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Navigation systems for human-rated space vehicles are typically required to be two-fault

tolerant. This paper presents an optimal relative orientation of multiple orthogonal three-axis

inertial measurement units in order to maximize fault detection capabilities. The optimality

criteria is the entry-wise one norm of the matrix mapping measurement or estimate errors into

the fault detection vector. This choice of norm maximizes the projection of each measurement

or state error into all components of the fault detection vector. Other matrix norms based on

spectral decomposition are shown to be inadequate. A new formulation of the Multiplicative

Extended Kalman filter is derived and used to validate the optimal arrangements. The filter uses

measurements from one three-axis gyroscope for model propagation and fuses measurements

from additional redundant gyros and a star tracker with Kalman updates. Fault detection and

isolation is performed with a Cramer-von Mises goodness of fit test using a buffer of stored

prefit measurement residuals. It’s shown that the faulty gyro axis can be isolated with greater

certainty when the optimal arrangement is used.

I. Introduction
High reliability space systems, such as human-rated vehicles, typically employ redundant sensors to design a

navigation solution capable of fault detection and isolation (FDI) [1]. Most aerospace navigation systems are based on an

aided inertial solution [2], which relies on inertial measurement units (IMUs) to propagate the state in model-replacement

mode [3] and use external measurements, such as GPS [4] or optical sensors [5] to compensate for the IMU errors.

Space vehicles such as Orion [6] and the Space Shuttle [7] use multiple inertial measurement units (IMUs). By

comparing the redundant information, the system is able to identify mismatches (fault detection). In the presence of

enough redundancy, the faulty measurement can also be isolated. The Space Shuttle used a mid-value select scheme to

avoid faulty measurements even in the presence of small discrepancies. In the context of three sensors, measurements
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from a failed IMU disagree with the other two, hence mid-value selection avoids the faulty measurement. The Space

Shuttle also used an error threshold to identify larger discrepancies and to remove failed IMUs from the candidate set [8].

Sturza [9] proposed the parity space FDI technique [10], where linear redundant measurements are stacked together

and a linear transformation of variables is used to map the measurement space into a full-rank component and a

null-space component, called the parity space. From the parity matrix one can calculate a parity vector and a fault

vector. Thresholds are used to detect faults based on the magnitude of the fault vector.

The key to effective FDI is the overlap of measurements. In the context of inertial strapdown sensors, two approaches

are typically employed to achieve redundancy. The first is using so-called Redundant IMUs (RIMUs) where each IMU

box has more than three sensing axis [11]. The second approach is the use of multiple three-axis orthogonal IMUs [12].

Jafari [13] proposes an approach to determine optimal configuration of RIMUs, i.e., how to orient the redundant

axes relative to each other to maximize overall sensor accuracy. The analysis is repeated with and without single-axis

failures. The approach in [13] maximizes a geometric dilution of precision (GDOP) performance index similar to what

is used in GPS.

In the context of multiple three-axis IMUs (which are typically encountered in human-rated space vehicles) two

FDI approaches are possible: axis-level checks and box-level checks. Axis-level checks compare each of the three

orthogonal measurements of the IMUs against the measurements of all other IMUs. For example, in the case of three

IMUs, a total of nine scalar measurements of acceleration and nine of angular velocity are tested. The advantage of this

methodology is that two single-axis faults can be detected and one isolated with just two IMU boxes. The difficulty of

this approach is that tight calibration of mounting errors between sensors is needed in order to detect axis-level faults

accurately and effectively.

Box-level checks compare magnitudes of IMU measurements (acceleration and angular rate) which are insensitive to

relative orientation errors of the IMU boxes. This approach requires three IMU boxes in order to detect two single-axis

faults and to isolate one.

Reference [14] documents the system for NASA’s Orion capsule which operates with three IMUs. The raw

measurements are compared directly. If any two measurements differ for long enough, a gyro fault is declared.

Reference [15] develops a FDI system for three orthogonal single axis gyros plus one redundant single axis gyro based

on independent component analysis. They do not consider gyro biases or misalignments due to manufacturing defects or

changing environmental conditions. Reference [16] uses a sliding window generalized likelihood ratio test to determine

if a set of measurements are likely to have arisen from a sensor failure. They do not specifically compare redundant

measurements, but instead compare measurements to a priori knowledge of system measurement and process noise.

IMU FDI is typically performed prior to the filtering step and does not employ the navigation estimates of the

repeatable IMU errors. Vehicles with multiple IMUs typically use them in a model replacement mode. Usually, one

IMU is selected to propagate the vehicle’s state estimate while the others are used only for fault-detection.
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Reference [17] proposes a scheme where six low grade gyros have their measurements averaged and fed into an

multiplicative extended Kalman filter (MEKF). They show that this method produces similar performance to using

a single tactical grade gyro. [18] shows very similar results also with an averaging scheme. These authors argue

that averaging gyro measurements produces a single measurement with better noise characteristics. There are several

drawbacks with this methodology; notably the biases of each gyros are not observable. Also, the low cost devices

utilized often have significant bias drift rates and identifying failure may prove difficult.

Reference [19] takes an unorthodox approach and use a bank of nonlinear observers; each with their own gyro.

This choice is motivated by convergence guarantees for the observers which do not exist for traditional EKFs or

MEKFs. Other authors use the more traditional tactic and fuse the outputs of several different filters. The work of

[20] compares several different filtering schemes. They compare measurement averaging, a single EKF fusing all

measurements, a bank of EKFs for each gyro, and a bank of EKFs for each gyro with a reset of the covariance of

each element in the bank to match the covariance of the output. The implementations all require dynamics models

for propagation and no optimization of the relative orientations is performed. Reference [21] also compares several

different methodologies; a single EKF fusing all measurements, a bank of EKFs for each measurement, and a bank

of EKFs with physics-informed geometric constraints to assist in fusing their outputs. They point out that when each

filter in the bank has its absolute attitude updated with the same measurement, the errors within the banks become

correlated. This significantly complicates fusing their outputs. Like the previous work, all of their implementations

require knowledge of vehicle dynamics and no sensor optimization is performed.

This paper contributes to IMU FDI in two significant ways. First, it derives the best configuration of multiple

three-axis IMU sensors in order to aid axis-level FDI. Assume, for example, that two IMUs were oriented parallel to

each other. One failure of one axis would make faults in the parallel axis of the other box undetectable. While the

system has three redundant measurements, it can only detect one failure and isolate none. We seek skewed relative

orientations between sensors to maximize the detection of multiple failures.

