especially near 0.5. Therefore we also propose a viable
means to simultaneously measure the intrinsic Young’s modulus and Poisson’s ratio of elastically
compressible layers without camera settings. When Poisson’s ratio approaches 0.5, our solutions can
degenerate to classical solutions for incompressible elastic layers.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Elastic layers have found wide engineering applications. For
example, rubbery disks and annuli are widely used in industry as
gaskets, sealers, and dampers for various machineries. Their mate-
rial properties are often characterized by uniaxial compression
between two parallel plates. It is also easier to measure the elastic
properties of soft and fragile materials like hydrogel using com-
pression tests rather than tension tests (Zhao et al., 2010). The
effective compression modulus Ec which is also known as the
apparent stiffness is defined as the slope of the engineering
stress–strain curve. It has been found that Ec is often higher than
the intrinsic Young’s modulus of the material due to the constraint
of the parallel plates which are fully bonded to the elastic layer, i.e.
no slippage on the layer-plate interface (Gent and Lindley, 1959). A
major mechanics problem is how to accurately relate the load and
displacement measurements to the intrinsic elastic properties of
the material – the Young’s modulus and the Poisson’s ratio.
Therefore, a simple, analytical solution of elastic layers under uni-
axial compression is in need. Besides, full field elastic solutions also
serve as the fundamentals for the reliability and failure analysis
when the elastic layers are subjected to constant or cyclic com-
pressive forces during services (Kakavas, 1997). Compression of
elastic layers can also be found in microfabrication. For instance,
elastomeric stamps are widely used in the transfer-printing of
nanowires (Lee et al., 2010), nanoribbons (Khang et al., 2006)
and nanomembranes (Kim et al., 2008) due to their moldability
and appropriate surface adhesion. When the stamp is compressed
between a rigid backing layer and the nanomaterials on a rigid
donor wafer, the deformation of the stamp and the shear stress
on the stamp-nanomaterial interface will dictate the quality of
the transfer-printing, i.e. whether the nanomaterials will suffer
any transfer-induced wrinkling or cracking. Stresses at the
stamp-nanomaterial interface are hence critical information for
the failure analysis of the nanomaterials during the transfer-
printing process.

Elastic layers in compression have been studied for decades
both experimentally and theoretically for different geometries.
Series expansion with prescribed displacements (Brady, 1971a,b)
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and energy methods with prescribed stress (Williams et al., 1961)
have been employed to obtain analytical solutions. Al-Chalabi and
Huang have proposed a stress function (Al-Chalabi and Huang,
1974; Al-Chalabi et al., 1974) to solve for a rubber disks under
arbitrary boundary conditions (BCs). Instead of infinite series
expansion or sophisticated stress functions, approximate solutions
such as the Gent’s solution (Gent and Lindley, 1959; Gent and
Meinecke, 1970) started to tackle the problem by assuming the
sidewall of the elastic disk is deformed in parabolic shape. The
Gent’s solution captures the behaviors of incompressible materials
like polydimethylsiloxane (PDMS) rubber (Wypych, 2012) reason-
ably well and has therefore been widely used in engineering
designs and experiments due to the simplicity. In practice, how-
ever, many other polymers like polyimide (PI) have Poisson’s ratios
ranging from 0.34 to 0.45 (Wilson et al., 1990) and solutions for
compressible elastic layers are also important. A ‘‘pressure
method’’ has been proposed to seek for approximate solutions to
elastically compressible layers. As summarized by Pinarbasi
(Pinarbasi et al., 2008), three basic assumptions were commonly
adopted in the pressure method: (i) horizontal plane sections
remain planar after deformation, (ii) initially vertical sidewalls
take a parabolic shape in the deformed configuration, and (iii) state
of stress at any point in the layer is dominated by the hydrostatic
pressure. These assumptions result in approximate solutions with
reasonable global behaviors such as the effective modulus
(Chalhoub and Kelly, 1990, 1991; Koh and Kelly, 1989; Koh and
Lim, 2001; Pinarbasi et al., 2006, 2008; Tsai, 2005; Tsai and Lee,
1998) but with less accuracy in stress and displacement fields.

In this paper, full field, closed-form solutions for bonded elas-
tic layers in compression are obtained by separation of variables
without any pre-assumption of the stress or displacement. This
paper is organized as follows: in Section 2, variable separation
of displacement is used to solve the Navier–Cauchy equation of
a uniformly compressed axisymmetric solid disk that is perfectly
bonded to two parallel rigid plates (Fig. 1(a)). Using similar
methods, solutions to annular disks with (Fig. 1(b)) or without
Fig. 1. Cross-sectional views of elastic layers of Young’s modulus E, Poisson’s ratio, and h
�0: (a) axisymmetric solid disk with outer radius a, (b) axisymmetric annular disk with
plane strain model of infinitely long strip with width 2a.
(Fig. 1(c)) rigid shaft in the center as well as infinitely long
strips (Fig. 1(d)) are obtained and unified in Section 3. In both
Sections 2 and 3, finite element modeling (FEM) results are com-
pared with our analytical displacement and stress results.
Finally, effective modulus for each case is expressed explicitly
and compared with results from FEM as well as other existing
analytical and experimental results in Section 4. The layer mate-
rial in this work is assumed to be isotropic linear elastic and the
applied compressive strain �0 as denoted in Fig. 1 is assumed to
be small strain so that nonlinearity is not a consideration in our
solutions.

2. Elastic solid disk in compression

2.1. Boundary value problem

A cylindrical coordinate system ðr; h; zÞ is defined in the right
frames of Fig. 1(a). The solid disk with radius a and height h is
modeled as linear elastically compressible material with Young’s
modulus E and Poisson’s ratio m which falls into ½�1;0:5Þ, with
incompressibility to be achieved when m approaches 0.5. The top
and bottom surfaces of the solid disk are assumed to be perfectly
bonded to two parallel rigid plates, with the bottom plate being
fixed. Therefore the uniaxial compressive force P produces a verti-
cal displacement of ��0h for the upper plate.

