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I. Introduction
In recent years there has been a growing interest in human spaceflight to distant celestial bodies. The Artemis

missions are underway and aim to take humans back to the moon for the first time since the Apollo missions in the

1970s. Companies like SpaceX and Blue Origin have expressed an interest in taking humans to Mars. Crewed missions

add considerable complexities to spacecraft design and affect many subsystems, including onboard navigation.

An aspect of human spaceflight that has recently received considerable attention is the venting disturbances produced

by the Environmental Control & Life Support System (ECLSS), and in particular how to model them and their effect on

the navigation and orbit determination solutions [1–4]. Early analysis of crewed Artemis missions modeled venting

disturbances as spherical process noise with zero mean [1, 2]. In Joshi et al. [3, 4], it is shown that large discrepancies

arise between the nominal trajectory with and without accounting for venting in both direction and magnitude. These

findings suggest the need to accurately model the effects of venting perturbations for future crewed missions.

For use onboard spacecraft, dynamics models must be truncated to keep the overall computational demands tractable.

Unmodeled dynamics are typically compensated with adjustments to the assumed level of process noise added to the

system, typically via extensive testing against a high fidelity model to tune the expected level of noise or ‘mismatch’.

Joshi et al. have shown crewed Artemis missions must account for perturbations caused by the presence of the crew and

the ECLSS system.

The Kalman Filter (KF)[5, 6] operates under the assumption that models of the dynamics and measurements

(including the statistics of noises entering the system) are known exactly. In practical aerospace systems, perfect

knowledge of the models is not possible; additionally, unexpected events can alter the dynamics of the state or the

way that a sensor is functioning. When models become mismatched, it can lead to degraded estimation performance

and even filter divergence. The Artemis I mission was not crewed and thus the effects of the ECLSS system have not

yet been observed in space. If the actual venting perturbations differ substantially from the models, the overall filter

performance will suffer.

Adaptive estimation (or filtering) aims to estimate the state of the system while simultaneously reducing uncertainty

in the model [7, 8]. Adaptive filters can be broadly categorized as: correlation methods [7, 9–15], covariance matching
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methods [16–20], maximum likelihood methods [21–23], Bayesian methods [24–26], subspace methods [27], and

predictor error methods [28]. In this work, correlation methods are applied to a relative navigation algorithm to enable

autonomous, onboard process noise adaptation in the presence of venting perturbations on the target vehicle. This

algorithm is referred to as MILTON (Measurement Innovation Leveraging To Obtain Noise). The intent of this paper is

to demonstrate the viability of using MILTON to estimate venting disturbances that have direction and a nonzero mean

magnitude with an unknown level of uncertainty where the filter begins with no information on the vent directions,

magnitudes, or times they will occur. The contributions of this work are:

• An adaptive navigation solution to rendezvous a target vehicle subject to unmodeled vents.

• A novel guarantee of positive definiteness of the adapted process noise covariance matrix by leveraging the known

relationships between position, velocity, and acceleration.

• An information formulation of covariance adaptation law to reduce the computational cost.

This paper is organized as follows: Section II, presents background on previous work. Section III, covers the design

of the navigation filter. Numeric simulations and results covered in Sections IV.A and IV.B. Section V concludes the

major takeaways from this work.

II. Background: Noise Compensation Methods
One of the most popular estimation algorithms in the aerospace industry is the Extended Kalman Filter (EKF). The

EKF the dynamics of the system is known modulo white noise with known statistics. In practice, the process noise is

selected to bound the uncertainty in the model in order to ensure that the resulting state estimate from the filter does not

diverge.

A commonly utilized yet straightforward approach to addressing unmodeled dynamics is State Noise Compensation

(SNC) [29]. This method, largely heuristic, requires extensive tuning to achieve reliable usage. Moreover, SNC operates

under the assumption that errors are not temporally correlated. Another method for compensating for unknowns in

a system is to model the unknown forces using Dynamic Model Compensation (DMC) [29]. DMC allows for time

correlation of the errors and it typically models the unknown accelerations as a first or second order Gauss-Markov

process. DMC generally outperforms SNC in accuracy of estimate.

Another method of noise compensation is to incorporate consider parameters. Consider parameters are typically

used when certain states are not ‘totally’ observable, but the uncertainty in those states should not be neglected from the

uncertainty in the system [29]. In Stauch and Jah consider parameters are employed to add uncertainty to the dynamics

model through a spacecraft’s ballistic coefficient without needing to update the estimate of the ballistic coefficient [30].

In McCabe and DeMars consider parameters are combined with square root filtering and applied to a ballistic reentry

simulation [31].

Fixed noise compensation techniques have significant heritage in the aerospace industry. They all require a priori
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information and testing to be set appropriately. A common practice is to estimate the level of process noise for a system

by running simulations using the filter dynamics model and comparing the results against a high fidelity model [32], the

so-called ‘truth’ model. While both of these techniques are effective for nominal flight conditions, there have been

cases where the noise parameters must be adjusted during the course of a mission [33, 34]. Joshi et al. show that

using spherical, white noise uncertainty to compensate for venting associated with the Orion crewed vehicle leads to

divergence from the planned nominal trajectory for the Artemis II mission [3, 4]. When the performance differs too far

from the expected nominal, the ground must calculate updates and send them to the spacecraft [33, 34].

Including onboard noise adaptation would allow a spacecraft to autonomously adjust to unmodeled perturbations

without ground intervention. In Stacey and D’Amico’s work, covariance matching is used to allow the SNC and DMC

noise models to autonomously adjust the noise levels in the dynamics of spacecraft orbiting an asteroid [19]. This

work shows empirically reliable estimates of unmodeled noise in a dual spacecraft system. In Giraldo-Grueso et al.

maximum likelihood methods are combined with neural networks to adaptively estimate the atmospheric density that a

spacecraft is flying through [35, 36].

III. Navigation Design
This section covers the design of the adaptive relative navigation filter, MILTON. The state space is comprised of the

relative inertial target position and velocity, the target vehicle’s unmodeled acceleration in the inertial frame, the inertial

chaser position and velocity, and accelerometer bias terms in the body frame for the chaser vehicle. The state space is,

x =

[
(r𝑁

𝑡/𝑐)
𝑇 (v𝑁

𝑡/𝑐)
𝑇 (a𝑁

𝑡 )𝑇 (r𝑁𝑐 )𝑇 (v𝑁
𝑐 )𝑇 (b𝐵𝑐

𝑐 )𝑇
]𝑇

, (1)

where r indicates a position vector, v indicates a velocity vector, a indicates an acceleration vector, and b represents an

accelerometer bias vector. In this work, the superscript 𝑁 indicates that the vector is represented in the inertial frame

and the superscripts 𝐵𝑡 and 𝐵𝑐 indicate that the vectors are represented in the target body frame and the chaser body

frame respectively. Lastly, when a vector has a subscript of the form 𝑡/𝑐 it indicates that the vector is from the chaser to

the target vehicle and when the subscript is a single letter like 𝑐 it indicates that the origin of the vector is the origin

of the frame it is represented in and ends at the subscript. Including both unmodeled target acceleration and chaser

accelerometer bias terms is crucial to prevent the bias in the chaser’s accelerometer from being mistakenly attributed to

an unmodeled target acceleration in the event that the target vehicle is experiencing unmodeled perturbations while the

chaser vehicle is performing a maneuver.