The second contribution concerns an IMU’s angular rate measurements. We propose a methodology for using

measurements from any number of three-axis gyros in a single Kalman filter and present a methodology to perform

gyro FDI inside the filter. Our methodology centers on a modified version of the MEKF. One gyro is used in model

replacement mode and the remaining are fused in a newly derived Kalman update. This approach allows fault detection

of the gyro measurements compensated with the estimates of their repeatable errors, while crucially taking into account

their correlation. Assume for example a single star tracker was used to estimate the biases of three gyros. Clearly, the

biases estimation error of the three gyros would be correlated and this correlation needs to be accounted for. Although

this filter is restricted to angular rate measurements and attitude estimation the methodology and techniques used for its

formulation could easily be extended to include acceleration measurements so that all IMU outputs are used.

The remainder of this document is organized as follows. We first review the parity space technique in section II, we
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then analytically show how to calculate the best orientation of a single redundant axis added to a three-axis orthogonal

IMU in section III.A. Next, we expand this analytic solution to two three-axis orthogonal IMUs and derive conditions of

optimality in section III.B. We leverage these optimality conditions to demonstrate our choice of relative orientations for

three orthogonal IMUs is indeed optimal in section III.C. We leverage parity space to justify our choice of performance

index and draw some conclusions in section III. The remainder of this paper focuses mostly on gyros, but all results can

be also applied to accelerometers. Section IV describes a new form of the MEKF for redundant three-axis gyros and an

accompanying FDI framework.

II. Parity Space
In this section we briefly review the fault vector and parity space methodology developed by Sturza [9], we follow

the derivation of [12]. While parity space is not the only means of performing FDI, its definition of fault vector aids in

interpreting our proposed optimality criteria.

Assume a linear measurement of the 𝑛 dimensional state 𝒙, i.e. 𝒚 = 𝑯𝒙 + 𝜼, where 𝜼 is the measurement error.

Assume also that the measurement vector is redundant, i.e. 𝒚 ∈ R𝑚, with 𝑚 > 𝑛 and 𝑯 is full rank. Following Sturza’s

derivation we define the generalized inverse 𝑯∗ and the parity matrix 𝑷 as

𝑯∗ = (𝑯T𝑯)−1𝑯T (1)

𝑷 = 𝑛𝑢𝑙𝑙 (𝑯T)T (2)

The parity matrix, 𝑷, has rank, 𝑚 − 𝑛 dimensions of 𝑚 − 𝑛 × 𝑚 and has the following properties:

𝑷𝑷T = 𝑰, 𝑷𝑯 = 0

which follow immediately from equations (1) and (2). We define matrix 𝑨 to map the measurement space into the state

space and the parity space, and is given by

𝑨 =


𝑯∗

𝑷


The inverse map is easily obtained since

𝑨−1 =

[
𝑯 𝑷T

]
The parity vector 𝒑 is defined as 𝒑 = 𝑷𝒚. The fault vector 𝝐 is defined as the parity vector transformed back to the
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measurement space

𝝐 = 𝑨−1


0

𝒑

 = 𝑷T𝑷𝒚 = (𝑰 − 𝑯𝑯∗)𝒚 = 𝑺𝒚 = 𝑺𝜼

where matrix 𝑺 is symmetric and the last equality holds because 𝑺𝑯 = 𝑶. The fault vector has the useful property of

being independent of the state. Notice that no singular value decomposition is needed since null space computations are

unnecessary, this is due to 𝑷T𝑷 = 𝑰 − 𝑯𝑯∗. Notice that

E {𝜖} = 𝑺 E {𝜼} (3)

E
{
𝜖𝜖T} = 𝑺 E

{
𝜼𝜼T} 𝑺T (4)

As derived by Sturza [9], fault detection is based on the decision scalar 𝑑 = 𝝐T𝝐 = 𝒑T 𝒑. Assuming 𝜼 to be

zero-mean and Gaussian with covariance matrix 𝜎2𝑰, then 𝑑/𝜎2 is 𝜒2 distributed with 𝑚 − 𝑛 degrees of freedom. A

fault is detected when 𝑑/𝜎2 exceeds a user-defined threshold, which is set based on the desired probability of false

alarm and missed detection [9]. For 𝑚 − 𝑛 ≥ 2, the fault can also be isolated and the faulty measurement is associated

to the maximum value of 𝜖2
𝑖
/𝑆𝑖𝑖 [9]. Alternatively, it is possible to first check the maximum value of 𝜖2

𝑖
/𝑆𝑖𝑖 , and declare

it faulty if it exceeds a threshold 𝜖2
𝑖
/𝑆𝑖𝑖 > 𝜏𝜎2, where 𝜏 > 0 is a tuning parameter. Finally, notice that 𝑺 is idempotent,

i.e., 𝑺𝑺T = 𝑺2 = 𝑺.

III. Optimal IMU Orientations
Assume 𝑁 orthogonal three-axis IMUs, stacking all measurements together, for example the gyro measurements,

results in

𝒚 =



𝑻𝐴

𝑻𝐵

𝑻𝐶

...


𝝎 + 𝜼 = 𝑯𝝎 + 𝜼 (5)

where the measurement sensitivity matrix 𝑯 is composed of the direction cosine matrices expressing the orientation of

each IMU.

Under these conditions, we have that

𝑺 = 𝑰 − 𝑯(𝑯T𝑯)−1𝑯T = 𝑰 − 1
𝑁
𝑯𝑯T (6)

with 𝑯𝑯T having all 3 × 3 diagonal blocks equal to the identity matrix. Recall from the prior section that matrix 𝑺
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maps the measurement vector into the fault vector. We propose to maximize matrix 𝑺 in order to maximize our ability

to detect faults.

Many matrix norms exist, we choose to maximizing the matrix 𝑳1 norm of 𝑺. The matrix 𝐿1 norm defined as the

sum of the absolute values of the matrix entries

∥𝑴∥𝐿1 =
∑︁
𝑖

∑︁
𝑗

|𝑀𝑖 𝑗 | (7)

Maximizing the the matrix 𝑳1 norm of 𝑺 is equivalent to maximizing the 𝑳1 norm of 𝑯𝑯T, which is a matrix

whose entries are the projection of all sensing axes into each other. It therefore makes intuitive sense to maximize it for

fault detection capabilities. An entry-wise one-norm makes the most sense because it weights each projection equally.