The Navier–Cauchy equations in cylindrical coordinate system
are
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where ur and uz denote the displacements in radial and axial direc-
tions, respectively. Due to the axisymmetry, ur and uz are mere
eight h perfectly bonded to parallel rigid plates under uniaxial compressive strain of
inner radius b, (c) axisymmetric annular disk with rigid shaft in the center, and (d)
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functions of r and z. Since the solid disk is bonded to a fixed bottom
plate and subjected to no tractions on the sidewall, the BCs are
given by

z ¼ 0 : ur ¼ uz ¼ 0
z ¼ h : ur ¼ 0; uz ¼ ��0h

r ¼ a : rr ¼ srz ¼ 0
ð3Þ
2.2. Analytical solution

To solve the BVP outlined in Section 2.1, instead of assuming the
following parabolic budging profile used by Gent and Lindley
(1959) and Gent and Meinecke (1970) and many others
(Chalhoub and Kelly, 1990; Suh, 2007; Tsai and Lee, 1998):

ur r; zð Þ ¼ F rð Þ z
h
� z2

h2

� �
ð4Þ

we just assume that urðr; zÞ is variable separable in order to achieve
higher accuracy of the displacement field:

ur r; zð Þ ¼ FðrÞGðzÞ ð5Þ

Based on the essential BCs in Eq. (3) and the mirror symmetry with
respect to z ¼ h=2, the following BCs for GðzÞ can be obtained:

Gð0Þ ¼ G hð Þ ¼ G0 h=2ð Þ ¼ 0 and G0ð0Þ ¼ �G0 hð Þ ð6Þ

Plugging Eq. (5) into Eq. (1) and integrating twice with respect to r
and z, respectively, uz is found to be
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where M zð Þ and NðrÞ are to be determined by BCs. According to Eq.
(3), uzjz¼0 ¼ 0, we obtain N rð Þ ¼ 0 and Mð0Þ ¼ 0. Also, since
uzjz¼h ¼ ��0h, terms in uzðr;hÞ related with r should be constant, i.e.
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The constant on the right hand side has to be zero because the left
hand side of Eq. (8) is zero when setting r ¼ 0. As a result, M hð Þ can
only be ��0h and Eq. (8) becomes
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where
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k ¼ G0ð0Þ=
R h

0 Gdg is assumed to be positive for the current deriva-
tion. Zero and negative k’s are discussed in the Appendix A and they
are proved to be physically impossible. Taking a derivative on both
sides of Eq. (9) gives us
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r
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The general solution to the above ordinary differential equation
(ODE) is

FðrÞ ¼ C1I1 ar=hð Þ þ C2K1 ar=hð Þ ð12Þ

where C1 and C2 are integration constants and Ii and Ki are the ith
order of the modified Bessel function of the first and second kind,
respectively. Allowing no void at the center of the solid disk
requires Fð0Þ ¼ 0, which can only be satisfied when C2 ¼ 0 because
of the singularity of K1ðxÞ at x ¼ 0. Since C1 can be absorbed by the
GðzÞ function, F is simplified to be

FðrÞ ¼ I1 ar=hð Þ ð13Þ

Plugging FðrÞ into Eq. (7), uz could be rewritten as
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with Mð0Þ ¼ 0 and M hð Þ ¼ ��0h.
So far the displacement field ður ;uzÞ can satisfy Eq. (1) with

unknown functions MðzÞ;GðzÞ as well as the parameter a that need
to be determined by Eq. (2). Plugging Eqs. (5) and (14) into Eq. (2),
we could obtain two differential equations in order to satisfy Eq.
(2) exactly:
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Eq. (15) is the ODE from which GðzÞ could be solved and we can then
use GðzÞ to solve MðzÞ through Eq. (16). The general solution to Eq.
(15) is

G zð Þ ¼ D1ð3� 4mÞ=aþ D2z=hð Þ sin az=hð Þ þ ðD3 þ D1z=hÞ cosðaz=hÞ
ð17Þ

where Diði ¼ 1;2;3Þ are integration constants. According to the BCs
of GðzÞ listed in Eq. (6), we can obtain

3�4m
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and D3 ¼ 0. To ensure that GðzÞ is a non-trivial function, the deter-
minant of the coefficient matrix in Eq. (18) should be zero, which
yields the following characteristic equation:

½a cosða=2Þ � 2 sinða=2Þ�½a� 3� 4mð Þ sin að Þ� ¼ 0 ð19Þ

Apparently, a=2 ¼ tanða=2Þ and a ¼ ð3� 4mÞ sinðaÞ can give us two
solutions of the GðzÞ function. However, the a and GðzÞ combination
must be able to satisfy Eq. (10) and only the function GðzÞ deter-
mined by a ¼ ð3� 4mÞ sinðaÞ can always meet this requirement.
Thus, the parameter a is solely dependent on the Poisson’s ratio m
and can be obtained by solving

a ¼ 3� 4mð Þ sin að Þ ð20Þ

For every allowable Poisson’s ratio, m 2 �1;0:5½ Þ, there is one and
only one nonzero solution for a. The corresponding GðzÞ will take
the following expression
G zð Þ ¼ A1GþðzÞ ð21Þ

where A1 is a constant with the unit of length and

G� ¼ sin az=hð Þ 1� z=hð Þ � sin a 1� z=hð Þð Þ z=hð Þ½ � ð22Þ

Note that as m! 0:5;a! 0 and Eq. (22) turns to
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z
h
� z2
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ð23Þ

which is the very popular but empirical parabolic bulging assump-
tion as mentioned in Eq. (4) and we now find a theoretical origin for
it.