MILTON, consists of three primary components: Propagation, measurement update, and an adaptive Block.
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A. Propagation

In the propagation phase, each spacecraft state and its covariance are propagated independently. The relative inertial

states of the target are converted to the full inertial representation prior to propagation and are converted back after. This

conversion is done by,

r𝑁
𝑡/𝑐 = r𝑁𝑡 − r𝑁𝑐 v𝑁

𝑡/𝑐 = v𝑁
𝑡 − v𝑁

𝑐 . (2)

The states are propagated using a fixed step Runge-Kutta (RK4) propagator and the EKF propagation equations. The

EKF is a widely utilized estimation algorithm in the aerospace industry, favored for its minimal computational demands.

This computational ease stems from its use of first-order Taylor approximations [29]. These approximations are centered

on the estimated state and thus the filter has the potential to diverge if the estimated state drifts too far from the truth.

The EKF time propagation equations are,

¤x𝑘 = f
(
x+𝑘 , 𝑡

)
, P−

𝑘+1 = FP+
𝑘F𝑇 + Q̂,

F ≈ e(AΔ𝑡 ) , A =
𝜕f
𝜕x

����
x+
𝑘

,
(3)

where x is the state vector of size 𝑛, f () is the function that governs the state dynamics, 𝑡 is time, P is the filter covariance

estimate, F is the state transition matrix, and Q̂ is the discrete time process noise covariance matrix. The superscript,

()− , indicates that the quantity is the estimate prior to the measurement update and the superscript ()+, indicates that the

quantity is the posterior estimate. The subscripts ()𝑘 and ()𝑘+1 indicate that the quantity is at time step 𝑘 and 𝑘 + 1,

respectively. It should be noted that F ≈ e(AΔ𝑡 ) is only an exact equivalency for a linear, time-invariant system, however

this relationship is often leveraged for nonlinear systems to reduce computational burden. Once the conversion to the

full inertial state is done, the states are propagated with,

f (x) = ¤x =



¤r𝑁𝑡

¤v𝑁
𝑡

¤a𝑁
𝑡

¤r𝑁𝑐

¤v𝑁
𝑐

¤b𝐵𝑐
𝑐



=



v𝑁
𝑡

g𝑁
𝑡 + a𝑁

𝑡

𝝂𝑡

v𝑁
𝑐

g𝑁
𝑡 + NBc

(
𝜶𝐵𝑐
𝑐 − b𝐵𝑐

𝑐

)
+ 𝝂𝑐Δ𝑡

−𝛽b𝐵𝑐 + 𝝂𝑏



, (4)

where g is the acceleration of the spacecraft due to the gravity field, NBc is the direction cosine matrix (DCM) from the

chaser body frame to the inertial frame, 𝜶𝑐 is the measured acceleration from the chaser’s onboard accelerometer, 𝛽 is

the inverse of the time constant for the Markov process of the accelerometer bias, and 𝝂 is the process noise for various
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terms. The acceleration, velocity, and position are directly related through kinematics. Since the acceleration on the

target is unknown, it is assumed that the acceleration term is constant over each time step. It should be noted that while

the noise term 𝝂𝑡 appears in (4), there is no artificial noise added to either the true propagation or the filter propagation.

This term serves as a placeholder for the assumed form the process noise adaptation expects model discrepancies to take.

While there is no artificial noise added, there are true model discrepancies between the truth trajectories and the filter

dynamics which vary from one scenario to the next. There are three separate sets of gravity field models used in this

work. These three sets will be discussed in Section IV.

The covariances are propagated using (3) after constructing A using the following,

A =


A𝑡 A𝑡/𝑐

09×9 A𝑐

 where, A𝑡/𝑐 =



03×3 03×3 03×3

𝜕g𝑡
𝜕r𝑡 −

𝜕g𝑐
𝜕r𝑐 03×3 NB𝑐

03×3 03×3 03×3


, (5)

where A𝑡 and A𝑐 are the Jacobians of the dynamics of the target and chaser vehicles with respect to their states.

Maneuvers performed by the chaser are expected to be captured by the onboard accelerometer. Thus these

accelerations are modeled as measurements from the accelerometer held constant over each propagation step. As

previously mentioned, the bias term is necessary to avoid attributing sensor bias in the chaser to unmodeled accelerations

in the target vehicle. Sensors often have bias values that vary over the length of a mission. This variability is often

modeled as a Gauss-Markov process thus this study models its accelerometer bias as a Gauss-Markov process.

It should be noted that the accelerometer measurements are not always used directly in the propagation of the chaser

vehicle. When the magnitude of the accelerometer reading is below a gating threshold, the measurements are not used in

propagation, but instead are treated as direct measurements of the accelerometer bias terms [37]. This will be explained

in more detail in the following section.

In the filter, the process noise on the relative target vehicle states is autonomously updated in the adaptive block.

This will be discussed in greater detail in Section III.C. The process noise on the chaser vehicle is set at the beginning of

the scenario and remains unchanged as it is not the focus of this work.

B. Measurement Update

In the measurement update, the EKF measurement update equations are used,

x+𝑘+1 = x−
𝑘+1 + K

(
y𝑘+1 − h

(
x−
𝑘+1

) )
, K = P−

𝑘+1H𝑇
𝑘+1

(
H𝑘+1P−

𝑘+1H𝑇
𝑘+1 + R

)−1

P+
𝑘+1 = (I − KH𝑘+1) P−

𝑘+1 (I − KH𝑘+1)𝑇 + KRK𝑇 , H𝑘+1 =
𝜕h
𝜕x

����
x−
𝑘+1

,
(6)
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where K is the Kalman gain, I is the identity matrix, y𝑘+1 is the received measurement of size 𝑚, h() is the measurement

function that relates the state to the measurement, H is the measurement Jacobian, and R is the measurement noise

covariance matrix. The EKF measurement update uses relative range and bearing measurements taken from the chaser

to the target vehicle. These measurements are assumed to be provided by a flash LiDAR system. The relative range and

bearing measurements are assumed to be in the center of the LiDAR frame, L. The vector 𝝆L is the relative range vector

defined in the LiDAR frame that defines the relative position of the target with respect to the chaser vehicle and can be

found using,

𝝆𝐿 = LNr𝑡/𝑐, (7)

where LN is the DCM from the inertial frame to the chaser LiDAR frame. The calculation of the relative range is

performed as follows:

𝜌 =

���rN
𝑡/𝑐

��� = ��𝝆L�� . (8)

The relative azimuth and elevation angles are calculated using,

𝐴 = arctan
(
𝜌L
𝑥

𝜌L
𝑧

)
𝐵 = arctan

(
𝜌L
𝑦

𝜌L
𝑧

)
.

(9)

where 𝜌L
𝑥 , 𝜌L

𝑦 , and𝜌L
𝑧 are the components of the relative range vector in the LiDAR frame. This definition of the relative

azimuth and elevation are used in order to mitigate angular quadrant assignment errors.