In contrast, an entry-wise two norm is equivalent to the Frobenious norm and produces:

∥𝑯𝑯T∥𝐿2 =
√

3𝑁 (8)

Clearly this is not a viable performance index because it is independent from the relative orientation of the IMUs.

Matrices 𝑯𝑯T and 𝑯T𝑯 share the same non-zero eigenvalues and singular values (all three equal to 𝑁 regardless

of the relative orientation of the 𝑁 sensors). Therefore, any performance index based on the spectral decomposition of

either 𝑯𝑯T or 𝑯T𝑯 is not suitable for the purposes of selecting an optimal relative orientation of multiple orthogonal

IMUs.

Ref. [13] proposes the optimal relative orientation of sensing axis in a redundant IMU, i.e. an IMU with more than

three sensing axes. They select the optimal orientation by optimizing one of two performance indexes related to the

following matrix

𝑸 = (𝑯T𝑯)−1 (9)

The two performance indices are

J4 =
√︁

trace𝑸 (10)

J5 =
√︁

det𝑸 (11)

The goal of Ref. [13] is to maximize the accuracy of the solution, and indeed matrix 𝑸 is used in solving the normal

equations [22]. However, 𝑸 is also used for parity space computations, see Eq. (1). Both J4 and J5 are functions of the

eigenvalues of 𝑯T𝑯, and hence are not appropriate for our problem.
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A. One IMU and one additional sensing axis

First, we derive the optimal orientation of a single additional sensing axis in the presence of one IMU with three

orthogonal axes. We denote the IMU as IMU 𝐴, and without any loss of generality we assume its axes are aligned with

the canonical bases:
[
𝒙𝑎 𝒚𝑎 𝒛𝑎

]
= 𝑰3×3, where 𝑰3×3 is the 3-by-3 identity matrix. Let’s denote the direction of the

additional sensing axis with the unit-vector 𝒗, hence the stacked measurements 𝒚 ∈ R4 of angular velocity are:

𝒚 = 𝑯𝝎 + 𝜼 =


𝑰3×3

𝒗T

 𝝎 + 𝜼 (12)

where 𝑯 ∈ R4×3 and 𝜼 is the measurement error. After some manipulation, the generalized inverse 𝑯∗ ∈ R3×4 and the

parity matrix 𝑷 ∈ R1×4 are given by

𝑯∗ = (𝑯T𝑯)−1𝑯T =
1
2

[
2𝑰3×3 − 𝒗𝒗T 𝒗

]
(13)

𝑷 = 𝑛𝑢𝑙𝑙 (𝑯T)T =
1
√

2

[
𝒗T −1

]
(14)

𝑺 = 𝑰4×4 − 𝑯𝑯∗ =
1
2

©­­­«𝑰4×4 −


[𝒗×]2 𝒗

𝒗T 0


ª®®®¬ (15)

where the cross-vector skew-symmetric matrix [·×] and the fact that 𝒗 has unit norm were used. Therefore maximizing

∥𝑺∥𝐿1 is equivalent to maximizing the vector one-norm ∥𝒗∥1:

max
𝒗
J1 = ∥𝒗∥1, subject to ∥𝒗∥2 = 1 (16)

Without any loss of generality we look for a vector 𝒗 having all positive coordinates; other solutions in the other seven

octants are trivial extensions of this one. The performance index implies that we want to maximize the projection of 𝒗

into all axes of IMU 𝐴.

Define

𝒗 =



𝑎

𝑏

√
1 − 𝑎2 − 𝑏2


(17)
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hence

J1 = ∥𝒗∥1 = 𝑎 + 𝑏 +
√︁

1 − 𝑎2 − 𝑏2 (18)
𝜕J1
𝜕𝑎

= 1 − 𝑎
√

1 − 𝑎2 − 𝑏2
(19)

𝜕J1
𝜕𝑏

= 1 − 𝑏
√

1 − 𝑎2 − 𝑏2
(20)

Setting the partials to zero we obtain the necessary conditions

√︁
1 − 𝑎2 − 𝑏2 = 𝑎 (21)√︁
1 − 𝑎2 − 𝑏2 = 𝑏 (22)

Hence our optimally condition is 𝑣1 = 𝑣2 = 𝑣3 =
√

3/3 and the optimal performance index is J 𝑜𝑝𝑡

1 =
√

3 ≈ 1.73.

Intuitively this answer makes perfect sense, the bisector vector is exactly what we expected the answer should be,

validating our intuition for the performance index.

The second order derivatives are

𝜕2J1

𝜕𝑎2 = − 1
√

1 − 𝑎2 − 𝑏2
− 𝑎2

(1 − 𝑎2 − 𝑏2)3/2
= − 1 − 𝑏2

(1 − 𝑎2 − 𝑏2)3/2
(23)

𝜕2J1

𝜕𝑏2 = − 1 − 𝑎2

(1 − 𝑎2 − 𝑏2)3/2
(24)

𝜕2J1
𝜕𝑏𝜕𝑎

= − 𝑎𝑏

(1 − 𝑎2 − 𝑏2)3/2
(25)

The sufficient condition is

−(
√

3)3/2 det


2
√

3/3 1/3

1/3 2
√

3/3

 = −
11(
√

3)3/2
3

< 0 (26)

which is satisfied; ensuring the solution is indeed a maximum.

B. Two IMUs

We now extended the prior solution to two IMUs, denoted by 𝐴 and 𝐵. Once again we choose 𝐴 aligned with the

canonical Euclidean (𝑻𝐴 = 𝑰) base while 𝐵 has orthogonal axes
[
𝒙𝑏 𝒚𝑏 𝒛𝑏

]
. For simplicity in this section we drop

the 𝐵 index 𝑻𝐵 = 𝑻.
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The redundant measurement 𝒚 ∈ R6 of angular velocity is given by:

𝒚 = 𝑯𝝎 + 𝜼 =


𝑰3×3

𝑻

 𝝎 + 𝜼 (27)

where 𝑯 ∈ R6×3 and 𝜼 is the measurement error. Following the parity space steps of Section II, the generalized inverse

𝑯∗ ∈ R3×6 and the parity matrix 𝑷 ∈ R3×6 are given by

𝑯∗ = (𝑯T𝑯)−1𝑯T =
1
2
𝑯T (28)

𝑷 = 𝑛𝑢𝑙𝑙 (𝑯T)T =
1
√

2

[
−𝑻 𝑰3×3

]
(29)