Using Eq. (21) and the BCs Mð0Þ ¼ 0;M hð Þ ¼ ��0h;M is solved
from Eq. (16) as

M ¼ A1 cot a=2ð ÞG� � �0z ð24Þ

where G� is given by Eq. (22).
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With the solutions of FðrÞ given by Eq. (12), GðzÞ given by Eq.
(21), and MðzÞ given by Eq. (24), the displacement field for the elas-
tically compressible disk is finally solved as

uS
r ¼ A1GþI1 ar=hð Þ

uS
z ¼ A1 cot a=2ð ÞG�I0 ar=hð Þ � �0z

ð25Þ

where the superscript S indicates results for solid disks and the con-
stant A1 is the only left unknown which will be determined through
the weak form of the traction-free BC at r ¼ a, i.e. hrrijr¼a ¼
hsrzijr¼a ¼ hsrhijr¼a ¼ 0, where h�i is defined as h�i ¼

R h
0 �dz=h. And it

is found that hsrzijr¼a ¼ 0 and hsrhijr¼a ¼ 0 are automatically satisfied
once G�ðzÞ is obtained, such that A1 is solely determine by
hrrijr¼a ¼ 0 ð26Þ
Thus, based on linear elastic constitutive law and small strain kine-
matics, A1 can be solved as

A1 ¼
mð3� 4mÞ�0h
4ð1� 2mÞQ 1

ð27Þ

where Q1 ¼ ½I0 xð Þ þ 1� 2mð ÞI2 xð Þ�=2 and x ¼ aa=h.
With analytical solutions of the displacement field, the stress

field can be derived through kinematics and constitutive laws
based on linear elasticity and are shown as:
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Fig. 2. Contour plots of both FEM (left column) and analytical (right column) results of di
are given by Eq. (25) and stresses are given by Eq. (28). Parameters used in this exampl
2.3. Numerical results

To validate our analytical solutions, we have conducted FEM
using commercial software ABAQUS v6.10. An axisymmetric solid
disk with Young’s modulus of 50 MPa is modeled with CAX4IH ele-
ments under uniaxial compressive strain �0 ¼ 5% between parallel
rigid plates using the BCs depicted in Fig. 1(a) and outlined in Eq.
(3). A full field comparison between FEM results (left column)
and analytical results (right column) with exactly the same color
scale is shown in Fig. 2. Except the edges (r ¼ aÞ where only the
weak form of the natural BCs is satisfied, analytical and FEM results
of both displacement and stress fields have demonstrated remark-
able full field agreement. Thus compared to existing analytical
solutions of elastic disks in compression, our full field analytical
solution is competitive in terms of both simplicity and accuracy.

Graphical comparison between analytical and FEM results of
displacement and stress are offered in Figs. 3 and 4, respectively.
Fig. 3(a) shows the normalized lateral displacement ur=�0h as a
function of z at r ¼ a, i.e. the bulging profile at the sidewall of
the disk, for various Poisson’s ratios (m = 0.3, 0.45, 0.49 and 0.5)
with fixed aspect ratio (a=h ¼ 5Þ. The good agreement between
analytical and FEM results over a wide range of Poisson’s ratio indi-
cates that we have found a generic and accurate analytical solution
for elastically compressible solid disks. When m = 0.5, the analytical
and FEM results are also compared with the parabolic displace-
ment which is widely assumed for incompressible disks in the
pressure method. It is evident in Fig. 3(a) and Eq. (23) that our
solution can successfully degenerate to the parabolic bulging
shape. Note that a much flatter bulging profile was observed in
Mott and Roland’s compression experiments (Mott and Roland,
1995) on bonded slender rubber cylinders ( 0:22 < a=h < 0:54).
Later on, without pre-assuming the lateral bulging shape, Horton,
Tupholme and Gover obtained nonparabolic bulging profiles
(Horton et al., 2002; Horton et al., 2003) for bonded rubber blocks
under axially loading, which qualitatively captured this flatter
profile for small aspect ratio in Mott and Roland’s experiments
(Mott and Roland, 1995) and can decay to parabola-like shape
when the aspect ratio is large (e.g. a=h > 1). The bulging profile
given by Eq. (25) is always parabola-like for allowable Poisson’s
ratio such that it more successfully captures the displacement of
bonded blocks with large aspect ratios (e.g. a=h > 1).

At the aspect ratio of a=h ¼ 5, the maximum lateral bulging dis-
placement of incompressible layers can be almost four times of the
splacement and stress fields of a solid disk in compression. Analytical displacements
e are: a=h ¼ 5;m ¼ 0:48 and �0 ¼ 5%.
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Fig. 3. Comparison between analytical and FEM results of displacements (a) ur and (b) uz of solid disks in compression. Solid curves represent analytical solutions as given by
Eq. (25), which is compared with Gent’s solution for incompressible material (Gent and Lindley, 1959). Markers represent FEM results.
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Fig. 4. Comparison between analytical and FEM results of interfacial stresses of solid circular disks with (a) and (b) fixed Poisson’s ratio and (c) and (d) fixed aspect ratio. Solid
curves represent analytical solutions given by Eq. (31) and markers represent FEM results.
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applied axial compressive displacement, �0h, and almost ten times
larger compared to layers with m = 0.3. Fig. 3(b) exhibits the
distribution of vertical displacement uz=�0h along the radial direc-
tion at fixed aspect ratio and Poisson’s ratio (a=h ¼ 5;m ¼ 0:48Þ at
different vertical positions (z=h = 0.05, 0.25, 0.5, 0.75 and 0.95). It
is evident that our analytical results can closely match with FEM
results except a small region around the edge where r=a ¼ 1, which
is due to the weak form of the traction free BC we have adopted in
Eq. (26). Such discrepancy at the edge has shown up in the full field
comparison in Fig. 2 and will also appear in the later comparison of
stress distribution. According to both FEM and theoretical results,
it is clear that unlike one of the basic assumptions adopted by
the pressure method that all horizontal planes remain planar, only
the top (z/h = 1), middle (z/h = 0.5), and bottom (z/h = 0) horizontal
planes (z/h = 0.5) remain perfect planar after deformation whereas
other horizontal planes remain planar when close to the axial
center but start to bend toward the edge.