As previously mentioned, when the magnitude of the measurement taken by the accelerometer is below a gating

threshold, the accelerometer measurement is taken to be a direct measurement of the accelerometer bias [37],

b𝑐 = 𝜶𝑐 . (10)

Thus the measurement Jacobian takes one of two forms during the measurement update:

H1 =



1
𝜌
r𝑇
𝑡/𝑐 01×15

1
𝜌2
𝑥+𝜌2

𝑧
[𝜌𝑧 , 0,−𝜌𝑥]LN 01×15

1
𝜌2
𝑦+𝜌2

𝑧
[0, 𝜌𝑧 ,−𝜌𝑦]LN 01×15


or H =


H1 03×15

03×15 I3×3

 . (11)

Since the goal is to estimate the relative state and since the absolute states are weakly observable from relative-only

measurements, the chaser’s position and velocity are treated as consider parameters [29]. This adjustment involves

modifying the Kalman gain derived in (6), specifically by setting the values in the rows corresponding to the chaser’s
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position and velocity to zero,

KrN
𝑐 ,vN

𝑐
= 0. (12)

C. Process Noise Adaptation

The adaptation block employs correlation methods for process noise adaptation. In previous work on correlation

methods, the theory has been applied to linear systems [7, 13, 15]. In this work, correlation methods are applied to a

nonlinear system. In order to apply correlation methods to a nonlinear system, it is assumed that the time series of prefit

measurement residuals in a buffer of length 𝑚𝑏 are linearly related to the state error at the initial time in the buffer

𝑘 − 𝑚𝑏 + 1.

1. Derivation

Once making the assumption that the measurement residuals are linear with respect to the state error, the derivation

follows the same steps laid out in [15], with the caveat that the matrices are Jacobians evaluated on the filter’s best

estimate of the state at that time step. In order to allow for self-containment, the rest of the derivation on the nonlinear

system is included here. The linear relationship between the prefit measurement residuals in a buffer of length 𝑚𝑏 and

the state error at the initial time step in the buffer, 𝑘 − 𝑚𝑏 + 1 is as follows,



r𝑘

r𝑘−1

...

r𝑘−𝑚𝑏+1

︸      ︷︷      ︸
=Y𝑘,𝑘−𝑚𝑏+1

=



H𝑘𝚽𝑘,𝑘−𝑚𝑏+1

H𝑘−1𝚽𝑘−1,𝑘−𝑚𝑏+1

...

H𝑘−𝑚𝑏+1

︸                    ︷︷                    ︸
=O𝑘,𝑘−𝑚𝑏+1

e𝑘−𝑚𝑏+1

+



H𝑘 H𝑘F𝑘−1 H𝑘𝚽𝑘,𝑘−2 · · · H𝑘𝚽𝑘,𝑘−𝑚𝑏+2

0𝑚×𝑛 H𝑘−1 H𝑘−1F𝑘−2 · · · H𝑘−1𝚽𝑘−1,𝑘−𝑚𝑏+2

...
...

. . .
...

...

0𝑚×𝑛 0𝑚×𝑛 0𝑚×𝑛 0𝑚×𝑛 H𝑘−𝑚𝑏+2

0𝑚×𝑛 0𝑚×𝑛 0𝑚×𝑛 0𝑚×𝑛 0𝑚×𝑛

︸                                                                          ︷︷                                                                          ︸
=M𝑤

𝑘−1,𝑘−𝑚𝑏+1



𝝂𝑘−1

𝝂𝑘−2

...

𝝂𝑘−𝑚𝑏+1

︸      ︷︷      ︸
=V𝑘−1,𝑘−𝑚𝑏+1

+



𝜼𝑘

𝜼𝑘−1

...

𝜼𝑘−𝑚𝑏+1

︸       ︷︷       ︸
=W𝑘,𝑘−𝑚𝑏+1

,

(13)
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where 𝑚𝑏 is the buffer size, r𝑘 is the measurement residual at time 𝑘 , e𝑘 is the state error at time 𝑘 , 𝚽𝑘,𝑘−𝑚𝑏+1 is the

discrete time state transition matrix from time step 𝑘 −𝑚𝑏 + 1 to 𝑘 and 𝝂𝑘 and 𝜼𝑘 are random samples from the discrete

time process noise and measurement noise respectively. Shown more compactly:

Y𝑘,𝑘−𝑚𝑏+1 = O𝑘,𝑘−𝑚𝑏+1e𝑘−𝑚𝑏+1 +M𝑤
𝑘−1,𝑘−𝑚𝑏+1V𝑘−1,𝑘−𝑚𝑏+1 +W𝑘,𝑘−𝑚𝑏+1, (14)

where Y is a vectorized time series of prefit measurement residuals, O is the observability matrix, M𝑤 is the mapping

matrix from the process noise samples to the measurement residuals, V is the vectorized time series of discrete time

process noise samples, and W is the vectorized time series of discrete time measurement noise samples.

To isolate the state error vector, multiply both sides by O𝑇
𝑘,𝑘−𝑚𝑏+1 yielding,

O𝑇
𝑘,𝑘−𝑚𝑏+1Y𝑘,𝑘−𝑚𝑏+1 = M𝑘,𝑘−𝑚𝑏+1e𝑘−𝑚𝑏+1+O𝑇

𝑘,𝑘−𝑚𝑏+1M
𝑤
𝑘−1,𝑘−𝑚𝑏+1V𝑘−1,𝑘−𝑚𝑏+1

+O𝑇
𝑘,𝑘−𝑚𝑏+1W𝑘,𝑘−𝑚𝑏+1,

(15)

where M𝑘,𝑘−𝑚𝑏+1 is the observability Gramian from time step 𝑘 − 𝑚𝑏 + 1 to 𝑘 . In this work, it is assumed that the

observability Gramian is invertible. This assumption holds because the adaptation is being applied only to the relative

target vehicle position, velocity, and unmodeled target acceleration states which are fully observable with relative range

and bearing measurements from the chaser vehicle, as discussed in Section III.B. To isolate the state errors, multiply

both sides of (15) by M−1
𝑘,𝑘−𝑚𝑏+1,

M−1
𝑘,𝑘−𝑚𝑏+1O

𝑇
𝑘,𝑘−𝑚𝑏+1Y𝑘,𝑘−𝑚𝑏+1 = e𝑘−𝑚𝑏+1+M−1

𝑘,𝑘−𝑚𝑏+1O
𝑇
𝑘,𝑘−𝑚𝑏+1M

𝑤
𝑘−1,𝑘−𝑚𝑏+1V𝑘−1,𝑘−𝑚𝑏+1

+M−1
𝑘,𝑘−𝑚𝑏+1O

𝑇
𝑘,𝑘−𝑚𝑏+1W𝑘,𝑘−𝑚𝑏+1.

(16)

Suppose this vectorization is repeated for measurements taken from time step 𝑘 − 𝑚𝑏 to 𝑘 − 1 yielding,

M−1
𝑘,𝑘−𝑚𝑏+1O

𝑇
𝑘,𝑘−𝑚𝑏+1Y𝑘,𝑘−𝑚𝑏+1 = e𝑘−𝑚𝑏+1+M−1

𝑘,𝑘−𝑚𝑏+1O
𝑇
𝑘,𝑘−𝑚𝑏+1M

𝑤
𝑘−1,𝑘−𝑚𝑏+1V𝑘−1,𝑘−𝑚𝑏+1

+M−1
𝑘,𝑘−𝑚𝑏+1O

𝑇
𝑘,𝑘−𝑚𝑏+1W𝑘,𝑘−𝑚𝑏+1,

M−1
𝑘−1,𝑘−𝑚𝑏

O𝑇
𝑘−1,𝑘−𝑚𝑏

Y𝑘−1,𝑘−𝑚𝑏
= e𝑘−𝑚𝑏

+M−1
𝑘−1,𝑘−𝑚𝑏

O𝑇
𝑘−1,𝑘−𝑚𝑏

M𝑤
𝑘−2,𝑘−𝑚𝑏

V𝑘−2,𝑘−𝑚𝑏

+M−1
𝑘−1,𝑘−𝑚𝑏

O𝑇
𝑘−1,𝑘−𝑚𝑏

W𝑘−1,𝑘−𝑚𝑏
.

