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Abstract

A new information formulation of the Kalman filter is presented where the information matrix is parameterized as the product
of an upper triangular matrix, a diagonal matrix, and the transpose of the triangular matrix (UDU factorization). The UDU
factorization of the Kalman filter is known for its numerical stability, this work extends the technique to the information filter. A
distinct characteristic of the new algorithm is that measurements can be processed as vectors, while the classic UDU factorization
requires scalar measurement processing, i.e. a diagonal measurement noise covariance matrix.

I. INTRODUCTION

The UDU formulation of the Kalman Filter has been used in aerospace engineering applications for several decades. Thornton
[1], Bierman and Thornton [2] and Bierman [3] introduced an elegant formulation where the covariance matrix P is replaced
by two factors: a diagonal matrix D and an upper triangular matrix U with ones on the main diagonal, such that P = UDUT.
Whereas the UDU factorization improves the computational stability and efficiency of large navigation filters, it was originally
used in a batch formulation [4]. However, this formulation lent itself to sequential implementations, well-suited for platforms
where both computational stability and numerical efficiency are at a premium. It serves as the backbone of the Orion Navigation
System [5].

Factorization of the covariance matrix in a Kalman filter [6] is almost as old as the filter itself. In 1963 James Potter
developed a square-root formulation of the Kalman filter to implement on the Apollo onboard computer [7]. The main driver
at the time was numerical precision, as computer words were only 8 bits long. Replacing the covariance by a square root
matrix S, such as P = SS7T, reduces the spread of the elements of P bringing them closer to 1, doubling the numerical
precision of the stored variable. Potter’s algorithm requires the computation of scalar square roots (one per measurement). At
the time, the Apollo Kalman filter was designed without any process noise, because computations required for inclusion of
the process noise required too many computations [8]. A very desirable by-product of this factorization is that the symmetry
and semi-positive definiteness of the covariance are insured by construction, and does not need to be checked or enforced to
correct for numerical and round-off errors. It should be noted that this Apollo factorization was not a triangular square root
matrix.

An alternative square root covariance factorization is the Cholesky factorization [9], [10]. The Cholesky method is very
similar to Potter’s but computes the square root of the covariance matrix with a Cholesky decomposition (S is a triangular
matrix) [11]. Another relevant covariance factorization work is that proposed by Oshman and Bar-Itzhack [12], which utilizes
the spectral decomposition of the covariance matrix.

The UDU factorization is not a square root filter; the numerical precision of the stored variable does not increase due to
the factorization. For example, if P is diagonal, U = I and D = P; therefore the full range of values in P are preserved in
this factorization. However, the U DU formulation of the Kalman filter has great numerical stability properties [3]; it insures
symmetry of the covariance by construction, and it requires a trivial check and correction to ensure semi-positive definiteness
(it suffices to enforce that the diagonal elements of D remain non-negative). The UDU formulation is free from square root
operations, making it computationally cheaper than the Cholesky approach. For these reasons the UDU has endured as one of
the preferred practical implementation of Kalman filters in aerospace applications.

While the UDU factorization is well known, it has never been applied to the information formulation of the Kalman filter
[13], [14], [15]. In this formulation the inverse of the covariance matrix, known as the information matrix, is carried in the
recursive algorithm rather than the covariance matrix itself. The information formulation is a popular approach in several
situations. In particular, the Square Root Information Filter (SRIF) [16], [17], [18], [3], [19], [20] is a go-to Kalman filter
factorization method used in orbit determination packages such as Monte because of its great stability and accuracy. In this
work we introduce the UDU Information Filter, a never developed before algorithm with two key properties that make it a very
desirable implementation of a recursive estimator: i. unlike the regular UDU filter, measurements do not need to be processed
as scalars, i.e. the measurement noise covariance matrix R does not need to be diagonal or diagonalized, and ii. unlike the
regular information formulation the state estimation error covariance matrix does not actually need to be inverted.
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II. BACKGROUND
The well-known Kalman filter measurement update equations are given by

Xy, = Xp, + Ky (yr — HpXg) (1
P, = Pk - Png(HkPng + Rk)_lHkPk

= (I — Ky Hy,) Py )
Ky = PoH (Hy P HE + Ry) ™' = PHIR! (3)

where the bar represents the a priori value, Ky, is the n x m Kalman gain, x € R" is the state vector, P} is the n X n estimation
error covariance matrix, y € R™ is the measurement vector defined as

Yi = Hpxp + 1y, “)

where 77;, is a zero mean, white sequence with covariance matrix Rj;. The propagation equations are

Xpg1 = Plry1, tr)Xe &)
Pry1 = ®(trpr, te) Pe®(trrr, tr) " + GrQiGi
= Oy PO} + GrLQrGE (6)

where ®(tx11,tx) (Which we will denote as ®y) is the state n X n transition matrix from ¢ to tx+1, Q is the p X p process
noise covariance matrix, and Gy, is the n X p process noise shaping matrix.