Graphical comparison of analytical vs. FEM stresses are offered
at the elastic layer-rigid plate interface. By setting z = 0 in Eq. (28),
we can get:
rS
r ¼ rS
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for 0 6 r 6 a. The analytical and FEM results are plot in Fig. 4 for
various aspect ratios and Poisson’s ratios and our FEM results show
negligible difference compared to the numerical results in (Yeoh
et al., 2002) performed by ANSYS. Still, due to the discontinuous
BCs and the non-uniform deformation around the edges (z ¼ 0;h
and r ¼ aÞ, stress concentrations are expected and were observed
both numerically (Imbimbo and De Luca, 1998; Suh, 2007; Yeoh
et al., 2002) and experimentally (Gent et al., 1974; Sakai, 1995).
Although stress singularities are not captured by Eqs. (28) and
(31), conclusions could still be drawn from Fig. 4.

A feature common to all layers is that normal stress decays from
center to edge whereas shear stress builds up towards the edge.
Fig. 4(a) and (b) focus on fixed Poisson’s ratio (m = 0.48) with differ-
ent aspect ratios (a=h = 1, 3, 5, 10 and 30). According to Fig. 4(a),
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with all other conditions the same, disks with larger aspect ratio
will experience higher pressure on the surfaces. According to
Fig. 4(b), the shear stress is large when the aspect ratio is small
in general whereas abnormal behavior has been found for a/h = 1
due to the edge effects. Fig. 4(c) and (d) focus on fixed aspect ratio
(a/h = 5) with different Poisson’s ratios (m = 0.3, 0.48, 0.49, 0.495
and 0.5). According to Fig. 4(c), with all other conditions the same,
disks with larger Poisson’s ratio will experience higher pressure on
the surfaces. According to Fig. 4(d), the shear stress linearly
increases with the radial coordinate for incompressible disks, as
will be discussed in Section 4.2. The shear stress diminishes with
Poisson’s ratio and when m = 0.3, the shear stress almost vanishes
completely, which echoes with the small bulging displacements
as shown in Fig. 3(a).

3. Solutions for other configurations

The analytical method established for solid disks in Section 2
can be extended to obtain solutions for elastic layers of other con-
figurations. For example, annular disks are widely used as gasket,
seal and seismic isolation structures, which are often under uniax-
ial compression between two rigid plates just as shown in Fig. 1(b).
Sometimes there might even be a rigid shaft going through the cir-
cular hole of the annular disk, as shown in Fig. 1(c). Another exam-
ple is rectangular elastomer stamps used in transfer-printing,
which can be approximated as infinitely long strips as shown in
Fig. 1(d). Note that 3D rectangular PDMS stamps are more com-
monly used in lab scale transfer-printing of nanomaterials and
applying our method to bonded 3D rectangular layers under com-
pression (Koh and Lim, 2001; Tsai, 2005) is left as a future work. In
this section we will briefly discuss the analytical solutions for these
three configurations (Fig. 1(b)–(d)) using the same methods
developed in Section 2.

3.1. Boundary conditions

For annular disks in compression shown in Fig. 1(b), all of the
essential BCs given by Eq. (3) still hold and therefore Eqs. (7)–
(12) are still applicable. The only difference before applying natural
BCs is that Fð0Þ ¼ 0 is no longer true. Therefor ur has to take the
following form

ur ¼ Gþ A2I1 ar=hð Þ þ A3K1 ar=hð Þ½ � ð32Þ

which is similar to the expression obtained by Tsai (2012) but with
different construction of Gþ. As ur is assumed to be parabolically
dependent on z in Tsai (2012) but we do not have to make this
assumption, the coefficient a in our paper is different from that in
Tsai (2012). A2 and A3 are to be determined by the weak form of
traction-free conditions at both r ¼ a and r ¼ b, where a and b are
the outer and inner radii of the annular disk, i.e.
hrrijr¼a ¼ hrrijr¼b ¼ 0 ð33Þ

When there is a rigid frictionless shaft co-axially aligned within the
annular disk, as shown in Fig. 1(c), the outer wall remains traction
free while the BC for the inner wall becomes

ur b; zð Þ ¼ 0; srz b; zð Þ ¼ 0 ð34Þ

The infinitely long strip is assumed to be under plane strain condi-
tion as shown in Fig. 1(d). The corresponding natural BC is traction
free at the edges:

hrxijx¼�a ¼ 0 ð35Þ
3.2. Displacement solutions

Following the similar process developed in Section 2, and apply-
ing BCs given by Eqs. (33)–(35), the displacement solutions for the
different configurations are obtained as follows with G� given by
Eq. (22): solid disks:

uS
r r; zð Þ ¼ A1GþI1 ar=hð Þ

uS
z r; zð Þ ¼ A1cot a=2ð ÞG�I0 ar=hð Þ � �0z

ð36Þ

annular disks:

uA
r r; zð Þ ¼ Gþ A2I1 ar=hð Þ þ A3K1 ar=hð Þ½ �

uA
z r; zð Þ ¼ cot a=2ð ÞG�½A2I0 ar=hð Þ � A3K0 ar=hð Þ� � �0z

ð37Þ

annular disks with rigid shaft:

uAR
r r; zð Þ ¼ A4Gþ I1 ar=hð Þ �KK1 ar=hð Þ½ �

uAR
z r; zð Þ ¼ A4 cot a=2ð ÞG�½I0 ar=hð Þ þKK0 ar=hð Þ� � �0z

ð38Þ

infinitely long strips:

uI
x x; zð Þ ¼ A5Gþshðax=hÞ

uI
z x; zð Þ ¼ A5 cot a=2ð ÞG�chðax=hÞ � �0z

ð39Þ

where

Ai ¼
m 3� 4mð Þ�0h
4 1� 2mð ÞQ i

; i ¼ 1;2;3;4;5 ð40Þ

where

Q1 ¼ ½I0 xð Þ þ 1� 2mð ÞI2 xð Þ�=2
Q2 ¼ D=ðQ22 � Q 12Þ
Q3 ¼ D=ðQ11 � Q 21Þ
Q4 ¼ 1� mð Þ I0 xð Þ þKK0ðxÞ½ � � ð1� 2mÞ I1 xð Þ �KK1 xð Þ½ �=x
Q5 ¼ 1� mð Þch xð Þ

ð41Þ

D ¼ det
Q 11 Q12

Q 21 Q22

� �� �
ð42Þ

Q 11¼ 1
2 I0 xð Þþ 1�2mð ÞI2 xð Þ½ �; Q 12¼�1

2 K0 xð Þþ 1�2mð ÞK2 xð Þ½ �
Q 21¼ 1

2 I0 1ð Þþ 1�2mð ÞI2 1ð Þ½ �; Q22¼�1
2 K0 1ð Þþ 1�2mð ÞK2 1ð Þ½ �

ð43Þ

where x ¼ aa=h; 1 ¼ ab=h and K ¼ I1 1ð Þ=K1 1ð Þ. Note that Q1 and Q5

are dependent on the Poisson’s ratio m and the aspect ratio a=h,
while Q2;Q3 and Q4 also depend on the radius ratio b=a. The super-
script in each formula is used to denote the shape of the elastic
layer: S for solid disks, A for annular disks, AR for annular disks with
rigid shafts and I for infinitely long strips. These solutions can
exactly satisfy the equilibrium equations as well as all the essential
BCs, while weakly satisfy the natural BCs.

The comparisons between analytical and FEM displacements for
annular disks, annular disks with rigid shafts and infinitely long
strips are shown in Fig. 5–7, respectively. Similar to Fig. 3, our ana-
lytical solutions for annular disks can successfully capture the
displacement with high precision when a=h > 1. Fig. 5(a) indicates
that for annular disks, the maximum bulge displacement at the
inner wall may exceed that at the outer wall, depending on the
b/a ratio. For materials close to incompressible, a comparison
between Figs. 3(a), 5(a), 6(a) and 7(a) suggests that the maximum
lateral bulging displacement of the outer sidewall will increase in
the following order: annular disk, annular disk with rigid shaft,
solid disk and infinitely long strip. Annular disk exhibits the small-
est budging displacement because it can extrude both inward and
outward. Although annular disk with rigid shaft cannot extrude
inward, it contains less materials compared to solid disks. Since
infinitely long strip simplified to plane strain model does not allow
strain in y direction, the largest budging displacement is observed
in the infinitely long strip among the four configurations we have
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Fig. 5. Comparison between analytical and FEM results of displacements (a) ur and (b) uz of annular disks as depicted in Fig. 1(b). Solid curves represent analytical solutions
given by Eq. (37) and markers represent FEM results.
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Fig. 6. Comparison between analytical and FEM results of displacements (a) ur and (b) uz of annular disks with rigid shafts as depicted in Fig. 1(c). Solid curves represent
analytical solutions given by Eq. (38) and markers represent FEM results.

Fig. 7. Comparison between analytical and FEM results of displacements (a) ur and (b) uz of infinitely long strips as depicted in Fig. 1(d). Solid curves represent analytical
solutions given by Eq. (39) and markers represent FEM results.
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solved. Because of the same reasons, the effect of Poisson’s ratio on
the budging displacements is the least in annular disks while the
most significant in infinitely long strips. Vertical displacements
as shown in Figs. 5(b), 6(b) and 7(b) share a lot of similarity with
the solid disks as shown in Fig. 3(a): only planes well inside the
material remain planar whereas planes far from the middle plane
(z ¼ h=2Þ and the symmetric axis always bend.
3.3. Interfacial stresses

After obtaining the displacement fields of different configura-
tions of elastic layers in Section 3.2, the full stress fields can be
derived though kinematics and constitutive relations, similar to
Eq. (27). When setting z ¼ 0, interfacial stress components for var-
ious configurations are given by the following unified expression:

r1 ¼ r2 ¼ m
1�m r3 ¼ mE�0

1þmð Þ 1�2mð Þ
am
2 cot a

2

� �
U� 1

	 

s ¼ am 1�mð ÞE�0

2 1þmð Þ 1�2mð ÞW
ð44Þ

where U and W are two shape-related functions and are expressed
as follows: solid disks ð0 6 r 6 aÞ:

U ¼ I0 ar=hð Þ=Q1; W ¼ I1 ar=hð Þ=Q 1 ð45Þ

annular disks ðb 6 r 6 aÞ:

U ¼ I0 ar=hð Þ=Q2 � K0 ar=hð Þ=Q 3; W ¼ I1 ar=hð Þ=Q2 þ K1 ar=hð Þ=Q 3

ð46Þ
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annular disks with rigid shaft ðb 6 r 6 aÞ:

U ¼ I0 ar=hð Þ þKK0 ar=hð Þ½ �=Q 4; W ¼ I1 ar=hð Þ �KK1 ar=hð Þ½ �=Q4

ð47Þ

and infinitely long strips ð�a 6 x 6 aÞ:

U ¼ chðax=hÞ=Q5; W ¼ sh ax=hð Þ=Q 5 ð48Þ
= =

= =

Fig. 8. Comparison between analytical and FEM stresses of annular disks with constant a
for (b) and (d).