(17)

Now substitute e𝑘−𝑚𝑏+1 = F𝑘−𝑚𝑏
e𝑘−𝑚𝑏

+ 𝝂𝑘−𝑚𝑏
and subtract one equation from the other,

Z𝑘 = A𝑘Y𝑘,𝑘−𝑚𝑏
= B𝑘V𝑘−1,𝑘−𝑚𝑏

+ A𝑘W𝑘,𝑘−𝑚𝑏
, (18)
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where A𝑘 is defined as,

A𝑘 =

[
M−1

𝑘,𝑘−𝑚𝑏+1O
𝑇
𝑘,𝑘−𝑚𝑏+1, 0𝑛×𝑚

]
−

[
0𝑛×𝑚,F𝑘−𝑚𝑏

M−1
𝑘−1,𝑘−𝑚𝑏

O𝑇
𝑘−1,𝑘−𝑚𝑏

]
, (19)

and B𝑘 is defined as,

B𝑘 =

[
M−1

𝑘,𝑘−𝑚𝑏+1O
𝑇
𝑘,𝑘−𝑚𝑏+1M

𝑤
𝑘−1,𝑘−𝑚𝑏+1, I𝑛×𝑛

]
−

[
0𝑛×𝑛,F𝑘−𝑚𝑏

M−1
𝑘−1,𝑘−𝑚𝑏

O𝑇
𝑘−1,𝑘−𝑚𝑏

M𝑤
𝑘−2,𝑘−𝑚𝑏

]
, (20)

yielding the ‘measurement sequence’ for correlation methods, Z. Again, the definitions in (19) and (20) are identical to

the quantities for a linear system in [15].

From here the autocorrelation C𝑘,𝑘−𝑝 , can be calculated as,

C𝑘,𝑘−𝑝 = E
[
Z𝑘Z𝑇

𝑘−𝑝

]
=

𝑚𝑏∑︁
𝑖=𝑝+1

B𝑘
𝑖 Q̂B𝑘−𝑝

𝑖−𝑝

𝑇
+

𝑚𝑏∑︁
𝑖=𝑝

A𝑘
𝑖 RA𝑘−𝑝

𝑖−𝑝

𝑇
. (21)

The quantities Ak
i and Bk

i are defined as,

A0 = M−1
𝑘,𝑘−𝑚𝑏+1𝚽𝑘,𝑘−𝑚𝑏+1H𝑇

𝑘

A𝑖 = M−1
𝑘,𝑘−𝑚𝑏+1𝚽𝑘−𝑖,𝑘−𝑚𝑏+1H𝑇

𝑘−𝑖 − F𝑘−𝑚𝑏
M−1

𝑘−1,𝑘−𝑚𝑏
F𝑇
𝑘−𝑚𝑏

𝚽𝑘−𝑖,𝑘−𝑚𝑏+1H𝑇
𝑘−𝑖

A𝑚𝑏
= −F𝑘−𝑚𝑏

M−1
𝑘−1,𝑘−𝑚𝑏

F𝑇
𝑘−𝑚𝑏

H𝑇
𝑘−𝑚𝑏

(22)

B1 = M−1
𝑘,𝑘−𝑚𝑏+1𝚽𝑘,𝑘−𝑚𝑏+1M𝑘,𝑘

B 𝑗 = M−1
𝑘,𝑘−𝑚𝑏+1𝚽𝑘−𝑖,𝑘−𝑚𝑏+1M𝑘,𝑘−𝑖+1 − F𝑘−𝑚𝑏

M−1
𝑘−1,𝑘−𝑚𝑏

𝚽𝑇
𝑘−𝑖,𝑘−𝑚𝑏

M𝑘−1,𝑘−𝑖+1

B𝑚𝑏
= I𝑛×𝑛 − F𝑘−𝑚𝑏

M−1
𝑘−1,𝑘−𝑚𝑏

F𝑇
𝑘−𝑚𝑏

M𝑘−1,𝑘−𝑚𝑏+1

(23)

noting that A𝑖 is defined on the interval 𝑖 ∈ [0, 𝑚𝑏] while B 𝑗 on the interval 𝑗 ∈ [1, 𝑚𝑏]. Written differently (21)

becomes [15],



vech
(
Ĉ𝑘,𝑘

)
vec

(
Ĉ𝑘,𝑘−1

)
...

vec
(
Ĉ𝑘,𝑘−𝑚𝑏

)

︸               ︷︷               ︸
=ĉ𝑘

=



∑𝑚𝑏

𝑖=1 B𝑘
𝑖
⊗ℎ B𝑘

𝑖

∑𝑚𝑏

𝑖=0 A𝑘
𝑖
⊗ℎ A𝑘

𝑖∑𝑚𝑏

𝑖=2 B𝑘−1
𝑖−1 ⊗𝑢 B𝑘

𝑖

∑𝑚𝑏

𝑖=1 A𝑘−1
𝑖−1 ⊗𝑢 A𝑘

𝑖

...
...∑𝑚𝑏

𝑖=𝑚𝑏+1 B𝑘−𝑚𝑏−1
𝑖−𝑚𝑏−1 ⊗𝑢 B𝑘

𝑖

∑𝑚𝑏

𝑖=𝑚𝑏
A𝑘−𝑚𝑏

𝑖−𝑚𝑏
⊗𝑢 A𝑘

𝑖

︸                                                             ︷︷                                                             ︸
=D𝑘


vech

(
Q̂

)
vech (R)

︸        ︷︷        ︸
=𝜽𝑘

, (24)
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where 𝐶̂ is the ‘measured’ autocorrelation, and vech() and vec() are defined as,

R =



𝑟11 𝑟12 𝑟13

𝑟21 𝑟22 𝑟23

𝑟31 𝑟32 𝑟33


,

vec (R) =
[
𝑟11 𝑟12 𝑟13 𝑟21 𝑟22 𝑟23 𝑟31 𝑟32 𝑟33

]𝑇
,

vech (R) =
[
𝑟11 𝑟12 𝑟13 𝑟22 𝑟23 𝑟33

]𝑇
,

(25)

and ⊗ represents a Kroneker product with the known property vec (AXB) =
(
B𝑇 ⊗ A

)
vec(X). When the central matrix,

X, is symmetric a special Kroneker product relationship is defined as vec (AXB) =
(
B𝑇 ⊗𝑢 A

)
vech(X). When the

central matrix, X, is symmetric and is multiplied by the same matrix on either side, this relationship can be written as

vech
(
AXAT)

= (A ⊗ℎ A) vech(X). From here, the system of equations in (24) can be used to estimate the process

noise and measurement noise of the system.