𝑺 = 𝑰 − 𝑯𝑯∗ =
1
2


𝑰3×3 −𝑻T

−𝑻 𝑰3×3

 (30)

Therefore maximizing ∥𝑺∥𝐿1 is equivalent to maximizing ∥𝑻∥𝐿1 . Then our performance index is given by

J2 = ∥𝑻T
𝐴𝑻𝐵∥𝐿1 = ∥𝑻∥𝐿1 = −3 + 1

2


𝑯𝑯T



𝐿1
(31)

Since we are now trying to optimize three axes rather than one (albeit three axes constrained to be orthogonal to each

other), we must have that

J 𝑜𝑝𝑡

2 ≤ 3J 𝑜𝑝𝑡

1 = 3
√

3 ≈ 5.1962 (32)

it turns out that J 𝑜𝑝𝑡

2 = 5 and the optimal solution is derived in Ref. [23] and given by:

𝑻 =



1/3 2/3 2/3

−2/3 −1/3 2/3

2/3 −2/3 1/3


(33)

Permutations of the coordinates of IMU 𝐵’s axes and/or change of coordinate signs that result in an orthogonal matrix

𝑻𝐵 will also produce an optimal solution with J2 = 5.

Even after two isolated faults in IMU 𝐵, the remaining axis of 𝐵 is able to detect faults in all three axis of IMU 𝐴

with a performance index of J1 = 5/3 ≈ 1.66 only slightly below the optimal value of
√

3 ≈ 1.73.
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1. First Order Optimality Conditions

A methodology to checking the first order conditions to be an extremum of J2 is now outlined. Define the entries of

𝑻 as follows:

𝑻 =



𝑇11 𝑇12 𝑇13

𝑇21 𝑇22 𝑇23

𝑇31 𝑇32 𝑇33


(34)

The first order differential of an orthogonal matrix is given by

𝑑𝑻 = [𝑑𝜶×] 𝑻 =



0 −𝑑𝛼3 𝑑𝛼2

𝑑𝛼3 0 −𝑑𝛼1

−𝑑𝛼2 𝑑𝛼1 0


𝑻 (35)

=



𝑇31𝑑𝛼2 − 𝑇21𝑑𝛼3 𝑇32𝑑𝛼2 − 𝑇22𝑑𝛼3 𝑇33𝑑𝛼2 − 𝑇23𝑑𝛼3

𝑇11𝑑𝛼3 − 𝑇31𝑑𝛼1 𝑇12𝑑𝛼3 − 𝑇32𝑑𝛼1 𝑇13𝑑𝛼3 − 𝑇33𝑑𝛼1

𝑇21𝑑𝛼1 − 𝑇11𝑑𝛼2 𝑇22𝑑𝛼1 − 𝑇12𝑑𝛼2 𝑇23𝑑𝛼1 − 𝑇13𝑑𝛼2


(36)

=



0 0 0

−𝑇31 −𝑇32 −𝑇33

𝑇21 𝑇22 𝑇23


𝑑𝛼1 +



𝑇31 𝑇32 𝑇33

0 0 0

−𝑇11 −𝑇12 −𝑇13


𝑑𝛼2 +



−𝑇21 −𝑇22 −𝑇23

𝑇11 𝑇12 𝑇13

0 0 0


𝑑𝛼3 (37)

Define the element-wise absolute value operator

|𝑻 | =



|𝑇11 | |𝑇12 | |𝑇13 |

|𝑇21 | |𝑇22 | |𝑇23 |

|𝑇31 | |𝑇32 | |𝑇33 |


(38)

then

𝑑 |𝑻 | = |𝑻 + 𝑑𝑻 | − |𝑻 |

10



=



sgn (𝑇11) (𝑇31𝑑𝛼2 − 𝑇21𝑑𝛼3) sgn (𝑇12) (𝑇32𝑑𝛼2 − 𝑇22𝑑𝛼3) sgn (𝑇13) (𝑇33𝑑𝛼2 − 𝑇23𝑑𝛼3)

sgn (𝑇21) (𝑇11𝑑𝛼3 − 𝑇31𝑑𝛼1) sgn (𝑇22) (𝑇12𝑑𝛼3 − 𝑇32𝑑𝛼1) sgn (𝑇23) (𝑇13𝑑𝛼3 − 𝑇33𝑑𝛼1)

sgn (𝑇31) (𝑇21𝑑𝛼1 − 𝑇11𝑑𝛼2) sgn (𝑇32) (𝑇22𝑑𝛼1 − 𝑇12𝑑𝛼2) sgn (𝑇33) (𝑇23𝑑𝛼1 − 𝑇13𝑑𝛼2)


(39)

Assuming that 𝑻 has the signs as in Eq. (34)

sign𝑻 =



+ + +

− − +

+ − +


(40)

we have that the first order differential of the performance index is

𝑑J2 =

3∑︁
𝑖=1

𝜕J2
𝜕𝛼𝑖

𝑑𝛼𝑖 = (𝑇31 + 𝑇32 − 𝑇33 + 𝑇21 − 𝑇22 + 𝑇23)𝑑𝛼1

+ (𝑇31 + 𝑇32 + 𝑇33 − 𝑇11 + 𝑇12 − 𝑇13)𝑑𝛼2 + (−𝑇21 − 𝑇22 − 𝑇23 − 𝑇11 − 𝑇12 + 𝑇13)𝑑𝛼3 (41)

Therefore, the conditions for optimality are:

𝜕J2
𝜕𝛼1

= 𝑇31 + 𝑇32 − 𝑇33 + 𝑇21 − 𝑇22 + 𝑇23 = 0 (42)

𝜕J2
𝜕𝛼2

= 𝑇31 + 𝑇32 + 𝑇33 − 𝑇11 + 𝑇12 − 𝑇13 = 0 (43)

𝜕J2
𝜕𝛼3

= −𝑇21 − 𝑇22 − 𝑇23 − 𝑇11 − 𝑇12 + 𝑇13 = 0 (44)

And it is trivial to verify that the optimal matrix outlined above satisfies these conditions

𝑻 =



1/3 2/3 2/3

−2/3 −1/3 2/3

2/3 −2/3 1/3


(45)

Notice that one can also compute the first order differential by post-multiplying 𝑻 by a skew symmetric matrix differential