The UDU factorization implements the above equations by replacing the covariance matrix Pj with an upper triangular
matrix with ones on the diagonal (Uj) and a diagonal matrix Dy, such that

P, = U,D UL (7)

The UDU approach to propagate Uy, and D), forward in time makes use of the Modified Weighted Gram-Schmidt (MWGS)
orthogonalization algorithm that avoids loss of orthogonality due to round-off errors [21]. Measurements are processed one at
the time as scalars by noting that when Ry, is diagonal the update in Eq. (2) is obtained by recursively processing one element
of yj at a time, using the corresponding row of H} and diagonal element of Rj. The measurement residual covariance matrix
Wy = H,P,H kT + Ry, thus becomes a scalar, and the quantity PkH,? = wy, becomes a vector; thus each of the scalar updates
takes the form 1

Py =Py — WkaW;{ (®)
since matrix Py is updated with a rank one matrix (Wikwkw,{), we call this a rank one update, Agee and Turner [22] detailed
how to directly update the Uj, and Dy, factors due to a rank one update. The subtraction in Eq. (8) could cause some numerical
instabilities in Agee-Turner’s algorithm. Carlson [23] introduced an alternative rank-one update algorithm that, while less
generic, is more stable for the measurement update. Carlson’s rank-one update is not valid for generic values of wj and W,
but only when the update is done with the optimal Kalman gain.

An alternative formulation of the Kalman filter is the information formulation, where the covariance matrix P is replaced
by its inverse. The covariance update and Kalman gain are calculated as [13]

Pl =P+ HI R Hy, 9)

Ky = P HIR! (10)

The information formulation is particularly useful when there is no prior information, i.e. Py = oo, in this case the covariance
formulation of the KF is not defined, while the information formulation is, and starts from PO_1 = O. In the covariance
formulation, the m X m measurement residual covariance matrix Wy, = Hy P H ,? + Ry, is inverted to process the measurement,
while in the information formulation the n X n covariance matrix is inverted in the time propagation step. In situations when
m > n, therefore, the information formulation could be computationally cheaper, although measurements are often processed

one at the time as scalars. Processing measurements as scalars is only possible when Rj is diagonal, otherwise the additional
steps of a change of variables to diagonalize Ry, is required.

III. THE UDU INFORMATION FILTER
A. The Measurement Update
Begin with factorizing the covariance P into an LDL form; that is, rather than using an upper triangular matrix we will use
a lower triangular matrix. We denote the diagonal matrix with A



and we define U and D as the inverses of LT and A, respectively

Pl = L)AL = ULDL UL (12)
P! = I, AT, = U,DT, (13)
so that the measurement update (Eq. (9)) becomes
UkaUg = Ukbkﬁf + HgR;lHk (14)
We now factorize the m x m matrix Rj, into LDL form as
Ry = Lg, AR, LT, (15)
and
Ry =Ly AR Ly =Ug,Dg, Uf, (16)
so that Eq. (14) becomes
= = =T
UxDpU! = UDWUy, + H}Ugr,Dg, U}, Hy (17)
We now work on the term Ug, H where we note that it is of dimension m x n so that it can be expressed as
vi
V3
Up Hr = : (18)
\a

where each v; is an n x 1 vector.
The factor H{ R;;' Hy, can be expressed as

H}'R.'Hy, = H;Ur,Dg, U}, Hy,

v 1/dy, 0 0 vT
vI 0 1/da, -+ 0 vl
vl 0 0 v U dy | | VE
m 1
= vivy (19)
=1 d“?
so that the measurement update equation is now
7 m 1
UnDy UL = TUxDiUj + Y cTVZ-VZ.T (20)
i=1 'R

Thus it reduces to a series of m rank-one updates.