The work presented here is focused on adapting to model discrepancies in the dynamics, thus the measurement

noise is assumed to be know and the following adjustment is made to (24),

ĉ𝑘 −



∑𝑚𝑏

𝑖=0 A𝑘
𝑖
⊗ℎ A𝑘

𝑖

𝑇

∑𝑚𝑏

𝑖=1 A𝑘−1
𝑖−1 ⊗𝑢 A𝑘

𝑖

𝑇

...∑𝑚𝑏

𝑖=𝑚𝑏
A𝑘−𝑚𝑏

𝑖−𝑚𝑏
⊗𝑢 A𝑘

𝑖

𝑇


vech (R) =



∑𝑚𝑏

𝑖=1 B𝑘
𝑖
⊗ℎ B𝑘

𝑖

𝑇

∑𝑚𝑏

𝑖=2 B𝑘−1
𝑖−1 ⊗𝑢 B𝑘

𝑖

𝑇

...∑𝑚𝑏

𝑖=𝑚𝑏+1 B𝑘−𝑚𝑏−1
𝑖−𝑚𝑏−1 ⊗𝑢 B𝑘

𝑖

𝑇


vech

(
Q̂

)
. (26)

2. Maintaining Definiteness of the Process Noise Covariance Matrix

Examining (24) and (25) reveals that the estimation of the upper triangular entries of the noise matrices guarantees

symmetry. However, enforcing symmetry does not ensure positive definiteness. For the covariance matrix of the

state estimate to remain positive definite, the process noise covariance matrix must also be positive definite. Early

studies address this challenge heuristically; they opt simply to not update the estimate when positive definiteness is

compromised [7, 38]. More recently, [15] approaches this issue by using Riemann manifolds to estimate the noise

matrices for linear systems. While this method effectively ensures positive definiteness, it is computationally demanding,

posing significant challenges for deployment onboard a spacecraft.

In order to provide a guarantee of positive definiteness without employing ad hoc methods or computationally

demanding methods this work a few assumptions are made. First, MILTON assumes that the process noise acts as a

random jerk sampled from a zero mean distribution with a continuous time covariance matrix Q and applied as a zero

order hold over the propagation interval Δ𝑡. This creates a relationship between the continuous time process noise and
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the discrete time process noise [39],

Q̂ =



Δ𝑡5

20 Q Δ𝑡4

8 Q Δ𝑡3

6 Q

Δ𝑡4

8 Q Δ𝑡3

3 Q Δ𝑡2

2 Q

Δ𝑡3

6 Q Δ𝑡2

2 Q Δ𝑡Q


. (27)

In the truth trajectory generation, there is no ‘artificial’ noise that behaves according to this assumption. However, this

assumption allows for the usage of kinematics to relate unknown perturbations in the propagation of the unmodeled

target acceleration to the relative position and velocity uncertainty. Each scenario has its own set of model mismatches

between the ‘true’ dynamics and the filter model dynamics, but each perturbation causes a change in the dynamics that

enters through the unmodeled target acceleration and obeys kinematic motion. Leveraging the kinematic relationship

between the vehicle states is one of the improvements implemented to improve upon previous work with correlation

methods because it enforces a realistic relationship between the target state uncertainties. Additionally, when the matrix

Q is positive definite, Q̂ will also be positive definite.

So far, these assumptions ensure symmetry and now physical meaning, but not positive definiteness. Another

common assumption is that the continuous time process noise power spectral density is a diagonal matrix in some

strategically chosen frame [40, 41], such as the local vertical local horizontal frame. To ensure positive definiteness,

MILTON estimates the component-wise square root of the continuous time process noise power spectral density. These

changes result in the following system of equations,

ĉ𝑘 = D̂𝑘s𝑘 Q =
𝜕Qdiag

𝜕s𝑘
,

ĉ𝑘 =



vech
(
Ĉ𝑘,𝑘

)
vec

(
Ĉ𝑘,𝑘−1

)
...

vec
(
Ĉ𝑘,𝑘−𝑚𝑏

)


−



∑𝑚𝑏

𝑖=0 A𝑘
𝑖
⊗ℎ A𝑘

𝑖

𝑇

∑𝑚𝑏

𝑖=1 A𝑘−1
𝑖−1 ⊗𝑢 A𝑘

𝑖

𝑇

...∑𝑚𝑏

𝑖=𝑚𝑏
A𝑘−𝑚𝑏

𝑖−𝑚𝑏
⊗𝑢 A𝑘

𝑖

𝑇


vech (R) ,

D̂𝑘 =



∑𝑚𝑏

𝑖=1 B𝑘
𝑖
⊗ℎ B𝑘

𝑖

𝑇

∑𝑚𝑏

𝑖=2 B𝑘−1
𝑖−1 ⊗𝑢 B𝑘

𝑖

𝑇

...∑𝑚𝑏

𝑖=𝑚𝑏+1 B𝑘−𝑚𝑏−1
𝑖−𝑚𝑏−1 ⊗𝑢 B𝑘

𝑖

𝑇


DQ,

(28)

where s𝑘 is the square root of the continuous time process noise power spectral density diagonal, D is the matrix that

transforms the continuous time process noise power spectral density diagonal to the upper triangular of the discrete time

process noise power spectral density governed by (27), and Q is the derivative of the continuous time process noise
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diagonal with respect to the square root of that diagonal. With this new measurement model for the adaptation, both

symmetry and positive definiteness are guaranteed. Assuming a diagonal power spectral density matrix is very common

in manual tuning; this approach combined with (27) produces a realistic and positive definite, discrete time process

noise covariance matrix without having to employ computationally burdensome or ad hoc overwriting techniques.

3. Implementation Updates

In [7, 13, 15], the correlation method systems of equations are used in a recursive least squares framework with an

initial estimate 𝜽̂0 and covariance matrix of that estimate, 𝚿0. To solve (28), in traditional recursive least squares for

this system, one must invert a matrix of size 𝑚𝑏𝑛
2 + (𝑛+1)𝑛

2 × 𝑚𝑏𝑛
2 + (𝑛+1)𝑛

2 . In the work presented here, 𝑛 = 9 and 𝑚𝑏

varies. This means the inversion required to solve the standard least squares setup would minimally be 126 × 126 for a

buffer size of 𝑚𝑏 = 1. Clearly, this inversion poses a significant computational burden. By converting the recursive least

squares to an information form allows for the largest inversion to be the size of 𝚿, or in terms of this system a 3 × 3.

Due to the size of the state space in this work, this is a major improvement upon previous works as this change

allows for larger buffers to be considered. This helps to mitigate the effects of outliers on the estimate of the process

noise. As the buffer size increases, the accuracy of the estimate of the process noise produced should increase as well.