Fig. 9. Comparison between analytical and FEM stresses of annular disks with rigid shaf
and (c); b=a ¼ 0:5 for (b) and (d).
where r1 ¼ rr ;r2 ¼ rh;r3 ¼ rz; s ¼ srz for cylindrical coordinates
and r1 ¼ rx;r2 ¼ ry;r3 ¼ rz; s ¼ sxz for rectangular coordinates,
and Qi are given in Eq. (40). When b! 0, the solution for annular
disks (Eq. (46)) or annular disks with rigid shaft (Eq. (47)) will decay
to solid disks (Eq. (45)), which indicates that solid disk is the special
case of annular disks when the inner radius is zero.
= =

= =

spect ratio (a=h = 5) and different radius ratios: b=a ¼ 0:05 for (a) and (c); b=a ¼ 0:5

ts with constant aspect ratio (a=h = 5) and different radius ratios: b=a ¼ 0:05 for (a)
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Fig. 10. Comparison between analytical and FEM stresses of infinite strips: (a) and (b) fixed Poisson’s ratio (0.48) but different aspect ratios; (c) and (d) fixed aspect ratio
(a=h ¼ 5Þ but different Poisson’s ratios.
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The comparison between analytical (Eq. (44)) and FEM interfa-
cial stresses is shown in Figs. 8–10 for annular disks, annular disks
with rigid shafts, and infinitely long strips, respectively. Together
with Fig. 4 of solid disks, we will compare the interfacial stresses
in all four configurations. For all cases, the maximum normal stres-
ses always occur far from the traction-free edges whereas the max-
imum shear stresses are always found at the traction-free edges.
Strong dependence of the maximum normal and shear stresses
on Poisson’s ratio is also evident in the four figures. According to
Figs. 4(c) and (d), 8, 9 and 10(c) and (d), layers with larger Poisson’s
ratios always experience higher normal and shear stresses. When
m = 0.3, the normal and shear stresses are both within a fraction
of E�0 whereas when m = 0.5, the maximum values of normal and
shear stresses are both several times of E�0. Comparing Figs. 8
and 9, due to the constraints of the rigid shaft, the normal and
shear stresses in the annular disks with rigid shafts are slightly
higher than those without rigid shafts. Comparing Figs. 8(a) and
(b) and 9(a) and (b) with Figs. 8(c) and (d) and 9(c) and (d), it is
evident that annular disks with smaller inner radius have to expe-
rience larger normal and shear stresses. When b! 0, Figs. 8 and 9
will become exactly like Fig. 4(c) and (d) because the results for
annular disks, either with or without the rigid shaft, will fully
degenerate to the results for solid disks. Fig. 10 also looks alike
Fig. 4 in shapes but the values in Fig. 10 are much higher due to
the stronger constraint in the plane strain condition compared to
the axisymmetric condition.
4. Discussions

Full field, closed-form displacement and stress solutions for
elastically compressible layers of various configurations have been
obtained in Section 3. Although we have only worked on compres-
sive loading, the sign of our results can be simply reversed to
become the solutions for tensile loading due to the symmetry of
this linear elastic BVP. With those results, in this section we want
to discuss first, the effective modulus, and second, the degenera-
tion of the solutions of compressible layers to incompressible
layers.

4.1. Effective modulus

As mentioned in the beginning of the paper, when elastic layers
are subjected to uniaxial compression by perfectly bonded rigid
plates, the effective modulus, Ec , defined as the slope of the engi-
neering stress–strain curve can be very different from the Young’s
modulus of the layer material. For isotropic linear elastic material,
the effective modulus can be written as:

Ec �
Z

rzj jdA0=ðA0�0Þ ð49Þ

where A0 is the cross-sectional area perpendicular to z direction.
However, the areal integrals of our rz are slightly dependent on
z due to the weakly satisfied natural BCs. To eliminate the
z-dependence of the effective modulus, we propose an averaged
form of Ec:

Ec ¼
Z z

0

Z
rzj jdA0dz=ðA0�0hÞ ð50Þ

Based on this definition, normalized effective moduli for the four
different configurations are obtained respectively:

Ec=E ¼ 1� mð Þ
1þ mð Þ 1� 2mð Þ 1� 2m2

1� m
C

� �
ð51Þ

where C is a shape-related function given as follows: solid disks:

C ¼ I1 xð Þ
Q1x

ð52Þ

annular disks:

C ¼ O xð Þ � Oð1Þ
ðx2 � 12Þ with O xð Þ ¼ x I1 xð Þ=Q2 þ K1 xð Þ=Q 3½ � ð53Þ
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annular disks with rigid shaft:

C ¼ xH
x2 � 12ð ÞQ 4

with H ¼ I1 xð Þ �KK1 xð Þ ð54Þ

and infinitely long strips:

C ¼ shðxÞ
2xQ5

ð55Þ

where x; 1 and Qi’s are defined as before.
It is evident from Eqs. (52)–(55) that the normalized effective

modulus only depends on the aspect ratio, the radius ratio for
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Fig. 11. Comparison between analytical and FEM results of normalized effective modul
infinite strips. Results given by Eq. (51) are plotted in black curves and Tsai’s results
interpretation of the references to colour in this figure legend, the reader is referred to
annular disks, and the Poisson’s ratio of the layer. The comparison
between analytical and FEM results are shown in Fig. 11.