Notice that Eq. (20) is the update equation due to a vector measurement so that the need to process scalar measurements,
as in the covariance UDU formulation, is avoided in the proposed information UDU formulation. Rather than performing an
eigenvalue decomposition of Ry and a corresponding change of variables for y;, we simply perform the U DU factorization
of R,

As stated earlier, one of the benefits of using an information formulation is that if Py is singular, this allows for an estimate
to be obtained [14]. When Fj is singular, x( is not completely defined. To this end, z; and Zg, which are directly related to
X and Xj, are defined as

>
I
|
A
I

z = Pk, zn = Pz 1)
Premultiplying Eq. (1) by P, 1 we get

2y = P;'(I— KpHy) %, + Py Ky (22)

= 7+ H R, 'y (23)



B. The Time Update

Prior to propagation, the standard information formulation of the Kalman filter inverts the information matrix to obtain the
covariance, it then propagates the covariance with Eq. (6), and finally inverted the propagated covariance matrix to prepare
for the measurement update phase. We propose an algorithm that propagates the factors of the information matrix directly.
Starting from the covariance propagation Eq. (6), we factorize (), via a UDU parameterization so that

Qr = Uqg, Ao U, (24)

where A, is a diagonal p x p matrix and define G, as

Go. 2 GpUg, (25)
so that P becomes
Pry1 = O, P @ +Gq, Ao, G, (26)
Invoking the matrix inversion lemma
(Z+XAY) ' =z -2 X (A Y 27 x) vzt 27)
and letting
Z = &, P, o7 A=Ag,; X =Gq,; Y =Go, (28)
and
z7' = M, 2 T Pl ert (29)
The inverse of the propagated covariance is
Pryy = My, — My G, |GF My, Gg, + AZ) e (30)
Defining
G, 29071 Go, Dq, = Ag! 31)

-1
Py 11 becomes

51 -T) p—1
Py = @ {Pk -

1= [AT p-1 7~ L _
Plek[GkPlek+DQk:| Gk:Pkl}(I)kl (32)

and defining Ky, as

K, 2

1= [AT ool -1
PGy |Gy P G+ Doy | (33)
Defining the quantity inside the brackets in Eq. (32) as P, !

— —_ —_— 717
PILEP - PGy {G;}P PGy +DQJ G P!

= [1- kG| Py (34)
We notice Eq. (34) is an analog to Eq. (2) with
Pt — By Gy — HE Dg, — Ry
Pk_l — Pk ICk — Kk

and since Dy, is a diagonal p X p matrix, we can solve for the UDU factorization of P, ! directly by using a Carlson Rank-One
Update [23] performed p times on

UDUT = U DR UL —

I _ 1__
UDWUL Gy, |Gy UnDLUE Gi + AG| GLUWDLU, (35)

so that we can find the time-propagated UDU factors of ﬁ;l as

——1 — = =T _ _
Pk+1 = Uk+1Dk+1Uk+1 = q’kTukaukT‘l)k ' (36)



Since this equation is equivalent to a covariance propagation without process noise, the MWGS orthogonalization algorithm
can be used to obtain the factors U1 and Dy 1.

Notice that @;1 does not necessarily need to be computed by a direct matrix inversion. Usually &, is computed via
integration of a matrix differential equation or by series approximation. Similarly, @;1 can be obtained directly by backwards
integration or by series approximation.

Beginning with Eq. (5) the time update for zj; is obtained as follows

Pl %ey1 = PrlL®, PPk (37)
which becomes
Zry1 = Pk+1q>k Py 2y, (33)
substituting from Eqs. (32) and (34)
2 = O [1-KGy| 2 (39)
or
_ _ —T7 .
Zri1 = O (g1, te) [I—Kka} Zy, (40)

The following table summarizes the UDU Information Filter. While Table I contains a compact notation for the covariance
time propagation and measurement update; in the actual algorithm the covariance factors Uy and Dy, are individually propagated
and updated using the Rank-1 Update and the Modified Weighted Gram-Schmidt orthogonalization algorithms.

Initialization
State Zo = Pil(to)x(to)
Covariance UoDoUT = P~ (o)
Time Propagation
Truth Xp+1 = Drxp + Gk’/lm v ~ n(O, Qk)
- =T
Process Noise UQkAQkng =Qk, Gr=2o, GrUg, _
Gain Kr = UkaUgék [@ZUkaUgék +AQk:|
T _ A T B
Covariance | UsPRUE 7llT ICkaJ Uy DxUT (Rank-1 Update)
Ups1Dp11Ugyy = O "UDUT O (MWGS)
State Zhe1 = 07 [1 - ickék] %,
Measurement Update
Truth Yit+1 = Hppixp + ”k+1’ Ng+1 ~ n(0, Ripy1)
Meas. Noise L URHlDRkH URk+1 R’“+1T
m
=14, Vi v =H{[  Ur,, DR, URk+1Hk+1
Covariance Uk"'le'HUkﬂLl N U"+1Dk+1U’V+1+
+ > 7, (1/dig) vivl (Rank-1 Update)
State Zpt1 = Zh4l +Hk+1Rk+1)’k+1