The equations that govern the information form are [29],

𝚲+
𝑘 =

(
𝚿+

𝑘

)−1
, d+

𝑘 = 𝚲+
𝑘s+𝑘 ,

𝚲−
𝑘+1 =

(
I3×3 − 𝚲+

𝑘

(
𝚲+

𝑘 + Q−1
𝑤

)−1
)
𝚲+

𝑘 ,

d−
𝑘+1 =

(
I3×3 − 𝚲+

𝑘

(
𝚲+

𝑘 + Q−1
𝑤

)−1
)

d+
𝑘 ,

d+
𝑘+1 = d−

𝑘+1 + D̂𝑇
𝑘+1R−1

𝑤 ĉ𝑘+1,

𝚲+
𝑘+1 = 𝚲−

𝑘+1 + D̂𝑇
𝑘+1R−1

𝑤 D̂𝑘+1,

(29)

where d is the information state, 𝚲 is the information matrix, and Q𝑤 and R𝑤 are the process noise and measurement

noise for the adaptation itself. In this work, the adaptation process noise and measurement noise are assumed to be

constant and thus their inversions can be calculated offline. A final implementation note is that the information update

is not run every time step, but instead is only called when the buffer of measurements, ĉ𝑘 is full of completely new

measurements, or once every 𝑚𝑏 + 1 time steps. With the changes detailed in this section, this algorithm is capable of

guaranteeing a positive definite process noise covariance matrix for the nonlinear scenario of onboard relative navigation

with full relative state observability.
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IV. Numerical Results
This section covers the numerical results for two use cases for MILTON. In each scenario, there is a crewed target

vehicle. For crewed missions, it is important to consider the impacts of the crew life support system on the spacecraft.

To maintain the health of the crew the life support system performs regular vents to reduce the level of CO2 gas onboard

and eliminate waste water. Accounting for crew related vents has been a recent concern for NASA’s Artemis II mission

[4]. The vents in this work are modeled after information released from NASA on Gateway [42–44]. The vents are

applied according to Table 1 and are modeled as discrete ‘on’ or ‘off’ in the true dynamics.

Table 1 Venting information, assumes the spacecraft mass is 39000𝑘𝑔 [42]

Vent Type Frequency 1𝜎 Magnitude
[
𝑚/𝑠2] Duration [𝑠] Body Frame Direction

CO2 every 10 min 1.7094e-5 10 [−0.5,−0.866, 0]𝑇

Waste Water every 6 hours 1.8803e-05 60 [−0.5, 0,−0.866]𝑇

The Artemis II mission will have periods of operation in low Earth orbit and in cislunar space. Thus in the first

scenario, there is a difference in the order zonal harmonic used to simulate the gravity field of the Earth in addition to

unmodeled target vehicle CO2 and waste water vents. In the second scenario, the two spacecraft are placed in Near

Rectilinear Halo Orbits (NRHOs) governed by the Circular Restricted Three Body Problem (CR3BP) where the target

vehicle is experiencing unmodeled CO2 and waste water vents.

In both scenarios, it is assumed that there are measurements received every second from a flash LiDAR and an

accelerometer on board the chaser vehicle. It is assumed that the LiDAR has a 128x128 pixel array and a 5◦ field of

view [45]. The measurement covariance matrix is,

R1 =



(0.08𝑚)2 0 0

0 (0.04◦)2 0

0 0 (0.04◦)2


or R2 =


R1 03×1

01×3 (3.433e-6I3×3𝑚/𝑠2/
√
𝑠)2

 , (30)

these values reflect the uncertainty of the LiDAR used for the Osiris-REx mission [46] and an accelerometer.

The accelerometer gating threshold is set to be 1e-4 𝑚/𝑠2. When the accelerometer measurement has a magnitude

below the threshold, the measurement is treated as a direct measurement of the chaser accelerometer bias and 𝑅2 is

used. When the accelerometer measurement has a magnitude above the gating threshold, it is assumed that the chaser

vehicle is maneuvering and the measurement is processed and used as a chaser acceleration. The accelerometer bias is

modeled as a Gauss-Markov process with the inverse of the time constant set to be 𝛽 = 3600−1𝑠−1 with an initial bias

of 2.9430e-5 𝑚/𝑠2 for each axis. The velocity random walk is assumed to be 3.433e-6 𝑚/𝑠2/
√
𝑠. The discrete time

process noise matrix for the chaser accelerometer bias is set to be 3.433e-8I𝑚/𝑠2.

For each scenario a 100 run Monte Carlo simulation is conducted. The results presented are comprised of error and
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error interval estimates comparing the sample 3𝜎 error intervals with the predicted 3𝜎 error intervals from MILTON.

The sample average error is calculated by taking the mean of the errors across Monte Carlo runs,

ē+𝑘 =
1

𝑁MC

𝑁MC∑︁
𝑖=1

e𝑖+𝑘 =
1

𝑁MC

𝑁MC∑︁
𝑖=1

(x̂𝑖+𝑘 − x𝑖𝑘), (31)

where 𝑁MC is the number of Monte Carlo runs (𝑁MC = 100), x̂𝑖+
𝑘

is the posterior estimated state from the ith Monte

Carlo run at time step 𝑘 , and x𝑖
𝑘

is the truth state from the ith Monte Carlo run at time step 𝑘 . It should be noted that theˆ

is used in the above equation to clearly delineate between the estimated state and the true state. This quantity is used to

calculate the sample 3𝜎 intervals, P+
𝑘
,

P+
𝑘 =

1
𝑁MC

𝑁MC∑︁
𝑖=1

e𝑖+𝑘 e𝑖+𝑘
𝑇
. (32)

The sample intervals are compared with the estimated 3𝜎 intervals from MILTON. Since the process noise is adapted

independently for each run the runs produce separate uncertainty estimates. To simplify the results, the estimated 3𝜎

intervals are averaged together across Monte Carlo runs,

P̄+
𝑘 =

1
𝑁MC

𝑁MC∑︁
𝑖=1

P̂𝑖+
𝑘 , (33)

where P̂𝑖+
𝑘

is the estimated posterior covariance matrix of the ith Monte Carlo run at time step 𝑘 .

There are three primary frames that the results of this study are presented in: inertial, body, and RTN. The inertial

frame is Earth centered with the z axis aligned with the Earth spin axis. The body frame is fixed with respect to each

spacecraft. It is assumed that both spacecraft are oriented such that their y axes are aligned with the relative position

vector to the other vehicle. It is also assumed that the LiDAR is oriented with the boresight aligned with the spacecraft

y axis, towards the other vehicle. The body z axes are assumed to be normal to the relative motion and the relative

position, and the x axis completes the triad. The RTN frame is the radial, transverse, normal frame and is defined such

that the radial direction is aligned with the inertial position vector, the normal is defined in the direction of the orbit

normal, and the transverse completed the triad [47].

To evaluate whether the adaptation is functioning effectively, several key indicators are examined. First, the average

error line should be approximately zero throughout the scenario, indicating that the filter is producing unbiased results.

Second, the individual Monte Carlo simulations should largely fall within the average estimated 3𝜎 intervals set by

MILTON. Last, there should be a close match between the average estimated 3𝜎 intervals from MILTON and the sample

3𝜎.

It should be noted that the state error plots for the chaser vehicle are not included, as these states are treated as
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consider parameters and are not updated. Additionally, the initial portions of the results, where the filter error rapidly

decreases, are omitted to provide better resolution in the latter portion of the scenarios.

A. Earth Gravitational Model Difference and Target Vehicle Venting

In this scenario, the crewed target vehicle and unmanned chaser vehicle operate in Earth orbits. There are two

separate gravity models used in this simulation: one to generate the true spacecraft trajectory, one to propagate the

estimated state in the filter itself. The gravity model used to propagate the true state includes two body dynamics

with 𝐽2 − 𝐽6 zonal harmonic perturbations. While the gravity model used in the filter propagation includes two body

dynamics with 𝐽2 − 𝐽4 only,

gtruth = gTBP +
6∑︁
𝑖=2

g𝐽𝑖 ,

gfilter = gTBP +
4∑︁
𝑖=2

g𝐽𝑖 .