𝑑𝑻 = 𝑻 [𝑑𝜶×] =



𝑇11 𝑇12 𝑇13

𝑇21 𝑇22 𝑇23

𝑇31 𝑇32 𝑇33





0 −𝑑𝛼3 𝑑𝛼2

𝑑𝛼3 0 −𝑑𝛼1

−𝑑𝛼2 𝑑𝛼1 0


(46)
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=



𝑇12𝑑𝛼3 − 𝑇13𝑑𝛼2 𝑇13𝑑𝛼1 − 𝑇11𝑑𝛼3 𝑇11𝑑𝛼2 − 𝑇12𝑑𝛼1

𝑇22𝑑𝛼3 − 𝑇23𝑑𝛼2 𝑇23𝑑𝛼1 − 𝑇21𝑑𝛼3 𝑇21𝑑𝛼2 − 𝑇22𝑑𝛼1

𝑇32𝑑𝛼3 − 𝑇33𝑑𝛼2 𝑇33𝑑𝛼1 − 𝑇31𝑑𝛼3 𝑇31𝑑𝛼2 − 𝑇32𝑑𝛼1


(47)

=



0 𝑇13 −𝑇12

0 𝑇23 −𝑇22

0 𝑇33 −𝑇32


𝑑𝛼1 +



−𝑇13 0 𝑇11

−𝑇23 0 𝑇21

−𝑇33 0 𝑇31


𝑑𝛼2 +



𝑇12 −𝑇11 0

𝑇22 −𝑇21 0

𝑇32 −𝑇31 0


𝑑𝛼3 (48)

C. Three IMUs

Consider the case of three IMUs, 𝐴, 𝐵, and 𝐶; once again 𝐴 is aligned with the canonical Euclidean base, 𝐵 has axes

𝑻𝐵 =

[
𝒙𝑏 𝒚𝑏 𝒛𝑏

]
, and 𝐶 has axes 𝑻𝐶 =

[
𝒙𝑐 𝒚𝑐 𝒛𝑐

]
. The stacked redundant measurement 𝒚 ∈ R9 of angular

velocity is:

𝒚 = 𝑯𝝎 + 𝜼 =



𝑰3×3

𝑻𝐵

𝑻𝐶


𝝎 + 𝜼 (49)

where 𝑯 ∈ R9×3 and once again 𝜼 is the measurement error. The generalized inverse 𝑯∗ ∈ R3×9 is

𝑯∗ = (𝑯T𝑯)−1𝑯T =
1
3
𝑯T (50)

Matrix 𝑺 is

𝑺 = 𝑰 − 𝑯𝑯∗ =
1
3



2𝑰3×3 −𝑻T
𝐵

−𝑻T
𝐶

−𝑻𝐵 2𝑰3×3 −𝑻𝐵𝑻
T
𝐶

−𝑻𝐶 −𝑻𝐶𝑻T
𝐵

2𝑰3×3


𝜼 (51)

Therefore maximizing the 𝐿1 norm of matrix 𝑺 is equivalent to maximizing

J3 = ∥𝑻T
𝐴𝑻𝐵∥𝐿1 + ∥𝑻T

𝐴𝑻𝐶 ∥𝐿1 + ∥𝑻T
𝐶𝑻𝐵∥𝐿1 (52)

= ∥𝑻𝐵∥𝐿1 + ∥𝑻𝐶 ∥𝐿1 + ∥𝑻T
𝐶𝑻𝐵∥𝐿1 (53)
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Because we are now optimizing the sum of the norm of three orthogonal matrices, we have that

J 𝑜𝑝𝑡

3 ≤ 3J 𝑜𝑝𝑡

2 = 15 (54)

it turns out that J 𝑜𝑝𝑡

3 = 3
√

6 + 15/2 ≈ 14.8485 and one possible optimal solutions is

𝒙𝑎 =



1

0

0


𝒚𝑎 =



0

1

0


𝒛𝑎 =



0

0

1


(55)

𝒙𝑏 =



3/4
√

6/4

−1/4


𝒚𝑏 =



1/4

−
√

6/4

−3/4


𝒛𝑏 =



−
√

6/4

1/2

−
√

6/4


(56)

𝒙𝑐 =



3/4

−
√

6/4

−1/4


𝒚𝑐 =



1/4
√

6/4

−3/4


𝒄𝑐 =



√
6/4

1/2
√

6/4


(57)

Once again, many optimal solutions exist, and they are permutations of the values above.

The optimal matrices are

𝑻𝐵 =



3/4 1/4 −
√

6/4
√

6/4 −
√

6/4 1/2

−1/4 −3/4 −
√

6/4


(58)

𝑻𝐶 =



3/4 1/4
√

6/4

−
√

6/4
√

6/4 1/2

−1/4 −3/4
√

6/4


(59)

Let’s define their first order differentials as

𝑑𝑻𝐵 = 𝑻𝐵 [𝑑𝜷×] 𝑑𝑻𝐶 = 𝑻𝐶 [𝑑𝜸×] (60)
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hence

𝑑 (𝑻T
𝐶𝑻𝐵) = 𝑻T

𝐶𝑻𝐵 [𝑑𝜷×] − [𝑑𝜸×] 𝑻T
𝐶𝑻𝐵 (61)

where

𝑻T
𝐶𝑻𝐵 =



1/4 3/4 −
√

6/4

3/4 1/4
√

6/4
√

6/4 −
√

6/4 −1/2


(62)

with the above values of 𝑻𝐵 and 𝑻𝐶 , the first order conditions are

𝜕J3
𝜕𝛽1

=
∑︁©­­­­­­­«



0 −
√

6/4 1/4

0 −1/2
√

6/4

0
√

6/4 −3/4


+



0 −
√

6/4 3/4

0
√

6/4 −1/4

0 1/2 −
√

6/4



ª®®®®®®®¬
= 0 (63)

𝜕J3
𝜕𝛽2

=
∑︁©­­­­­­­«



√
6/4 0 −3/4

−1/2 0
√

6/4

−
√

6/4 0 1/4


+



√
6/4 0 −1/4

−
√

6/4 0 3/4

1/2 0 −
√

6/4



ª®®®®®®®¬
= 0 (64)

𝜕J3
𝜕𝛽3

=
∑︁©­­­­­­­«



1/4 −3/4 0

−
√

6/4
√

6/4 0

3/4 −1/4 0


+



3/4 −1/4 0

1/4 −3/4 0

−
√

6/4
√

6/4 0



ª®®®®®®®¬
= 0 (65)