The left and right frames of Fig. 11(a) present two different
ways to plot Eq. (51) with C given by Eq. (52) for the solid disks.
In the left frame of Fig. 11(a), the normalized effective modulus
is plotted as a function of the aspect ratio for different Poisson’s
ratios. The effective modulus can drop several folds even when
the Poisson’s ratio is reduced slightly from 0.5 to 0.4995, indicating
ultra-sensitive dependence of effective modulus on the Poisson’s
ratio of the elastic disks. Effective modulus also decreases with
decreased aspect ratio and it approaches 1 when the elastic layer
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i of (a) solid disks, (b) annular disks and (c) annular disks with rigid shaft and (d)
are plotted in dashed red curves whereas FEM results are given by markers. (For
the web version of this article.)
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becomes a slim bar, i.e. when a/h approaches 0, as shown in the
blown-up inset of Fig. 11(a) left frame. Practically uniaxial tension
instead of compression tests are usually carried out to test the
Young’s modulus of a slender sample to avoid buckling instability.
The right frame of Fig. 11(a) plots the normalized effective modu-
lus as a function of the Poisson’s ratio for different aspect ratios.
Instead of using m as the horizontal axis, we follow the convention
in (Tsai and Lee, 1998) and use log½1=ð1� 2mÞ� to illustrate the
strong sensitivity on m. Our analytical solution has found perfect
consistency with FEM results as well as the analytical solution
obtained by the pressure method (Tsai, 2012; Tsai and Lee, 1998)
which are plotted in red dashed curves. In (Tsai, 2012; Tsai and
Lee, 1998), instead of seeking full field solutions of displacement
and stress, authors developed solutions of mean pressure to calcu-
late Ec . The right frame of Fig. 11(a) indicates that when Poisson’s
ratio approaches 0, i.e. no lateral bulging is expected, effective
modulus is strictly Young’s modulus whereas effective modulus
can increase by more than two orders of magnitude when Poisson’s
ratio approaches 0.5. Moreover, disks with larger aspect ratios are
even more sensitive to Poisson’s ratio. It has also been noticed that
the analytical models tend to overestimate the effective modulus
when the shape factor, s ¼ a=ð2hÞ for solid disks, is large (e.g.
>30) compared with experimental measurements (Anderson
et al., 2004; Suh, 2007) and the cause is still unclear.

Fig. 11(b) is plotting Eq. (51) with C given by Eq. (53) (traction-
free annular disks) which are compared with results from Tsai
(Tsai, 2012) with two different radius ratios: b/a = 0.05 and b/
a = 0.5, in the left and right frames, respectively. For annular disks
with the same outer radius and Poisson’s ratio, the ones with smal-
ler inner radius exhibit higher effective modulus. The same conclu-
sion applies to annular disks with rigid shafts as shown in
Fig. 11(c). Comparing Fig. 11(b) and (c), everything else the same,
annular disks with rigid shafts are stiffer, due to the stronger con-
straints. Effective moduli for infinitely long strips are plotted in
Fig. 11(d) in a format similar to the solid disks as shown in
Fig. 11(a). Despite of the similar shapes, effective moduli of infi-
nitely long strips are slightly greater than those of solid disks.

The known dependence of effective modulus on Young’s modu-
lus, Poisson’s ratio, and aspect ratio can provide a viable method
for the measurement of Young’s modulus and Poisson’s ratio of
elastic layers. After compression test of solid or annular disks of
the same material but different aspect ratios, the effective moduli
can be plotted against the known aspect ratios. Depending on the
type of disks and the BCs, choosing the right equation out of Eqs.
(52)–(55) for C to fit the data will yield both Young’s modulus
and Poisson’s ratio of the material. There are two advantages of
using this method: first, due to the sensitivity of effective modulus
on Poisson’s ratio, the measurement precision is expected to be
Fig. 12. Fitting the experimental data points of Ec=E � a=h taken from (Anderson
et al., 2004) by Eq. (51) can yield Poisson’s ratio m ¼ 0:4995 if all six data points are
fitted or m ¼ 0:49965 if only the first five data points are fitted, which are only
slightly smaller than the experimentally measured m ¼ 0:4999.
high; second, Poisson’s ratio can be measured without camera
setup or the measurement of bulk modulus. This method is illus-
trated by using the experimental data provided in (Anderson
et al., 2004). We use our analytical solution of effective modulus,
Eq. (51) with C given by Eq. (52), to obtain m by fitting the exper-
imental Ec=E � a=h data taken from (Anderson et al., 2004). The
experimental data points and analytical fitting curves are drawn
in Fig. 12. We find m = 0.4995 if fitting all six data points or
m = 0.49965 if fitting the first five data points considering the equa-
tions are less accurate when a=h > 25. The Poisson’s ratios found
by our method are only slightly smaller compared to the experi-
mentally measured m = 0.4999 out of bulk and Young’s moduli.

4.2. Incompressible material

With the solutions for elastically compressible layers, we are
able to get specific solutions for incompressible materials by
letting m approach 0.5. Through the comparison between our
degenerated solution and the incompressible elastic layer results
reported by Gent and Lindley (1959), our solutions can be further
double checked.

With

r0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2b2 a2 � b2

� 

a2 � b2
� 


h2 þ 6a2b2 ln a=bð Þ0

vuuut ð56Þ

being an intrinsic length scale of an annular disk with outer radius
a, inner radius b and thickness h, we can obtain the following solu-
tions of displacements, interfacial stresses and effective moduli for
incompressible elastic layers: solid disks:

uS
r ¼ 3 1� z

h

� 
 z
h

r�0; uS
z ¼

z2

h
�3þ 2

z
h

� 

�0 ð57Þ

rS
z=ðE�0Þ ¼ �

a2 � r2

h2 þ 2
3

� �
; sS

rz=ðE�0Þ ¼ r=h ð58Þ

ES
c=E ¼ 1þ 2s2 with shape factor s ¼ a

2h
for solid disks ð59Þ

annular disks:

uA
r ¼ 3 1� z

h

� 
 z
h

r � r2
0

r

� �
�0; uA

z ¼
z2

h
�3þ 2

z
h

� 

�0 ð60Þ

rA
z =ðE�0Þ ¼ 2

a2 ln a
hð Þ�b2 ln b

hð Þ
a2�b2 � ln r

h

� �� �
r2

0

h2 � r2�a2�b2

h2 þ 2
3

� 

sA

rz=ðE�0Þ ¼ r � r0
r

� �
=h

ð61Þ

EA
c =E ¼ 1þ a2 þ b2 � 2r2

0

2h2 ð62Þ

annular disks with rigid shaft:

uAR
r ¼ 3 1� z

h

� 

r � b2

r

 !
z
h
�0;uAR

z ¼
z
h

� 
2
�3þ 2

z
h

� 

h�0 ð63Þ

rAR
z =ðE�0Þ ¼ � 2

3þ r2�a2

h2 � b2

3a2 � 2b2 ln r=að Þ
h2

sAR
rz =ðE�0Þ ¼ r � b2

r

� 

=h

ð64Þ

EAR
c =E ¼ 1þ a2 � 3b2

2h2 þ b4

h2r2
0

ð65Þ

Infinitely long strips:
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uI
x ¼ 6x 1� z

h

� 
 z
h
�0; uI

z ¼
z
h

� 
2
�3þ 2

z
h

� 

h�0 ð66Þ

rI
z=ðE�0Þ ¼ �1þ 2

x2 � a2

h2 ; sI
xz=ðE�0Þ ¼

2x
h

ð67Þ

EI
c=E ¼ 4

3
1þ s2
� �

with shape factor s ¼ a
h

for infinite long strips

ð68Þ

The maximum bulging displacement of incompressible solid disks
can be obtained by setting z ¼ h=2 in the first equation of Eq. (57):

uS
r ða; h=2Þ ¼ 3�0a=4 ð69Þ

which is the same as what (Thornton et al., 1988) has reported.
Moreover, the interfacial shear stress given by the second equations
of Eqs. (58) and (67) and the effective moduli given by Eqs. (59) and
(68) have exactly the same form as (Gent and Lindley, 1959) which
were solved using ‘‘pressure method’’ and validated by experiments
in the same paper, while the interfacial normal stress given by the
first equation of Eq. (58) has a slight difference from what Gent has
obtained (rGent=E�0 ¼ � a2 � r2

� �
=h2 � 1Þ which was validated

experimentally in (Gent et al., 1974), but this difference is negligible
when the aspect ratio is large. As another example, Eq. (62) is the
same as the result from (Tsai, 2012) even though Tsai assumed par-
abolic bulging profile. In summary, our solutions for elastically
compressible solid and annular disks as well as infinitely long strips
can successfully decay to existing solutions of incompressible disks
and our solutions for annular disks with rigid shaft is the first of its
kind.

5. Conclusions

Based on variable separation, analytical solutions to the dis-
placement filed, stress field as well as effective modulus are analyt-
ically derived for elastically compressible layers perfectly bonded
between parallel rigid plates. Without adopting the conventional
assumptions used in pressure method, the displacement solutions
we find can exactly satisfy the equilibrium equations and all essen-
tial BCs, and weakly satisfy the natural BCs. Following the same
process, we have achieved closed-form solutions for elastically
compressible annular disks with and without a rigid frictionless
shaft as well as infinitely long strips. All of our analytical solutions
have found excellent agreement with FEM results over a wide
range of Poisson’s ratio, aspect ratio (1 < a=h < 25) and radius
ratio. Displacement, stress and effective modulus all become extre-
mely sensitive when Poisson’s ratio is close to 0.5, i.e. the material
is almost incompressible. With the analytical expressions of effec-
tive modulus, the Young’s modulus and Poisson’s ratio can be
experimentally acquired by fitting the Ec=E � a=h curve obtained
through a series of compression tests without any camera setup.
We have also validated that our generic solutions can successfully
degenerate into specific cases.
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Appendix A. Discussion of the sign of k

In Section 2.2, we have obtained a displacement solution which
can exactly satisfy both equilibrium equations, all the essential BCs
as well as the weak form of the traction-free condition on the side-
wall. During the analysis, we assume k to be positive and neglect
other possibilities. When k is zero or negative, other solutions
may exist, but we are going to prove that these are not valid solu-
tions to our problem.

Back to Eq. (10), if we choose k to be negative and set

� b2

h2 ¼
1� 2m
1� m

k ðA1Þ

Following similar steps in Section 2.2, another solution can be
reached as:

uS
r ¼ �A1G1þJ1 br=hð Þ

uS
z ¼ �A1 coth b=2ð ÞG1�J0 br=hð Þ � e0z

ðA2Þ

where

G1� ¼ sinh bz=hð Þ 1� z=hð Þ � sinh b 1� z=hð Þð Þ z=hð Þ ðA3Þ

with Ji being the ith order of Bessel function of the first kind. Sim-
ilarly, the unknown coefficient �A1 can be determined through the
traction-free BC (hrrijr¼a ¼ 0Þ as

�A1 ¼
mð3� 4mÞ�0h
4ð1� 2mÞ�Q1

ðA4Þ

where �Q1 ¼ ½J0 �xð Þ � 1� 2mð ÞJ2 �xð Þ�=2 and �x ¼ ba=h. However,
when solving the consequent eigenvalue problem like Eqs. (17)–
(19), the corresponding relation between Poisson’s ratio and b turns
out to be

b ¼ 4� 3mð Þ sinh bð Þ ðA5Þ

from which it is possible for us to find a non-zero b only when phys-
ically impossible values of Poisson’s ratio, i.e. m > 0:5, is used.

Another possible value for k is zero and this special case yields a
displacement field

uS
r ¼ 0 and uS

z ¼ ��0z ðA6Þ

which is only appropriate for material with zero Poisson’s ratio.
With above discussions, we have proved that it is legitimate to

assume k to be positive in Section 2.2.
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