(34)

Both of these models are derived using the Legendre polynomials and the gravity potential from [47]. The numeric

values used in (34) can be found in Table 2. For clarity, the target vehicle and chaser vehicle truth trajectories are both

propagated independently with the gtruth gravity model. In the filter, both spacecraft are propagated independently with

gfilter. As mentioned previously, there is a limit to the complexity of the dynamics model that a spacecraft can implement

onboard, an thus there is always a degree of model discrepancy between the truth and the modeled dynamics. Two

separate gravity models are used here to emulate this difference in a scaled down fashion.

Table 2 Earth constants used in propagation.

Parameter 𝜇
[
𝑚3/𝑠2] 𝑅𝐸𝑎𝑟𝑡ℎ [𝑚] 𝐽2 [−] 𝐽3 [−] 𝐽4 [−] 𝐽5 [−] 𝐽6 [−]

Value 3.986e14 6.378e6 1.083e-3 -2.532e-6 -1.620e-6 -2.278e-7 5.407e-7

The vehicles in this scenario start in separate orbits with the ultimate goal of the chaser vehicle maneuvering to

rendezvous with the venting target. The simulation length of each Monte Carlo for the venting scenario is 5680s. There

are ten vents total over this simulation period, nine of which are CO2 vents and just one waste water vent. The initial

CO2 vent start time is randomized for each Monte Carlo using a discrete uniform distribution to begin between 100s and

300s from the beginning of the simulation. Each of the following CO2 vents occurs on the frequency listed in Table 1.

The waste water vent occurs 1400s after the initial CO2 vent. Each of the vent magnitudes are similarly randomized by

sampling from a normal distribution centered on zero with the 1𝜎 magnitudes in Table 1. To maintain the direction of

the vents the absolute value of these samples are used. Information on the chaser vehicle’s maneuver to capture can be

seen in Table 3.

Each truth trajectory is generated by back propagating from desired rendezvous final conditions of [r𝑇
𝑡/𝑐v𝑇

𝑡/𝑐]
𝑇 =
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Table 3 Burn information for the chaser vehicle.

Vehicle Burn Start [𝑠] Burn Length [𝑠] Magnitude
[
𝑚/𝑠2] Inertial Direction

Chaser 5560 30 1.0e-2 [−0.7071,−0.7071, 0.00]𝑇

[−11𝑥3𝑚, 01𝑥3]𝑇 while applying a the chaser capture maneuver and randomly sampled target vents. The true final

Keplerian elements for the two spacecraft can be found in Table 4.

Table 4 Final Keplerian elements for the venting scenario.

Element 𝑎[𝑚] 𝑒[−] 𝑖𝑛𝑐[◦] Ω[◦] 𝜔[◦] 𝑀 𝑓 [◦]
Target 6.878e6 0.000 15.00 0.000 0.000 5.000e-6
Chaser 6.878e6 2.300e-7 15.00 0.000 309 50.77

The filter in each Monte Carlo run is initialized by randomly sampling from a normal distribution centered on the

true initial state with an initial covariance matrix for each spacecraft of,

P0 =



(
25
3

)2
I3×3 03×3 03×3

03×3

(
1

10

)2
I3×3 03×3

03×3 03×3 (1e-9)2I3×3


, (35)

where the position, velocity, and acceleration are in the units 𝑚, 𝑚/𝑠, and 𝑚/𝑠2. The initial uncertainty reflects that the

vehicles have just lost GPS just prior to the scenario start.

Measurements are received every second and the accelerometer gating threshold is set to be 1e-4 𝑚/𝑠2 and the

accelerometer bias time inverse of the time constant set to be 𝛽 = 3600−1𝑠−1 with a true initial bias of 2.9430e-6 𝑚/𝑠2

for each axis. The velocity random walk is assumed to be 3.434e-6 𝑚/𝑠2/
√
𝑠.

The initial square root of the process noise diagonal, s𝑡 ,0, for the target vehicle is randomized for each MC run by

sampling from a normal distribution centered around s𝑡 ,0 = 1e-613×1, with a covariance matrix, 𝚿0 = 1e-3I3×3. The

adaptation is initialized with this same random value. The adaptation buffer is set to be 𝑚𝑏 = 30 and the adaptation

process noise and measurement noise are set to be Q𝑤 = 1e-5I3×3 and R𝑤 = 1I respectively. The process noise

covariance matrix in the filter for the chaser vehicle dynamics is set to be Q𝑐 = 1e-12I3×3. The discrete time process

noise matrix for the chaser accelerometer bias is set to be 3.433e-8I𝑚/𝑠2.
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Fig. 1 Relative position of the target vehicle errors
in the target RTN frame versus time excluding initial
300s.

Fig. 2 Relative velocity of the target vehicle errors
in the target RTN frame versus time excluding initial
300s.

It is clear that the adaptation successfully compensates for the unknown, regular venting by examining the average

3𝜎+ intervals compared with the sample 3𝜎+ intervals in Figure 1. While the estimated intervals in Figures 2 and 3

overestimate the errors in the relative velocity and acceleration, the intervals for the relative position nearly overlay the

sample estimates.

To further confirm that the filter is functioning properly, the prior measurement residuals and their 3𝜎 intervals

are shown in Figures 5 and 6. The relative elevation errors spike toward the end of the simulation when the chaser

vehicle maneuvers to capture with the target vehicle. This is due to the angular sensitivity becoming heightened as

the two spacecraft come close to one another. The process noise adaptation allows the uncertainty intervals to grow

with the measurement residuals, thus allowing the errors in the filter to remain well contained between the estimated

intervals. Figure 4 is included to demonstrate that the chaser accelerometer bias is able to be estimated directly during

the scenario when no chaser maneuver is occurring, which allows for an accurate estimate of the chaser accelerometer

bias for times when the chaser vehicle does perform a maneuver.
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Fig. 3 Unmodeled acceleration of the target vehicle
errors in the target RTN frame versus time excluding
initial 300s.

Fig. 4 Chaser accelerometer bias errors in the chaser
body frame versus time excluding initial 300s.

Fig. 5 Range measurement residuals versus time ex-
cluding initial 300s.

Fig. 6 Elevation measurement residuals versus time
excluding initial 300s.

B. NRHO Target Vehicle Venting

In this scenario, similar to the previous scenario, the target and chaser vehicle start in separate orbits with the

ultimate goal of the chaser vehicle maneuvering to rendezvous with a venting target vehicle. The fundamental difference

between the previous scenario and this one is that the two spacecraft are operating in cislunar space with the destination

orbit being an NRHO as shown in Figure 7.
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Fig. 7 Desired final orbit trajectory plotted in the rotating frame centered on the barrycenter of the Earth and
Moon.