𝜕J3
𝜕𝛾1

=
∑︁©­­­­­­­«



0
√

6/4 −1/4

0 1/2 −
√

6/4

0 −
√

6/4 3/4


−



0 0 0

−
√

6/4
√

6/4 1/2

3/4 −1/4 −
√

6/4



ª®®®®®®®¬
= 0 (66)

𝜕J3
𝜕𝛾2

=
∑︁©­­­­­­­«



−
√

6/4 0 3/4

1/2 0 −
√

6/4
√

6/4 0 −1/4


−



√
6/4 −

√
6/4 1/2

0 0 0

−1/4 3/4 −
√

6/4



ª®®®®®®®¬
= 0 (67)
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𝜕J3
𝜕𝛾3

=
∑︁©­­­­­­­«



1/4 −3/4 0

−
√

6/4
√

6/2 0

3/4 −1/4 0


−



−3/4 −1/4
√

6/4

1/4 3/4 −
√

6/4

0 0 0



ª®®®®®®®¬
= 0 (68)

where the summation is over the matrices entries. The above equations show that the solution is indeed an extremum, it

was numerically evaluated to be confirmed a maximum.

1. Three IMUs Parity Space

The fault vector 𝝐 is given by

𝝐 = 𝑺𝒚 = 𝑺𝜼 =
1
3



2𝑰3×3 −𝑻T
𝐵

−𝑻T
𝐶

−𝑻𝐵 2𝑰3×3 −𝑻𝐵𝑻
T
𝐶

−𝑻𝐶 −𝑻𝐶𝑻T
𝐵

2𝑰3×3


𝜼 (69)

Assume 𝜼 is zero mean and has covariance matrix given by 𝜎2𝑰9×9. As reviewed in Section II, a fault is declared when

𝝐T𝝐 exceeds a predetermined threshold. When this happens, the fault is associated with the maximum value of |𝜖𝑖 |.

Assume that the first axis of IMU A experience a fault 𝜙, i.e.

𝒚𝑎 = 𝑯𝝎 + 𝜼 +


𝜙

08×1

 (70)

hence

𝝐 = 𝑺𝜼 + 𝜙

3



2𝒙𝑎

−𝒙𝑏

−𝒙𝑐


(71)

if the axis of the three IMUs are aligned the contribution of the fault to 𝜖1 is 2𝜙/3 while its contribution to 𝜖4/7 is −𝜙/3,

hence the separation between the two absolute values is 𝜙/3. With our proposed solution the fault contribution to 𝜖4/7 is

−𝜙/4 making the separation between the two values 5𝜙/12 which is a 25% improvement over the axes being aligned.

IV. Attitude Estimation with Redundant Gyroscopes
This section focuses on only one portion of the IMU output, angular rate measurements, and shows how multiple

IMU measurements can be used simultaneously in a single navigation filter for attitude estimation and fault detection.

The techniques and methods used here can be easily extended to include the IMU’s accelerometer outputs as well so that
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spacecraft position and velocity are estimated together with accelerometer fault detection.

A new MEKF formulation is proposed that use all available gyro measurements for both estimation and FDI. The

new formulation employs the IMUs orientation derived above and creates measurements residuals based on their

optimized fault detection vectors. In the presence of two IMUs, the filter fuses measurements from both gyros and one

star tracker into an estimate of vehicle attitude. This formulation can be extended to any number of IMUs, and the

three-IMU case is used to demonstrate FDI capabilities. Attitude is parameterized with a quaternion representing a

transformation from an inertial frame into a body-fixed navigation frame 𝒒nav
inert. A quaternion’s unit-norm constraint

does not lend well to direct estimation in a Kalman filter. Instead, an unconstrained three vector parameterization 𝜽 of

attitude error between a nominal estimated attitude and the true attitude is estimated.

𝒒nav
inert = 𝛿𝒒 (𝜽) ⊗

(
𝒒nav

inert
)nom (72)

where ⊗ is the Shuster quaternion product (Equation (73) [24]) and the quaternions are represented as a four-element

column-vector with a three dimensional vector 𝒒𝑣 and scalar 𝑞𝑠 component. We choose a scalar last representation.

𝒒1 ⊗ 𝒒2 =


𝑞𝑠,1𝒒𝑣,2 + 𝑞𝑠,2𝒒𝑣,1 − 𝒒𝑣,1 × 𝒒𝑣,2

𝑞𝑠,1𝑞𝑠,2 − 𝒒𝑇
𝑣,1𝒒𝑣,2

 (73)

𝛿𝒒 (𝜽) is defined as

𝛿𝒒 (𝜽) = 1√︃
1
4𝜽

𝑇𝜽 + 1


1
2𝜽

1

 . (74)

An approximate inverse operation (valid to first order in the error) is available as

𝜽 (𝛿𝒒) ≈ 2𝛿𝒒𝑣 (75)

where 𝛿𝒒𝑣 is the quaternion’s vector component. 𝒒∗ denotes the inverse of 𝒒 such that 𝒒∗ ⊗ 𝒒 and 𝒒 ⊗ 𝒒∗ both produce

the unit quaternion 𝒒 ⊗ 𝒒∗ =

[
0 0 0 1

]𝑇
.

For ease of expression, the filter is derived as an estimate of a deviation 𝛿𝒙 from a nominal state 𝒙nom for attitude

and the remaining additive states 𝒙𝑎.

𝒙 =


𝒒nav

inert

𝒙𝑎

 𝛿𝒙 =


𝜽

𝛿𝒙𝑎

 (76)
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𝛿𝒙 perturbs 𝒙nom with the ⊞ operator defined as

𝒙 = 𝛿𝒙 ⊞ 𝒙nom (77)

𝒙 =


𝛿𝒒 (𝜽) ⊗

(
𝒒̂nav

inert

)nom

𝛿𝒙𝑎 + (𝒙𝑎)nom

 . (78)

After all measurements at a given time-step are processed the filter updates the nominal state with the estimated delta

state.

𝒙nom ← 𝛿𝒙 ⊞ 𝒙nom (79)

𝛿𝒙 ← 027×1 (80)

This work occasionally extracts only the additive states from 𝒙nom. This can be done with matrix 𝚲.

𝚲 =


03×4 03×24

024×4 𝑰24×24

 (81)


03×1

𝒙𝑎

 = 𝚲𝒙nom (82)

The quantity 24 results from the 24 additive states considered in Equation (90).