TABLE 1
SUMMARY OF UDU INFORMATION FILTER EQUATIONS

C. An Efficient Algorithm to compute U ™"

The algorithm proposed does not necessitate to invert the covariance matrix nor its U or L factor. However, in case the initial
covariance was provided, it might be convenient to factorize it first, and to efficiently invert its factors rather than inverting
the full covariance. In this section we compute the inverse in an efficient manner, taking advantage of the ‘1’s’ and ‘0’s’. It is
as follows: Given an m X n upper triangular ‘unit’ matrix U expressed as

1 U Uiz -+ U1 Uln
0 1 Uz -+ Uypnoa Uzp
0 0 1 o Usppe1 Uy
U= . . . ) . } 41)
0 0 0 - 1 U wn
000 0 - 0 1]




the inverse is also an n x n upper triangular ‘unit’ matrix V' (so that det (V') = 1) which is

1 Vipg Vig -+ Vipor Vi
0 1 Vasg - Vopqg Vo,
0 0 1 T Vv&nfl Vzi,n
V=Ul=] . . . . . (42)
0 0 0o - 1 Va—1n
| 0 0 0o - 0 ]
since
vv =1 (43)
and the ij-th element of UV is given by
J Jj—1 j—1
Y UikVig = UiiVig + UigVig + Y UidVig = Vig +Uig + Y UiiVig (44)
k=i k=i+1 k=i+1
we can solve for the elements of V' as
j:nv"'727 Z:j_lvvl
j—1
Vig == Ui+ Y UiiViy (45)
k=i+1

IV. A NUMERICAL EXAMPLE

In this section we show the performance of the algorithm in linear, time-varying example with correlated measurement noise
covariance matrix R. The system is given by

X1 = PpXp + Vi (46)
yi = Hpxp + 1y 47)
Dy — [ E ‘i‘,’f] (48)
Ay = [tk —Otk71 N _Otkj (49)
Br =0.1 [Sin(tk) _Osm(tk—l) —(Siclfl’(st(:/)c)_—sicﬁ(st(ﬁ;)l)) (50)

100 0} 1)

H’“:[o 100

where [ is the identity matrix ¢ — tx—1; = 1 second, vy is a zero mean, Gaussian white sequence with covariance matrix
Qr = 0.01 I, and n;, is a zero mean, Gaussian white sequence with covariance matrix Ry,

2.96 2.8]

B = {2.8 2.96 (52)

The initial estimate is unbiased, and the initial estimation error is Gaussian with covariance Py = I. Fig. 1 shows the result
of a single run and the 30 predicted standard deviations from a straight formulation of a Kalman filter. In order to show
the equivalence between the Kalman filter (KF) and the UDU information approach (UDUI), Fig. 2 shows the norm of the
difference between the two state estimates

ex = |[Xxr — Xupuil|

while Fig. 3 compares the Kalman filter covariance Pxr with the UDU factorization of the Information matrix Py, =
UDUT by plotting the following quantity:
cr = ||Pr Pypy; — 1l

The figures show that the proposed algorithm results closely match the Kalman filter hence validating the proposed algorithm
as its UDU information formulation. The growth of the error in Figs. 2 and 3 is due to the accumulation of round-off errors in
the algorithms. It is known [3] that numerical errors accumulate faster in the full covariance formulation of the Kalman filter
than in the UDU’s.



x 0 > 0
-5 -5

0 50 100 0 50 100
5 5

-5 -5
0 50 100 0 50 100
Time (s) Time (s)
Fig. 1. Estimation Error and 3¢ predicted standard deviations
19 x10"2
S 1f 1
=
Wosgt .
[]
-
806
(/2]
£04
b
Dozt ]
0 s ! !
0 20 40 60 80 100

Time (s)

Fig. 2. Norm of the State Error (||[Xxr — Xupurl])

-12
w2 x10
54
S
S
w
o3
o
c
8
= ol
=2
>
o
o4l
£
S
o
20 ‘ ;
0 20 40 60 80 100
Time (s)

Fig. 3. Norm of the Covariance error (|| Px r PJI%)UI -1

V. CONCLUSIONS
A new algorithmic mechanization of the classic Kalman filter is presented, the new algorithm combines the information
formulation with the UDU factorization. While the covariance formulation of the Kalman filter is usually employed, the
information formulation has distinct advantages in some applications, for example when no initial condition is available.
The UDU factorization is a widely adopted technique to produce a numerically stable and accurate algorithm to keep the
covariance matrix symmetric and positive definite. A numerical example confirms the equivalency between the Kalman filter
and the proposed algorithm.
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