The gravitational model used for both the true and the filter dynamics is the Circular Restricted Three Body Problem,

gCR3BP =



2𝑣𝑦 + 𝑟𝑥 − (1−𝜇CR3BP ) (𝑟𝑥+𝜇CR3BP )
(𝑟1 )3 − 𝜇CR3BP (𝑟𝑥−1+𝜇CR3BP )

(𝑟2 )3

−2𝑣𝑥 + 𝑟𝑦 −
(1−𝜇CR3BP )𝑟𝑦

𝑟3
1

− 𝜇CR3BP𝑟𝑦

𝑟3
2

−(1−𝜇CR3BP )𝑟𝑧
𝑟1

− 𝜇CR3BP𝑟𝑧
𝑟3

2


𝑟1 =

√︃
(𝑟𝑥 + 𝜇CR3BP)2 + 𝑟2

𝑦 + 𝑟2
𝑧 𝑟2 =

√︃
(𝑟𝑥 − 1 + 𝜇CR3BP)2 + 𝑟2

𝑦 + 𝑟2
𝑧

(36)

where 𝜇CR3BP is the mass ratio between the Earth and the Moon and the state components are represented in the

nondimensional rotating frame. The truth and the filter both operate in the nondimensional and rotating frame centered

on the barycenter of the Earth and Moon. The final results are converted to dimensional units and shown in the RTN

frame for ease of comparison with the other scenarios. Table 5 shows the constants used to nondimensionalize the state

and propagate.

Table 5 Conversion and propagation constants.

Element 𝜇CR3BP [−] Characteristic Time [s] Characteristic Length [m]
Value 1.215e-2 3.752e5 3.844e8

The simulation length is 5500s for the NRHO target vehicle venting scenario. The truth trajectories are made in a

similar fashion to the previous scenario. Each truth trajectory is generated by back propagating from desired rendezvous

final conditions of
[(

r𝑁
𝑡/𝑐

)𝑇 (
v𝑁
𝑡/𝑐

)𝑇 ]𝑇
= 2[−11𝑥3, 01𝑥3]𝑇 while applying a the chaser capture maneuver and randomly

sampled target vents. The target vents are applied in this scenario are also based on the information in Table 1. The true

final nondimensional and rotating states for the two spacecraft can be found in table 7. The chaser vehicle maneuver to

capture based on the information in Table 6.
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Table 6 Burn information for the chaser vehicle.

Vehicle Burn Start [𝑠] Burn Length [𝑠] Magnitude
[
𝑚/𝑠2] Inertial Direction

Chaser 5470 30 1.0e-2 [−0, 1, 0]𝑇

Table 7 Final nondimensional and rotating states for the NRHO venting scenario.

Relative Target -7.357e-9 -1.399e-10 -5.203e-9 -1.399e-10 7.357e-9 0.000
Chaser 0.9879 1.432e-2 2.009e-3 7.173e-2 0.9238 -0.8528

The filter in each run is initialized by randomly sampling from a normal distribution centered on the true initial state

with a covariance matrix of,

P0 =



(2.5e-8)2 I3×3 03×3 03×3

03×3 (2.5e-11)2 I3×3 03×3

03×3 03×3 (3.5e-7)2I3×3


, (37)

for each spacecraft. Each of the entries is nondimensional and the covariance is represented in the rotating frame.

Measurements are received every second and the same accelerometer gating and bias are used as in the previous

scenarios, only in this scenario the units are converted to be nondimensional.

The initial square root of the process noise diagonal, s𝑡 ,0, for the target vehicle is randomized for each MC run by

sampling from a normal distribution centered around s𝑡 ,0 = 1e-613×1, with a covariance matrix, 𝚿0 = 1e-2I3×3. The

adaptation is initialized with this same random value. The adaptation buffer is set to be 𝑚𝑏 = 30 and the adaptation

process noise and measurement noise are set to be Q𝑤 = 1e-7I3×3 and R𝑤 = 1e-2I respectively. Since there are no

unmodeled perturbations on the chaser vehicle, there is no process noise applied to the chaser vehicle dynamics in the

filter. The discrete time process noise matrix for the chaser accelerometer bias is set to be 3.433e-8I𝑚/𝑠2.
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Fig. 8 Relative position of the target vehicle errors
in the target RTN frame versus time excluding initial
300s.

Fig. 9 Relative velocity of the target vehicle errors
in the target RTN frame versus time excluding initial
300s.

It is clear that the adaptation successfully compensates for the unknown, regular venting by examining the average

3𝜎+ intervals compared with the sample 3𝜎+ intervals in Figures 8–10. Similar to the results of the pervious scenario,

while the estimated intervals in Figures 9 and 10 overestimate the errors in the relative velocity and acceleration, the

intervals for the relative position nearly overlay the sample estimates.

In this scenario the estimated and sample uncertainty intervals match more closely for the relative velocity and

the unmodeled target acceleration. For additional analysis, the prior measurement residuals and their 3𝜎 intervals are

shown in Figures 12 and 13. The sample and the estimated 3𝜎− intervals match well. Finally, Figure 11 is included to

demonstrate that employing a dual usage accelerometer strategy in cislunar space functions just as well as in a gravity

well.

The results for the NRHO scenario, presented in Figures 8-13, show for this scenario are similar to that of the

pervious scenario. Differences in the scale are largely due to the slight differences in the relative distance between the

two spacecraft and differences in the condition number of the observability Gramian from one scenario to the next.

There is less relative motion between the two spacecraft in the NRHO scenario than in the Earth centered scenario,

which can cause more difficult numeric conditioning for the observability Gramian for the NRHO scenario. The results

presented here demonstrate that the MILTON algorithm is capable of providing well suited process noise covariance

intervals for spacecraft operating in a strong gravity well as well as in cislunar space.
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Fig. 10 Unmodeled acceleration of the target vehicle
errors in the target RTN frame versus time excluding
initial 300s.

Fig. 11 Chaser accelerometer bias errors in the chaser
body frame versus time excluding initial 300s.

Fig. 12 Range measurement residuals versus time
excluding initial 300s.

Fig. 13 Elevation measurement residuals versus time
excluding initial 300s.

V. Conclusions
The ability to adapt to changing conditions is vital to the future of space exploration. As humans venture forth on

missions to distant celestial bodies there is a greater necessity for robust solutions to keep the crews safe. While there has

been extensive research into venting disturbances caused by the presence of a crew, there is no guarantee that the system

will behave as modeled. Off nominal behavior can be induced by a variety of factors and may be influenced by factors

that no one has considered. Venting is the subject of this study, but there are countless sources of model mismatch for

space vehicles. For this reason, adaptive methods are a clear need to ensure the success of future space missions.
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This work demonstrates that correlation methods can be effectively utilized to enable a filter to autonomously adapt

to unknown venting disturbances within a nonlinear, onboard, relative navigation scenario. Unlike prior studies where

correlation methods were applied to linear systems, this research extends their application to environments with both

minor and major unmodeled perturbations to a nonlinear system. The algorithm, referred to as MILTON, successfully

recovers and maintains a well-contained solution under these conditions. Historically, the positive definiteness of

process noise in such studies has often been addressed heuristically. Other research has preserved definiteness using

Riemann manifolds, albeit with significant computational expenses. In contrast, this work ensures positive definiteness

is maintained efficiently by utilizing the kinematic relationship between position, velocity, and acceleration. Finally, the

information form of recursive least squares is utilized to mitigate the computational demands of the adaptation block.

This study shows that correlation methods can be successfully applied to both bounded planetary orbits as well as

cislunar orbits. Additionally, this study shows that correlation methods can be used to estimate uncertainty contributions

from time correlated uncertainty in spacecraft dynamics as well as more random perturbations like vehicle vents. In

future work, unmodeled target vehicle maneuvers will be examined and MILTON will be adjusted to accommodate

larger model discrepancies.
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