Each gyro is modeled as having a bias 𝒃, misalignments 𝜹, scale factors 𝒔, and additive Gaussian white noise 𝜼𝜔

which corrupt the measure of angular rate. Some authors choose to differentiate between three IMU box level mounting

misalignments and three internal manufacturing misalignments (also known as non-orthogonality parameters). For the

purposes of this work, we refer to all of these simply as misalignments. The misalignment and scale factor terms are

combined into a distortion matrix 𝑴Δ.

𝑴Δ =



𝑠𝑥 𝛿𝑥𝑦 𝛿𝑥𝑧

𝛿𝑦𝑥 𝑠𝑦 𝛿𝑦𝑧

𝛿𝑧𝑥 𝛿𝑧𝑦 𝑠𝑧


(83)

𝑴Δ will be estimated for each gyro and so it must be vectorized for inclusion in the state space as

𝚫 =

[
𝑠𝑥 𝛿𝑥𝑦 𝛿𝑥𝑧 𝛿𝑦𝑥 𝑠𝑦 𝛿𝑦𝑧 𝛿𝑧𝑥 𝛿𝑧𝑦 𝑠𝑧

]𝑇
(84)
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The operator [(𝒂) ≡] for 𝒂 ∈ R3 is defined as

[(𝒂) ≡] =



𝒂𝑇 01×3 01×3

01×3 𝒂𝑇 01×3

01×3 01×3 𝒂𝑇


(85)

With this new operator it is possible to write

𝑴Δ𝒂 = [(𝒂) ≡] 𝚫. (86)

The 𝑖th gyro’s continuous time sensed angular rate is

𝝎𝑔𝑖 (𝑡) =
(
𝑰3×3 + 𝑴Δ𝑖 (𝑡)

)
𝑻𝑔𝑖

nav𝝎
nav (𝑡) + 𝒃𝑔𝑖 (𝑡) + 𝜼𝜔𝑖 (𝑡) (87)

𝑻𝑔𝑖
nav is a transformation matrix from the navigation frame to the 𝑖th gyro frame, 𝝎nav (𝑡) is the vehicle’s true angular rate

in the navigation frame, and 𝜼𝜔𝑖 (𝑡) is a continuous, zero-mean, Gaussian, white process with the following properties.

E {𝜼𝜔𝑖 (𝑡)} = 03×1 (88)

E
{
𝜼𝜔𝑖 (𝑡)𝜼𝜔𝑖 (𝜏)𝑇

}
= 𝜎2

𝜔𝛿(𝑡 − 𝜏)𝑰3×3 (89)

Here 𝛿(𝑎) is the dirac delta function.

The filter’s delta state contains 𝜽 , biases, and distortion vectors.

𝛿𝒙 =



𝜽

𝛿𝒃𝑔1

𝛿𝒃𝑔2

𝛿𝚫𝑔1

𝛿𝚫𝑔2



(90)

Biases and distortion vectors are modeled as random walks

¤𝒃𝑔𝑖 = 𝜼𝑏𝑖 (91)

¤𝚫𝑔𝑖
= 𝜼Δ𝑖 (92)
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These are independent, zero-mean, Gaussian, white-noise processes with

E
{
𝜼𝑏𝑖 (𝑡)𝜼𝑏𝑖 (𝜏)𝑇

}
= 𝜎2

𝑏𝛿(𝑡 − 𝜏)𝑰3×3 (93)

E
{
𝜼Δ𝑖 (𝑡)𝜼Δ𝑖 (𝜏)𝑇

}
= 𝜎2

Δ𝛿(𝑡 − 𝜏)𝑰9×9 (94)

A. Faults

This work considers two seperate gyro failure modes. The first is as an unmodeled and constant drift in gyro bias

applied to gyro one 𝝐𝑔1 .

¤𝒃𝑔1 (𝑡) = 𝜼𝑏1 (𝑡) + 𝝐𝑔1 (95)

It’s assumed that at filter initialization 𝝐𝑔1 = 03×1. It switches to a nonzero value at 𝑇𝜖 .

The second failure mode is an increase in the second gyro’s angular random walk with matrix 𝐴𝑔2 .

𝝎𝑔2 (𝑡) =
(
𝐼 + 𝑴Δ2 (𝑡)

)
𝑻𝑔2

nav𝝎
nav (𝑡) + 𝒃𝑔2 (𝑡) + (𝑰3×3 + 𝑨𝑔2 ) 𝜼𝜔2 (𝑡) (96)

Again it’s assumed that when the filter is initialized 𝑨𝑔2 = 03×3. It will switch to a non-zero value at 𝑇𝐴.

B. Discretization

The continuous time models in Equations (87), (91), and (92) are discretized from time 𝑡𝑘−1 to 𝑡𝑘 = 𝑡𝑘−1 + Δ𝑡. The

bias evolution can be discretized as

𝒃𝑔𝑖
𝑘
= 𝒃𝑔𝑖

𝑘−1 +
∫ 𝑡𝑘

𝑡𝑘−1

𝜼𝑏𝑖 (𝜏)𝑑𝜏. (97)

It can be shown that the integral term is a discrete zero-mean Gaussian white-noise process 𝝂𝑏𝑖 with

𝝂𝑏𝑖
𝑘−1 =

∫ 𝑡𝑘

𝑡𝑘−1

𝜼𝑏𝑖 (𝜏)𝑑𝜏 (98)

E
{
𝝂𝑏𝑖
𝑘−1

}
= 03×1 (99)

E
{
𝝂𝑏𝑖
𝑘−1𝝂

𝑏𝑖
𝑘−1

𝑇
}
= Δ𝑡𝜎2

𝑏 𝑰3×3 (100)

Similarly,

𝚫𝑔𝑖
𝑘
= 𝚫𝑔𝑖

𝑘−1 +
∫ 𝑡𝑘

𝑡𝑘−1

𝜼Δ𝑖 (𝜏)𝑑𝜏 (101)

𝝂Δ𝑖

𝑘−1 =

∫ 𝑡𝑘

𝑡𝑘−1

𝜼Δ𝑖 (𝜏)𝑑𝜏 (102)

E
{
𝝂Δ𝑖

𝑘−1

}
= 09×1 (103)
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E
{
𝝂Δ𝑖

𝑘−1𝝂
Δ𝑖

𝑘−1
𝑇
}
= Δ𝑡𝜎2

Δ𝑰9×9. (104)

The continuous time angular rate from Equation (87) is discretized into a measurement of the average angular rate

over the sample period.

𝝎𝑔𝑖
𝑘
=

1
Δ𝑡

∫ 𝑡𝑘−1+Δ𝑡

𝑡𝑘−1

(
𝑰3×3 + 𝑴Δ𝑖 (𝜏)

)
𝑻𝑔𝑖

nav𝝎
nav (𝜏) + 𝒃𝑔𝑖 (𝜏) + 𝜼𝜔𝑖 (𝜏)𝑑𝜏 (105)

It is assumed that 𝝎nav (𝜏) is constant over the sample interval 𝑡 ∈ (𝑡𝑘−1, 𝑡𝑘]. By using the [(·) ≡] operator and replacing

𝒃𝑔𝑖 (𝜏) and 𝚫𝑔𝑖 (𝜏) their discrete time solutions we obtain

𝝎𝑔𝑖
𝑘
= 𝑻𝑔𝑖

nav𝝎
nav
𝑘 +

[ (
𝑻𝑔𝑖

nav𝝎
nav
𝑘

)
≡
]
𝚫𝑔𝑖
𝑘−1 + 𝒃

𝑔𝑖
𝑘−1 + 𝝂

𝜔𝑖

𝑘
. (106)

Equation (106) may be equivalently expressed as a function of the discrete-time distortion matrix as

𝝎𝑔𝑖
𝑘
=

(
𝑰3×3 + 𝑴𝑔𝑖

𝑘−1

)
𝑻𝑔𝑖

nav𝝎
nav
𝑘 + 𝒃

𝑔𝑖
𝑘−1 + 𝝂

𝜔𝑖

𝑘
. (107)

𝝂𝜔𝑖 is a zero-mean discrete Gaussian white-noise process defined as

𝝂𝜔𝑖

𝑘
=
[ (
𝑻𝑔𝑖

nav𝝎
nav
𝑘

)
≡
] 1
Δ𝑡

∫ 𝑡𝑘

𝑡𝑘−1

∫ 𝑠

𝑡𝑘−1

𝜼Δ𝑖 (𝜏)𝑑𝜏𝑑𝑠

+ 1
Δ𝑡

∫ 𝑡𝑘

𝑡𝑘−1

∫ 𝑠

𝑡𝑘−1

𝜼𝑏𝑖 (𝜏)𝑑𝜏𝑑𝑠 + 1
Δ𝑡

∫ 𝑡𝑘

𝑡𝑘−1

𝜼𝜔𝑖𝑑𝑠. (108)

This process’s covariance and correlation with the other noise processes are required for simulation. It has been shown

in [3] that the covariance of 𝝂𝜔𝑖 is

E
{
𝝂𝜔𝑖

𝑘
𝝂𝜔𝑖

𝑘

𝑇
}
=

𝜎2
𝜔

Δ𝑡
𝑰3×3 +

𝜎2
𝑏
Δ𝑡

12
𝑰3×3 +

𝜎2
Δ
Δ𝑡

12
[ (
𝑻𝑔𝑖

nav𝝎
nav) ≡] [ (𝑻𝑔𝑖

nav𝝎
nav) ≡]𝑇 . (109)

𝝂𝜔𝑖

𝑘
is correlated with 𝝂𝑏𝑖

𝑘−1 as

E
{
𝝂𝜔𝑖

𝑘
𝝂𝑏𝑖
𝑘−1

𝑇
}
=

𝜎2
𝑏
Δ𝑡

2
𝑰3×3 (110)

and 𝝂Δ𝑖

𝑘−1 as

E
{
𝝂𝜔𝑖

𝑘
𝝂Δ𝑖

𝑘−1
𝑇
}
=
[ (
𝑻𝑔𝑖

nav𝝎
nav) ≡] 𝜎2

Δ
Δ𝑡

2
𝑰3×3 (111)
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1. Simulation of Angular Rate Measurements

When simulating angular rate measurements in a later section it will be necessary to account for the correlations

between bias/distortion evolution and measurement. To simplify our implementation we introduce a model for 𝝎𝑔𝑖
𝑘

which we denote 𝝎̃𝑔𝑖
𝑘

.

𝝎̃𝑔𝑖
𝑘
= 𝑻𝑔𝑖

nav𝝎
nav
𝑘 +

1
2
[ (
𝑻𝑔𝑖

nav𝝎
nav
𝑘

)
≡
] (

𝚫𝑔𝑖
𝑘−1 + 𝚫

𝑔𝑖
𝑘

)
+ 1

2

(
𝒃𝑔𝑖
𝑘−1 + 𝒃

𝑔𝑖
𝑘

)
+ 𝝂̃𝜔𝑖

𝑘
(112)

The model is equivalent to the true measurement. It’s validity may be checked by evaluating E
{
𝝎̃𝑔𝑖

𝑘
𝒃𝑔𝑖
𝑘

𝑇
}

and

E
{
𝝎̃𝑔𝑖

𝑘
𝚫𝑔𝑖
𝑘

𝑇
}
.

The variable 𝝂̃𝜔𝑖

𝑘
is a zero-mean, discrete, Gaussian random variable independent from 𝝂𝑏𝑖

𝑘
or 𝝂Δ𝑖

𝑘
with covariance

𝑹𝜔𝑖

𝑘
as shown in Equation (113). The derivation details may be found in [3].

𝑹𝜔𝑖

𝑘
=

𝜎2
𝜔

Δ𝑡
𝑰3×3 +

𝜎2
𝑏
Δ𝑡

12
𝑰3×3 +

𝜎2
Δ
Δ𝑡

12
[ (
𝑻𝑔𝑖

nav𝝎
nav
𝑘

)
≡
] [ (

𝑻𝑔𝑖
nav𝝎

nav
𝑘

)
≡
]𝑇 (113)

C. Propagation with 𝜔
𝑔1
𝑘

A model-replacement strategy is used for the filter’s propagation phase from an estimate at time 𝑡𝑘−1 to a prediction

at time 𝑡𝑘 . Measurements from the first gyro are used to propagate the vehicle’s attitude in lieu of an explicit model of

the vehicle’s body torques and inertial properties. The formulation for 𝝎𝑔1 (𝑡) may be inverted to get an expression

for 𝝎nav (𝑡). Higher order terms are neglected and it is assumed that (𝑰3×3 + 𝑴Δ𝑖 (𝑡))−1 ≈ 𝑰3×3 − 𝑴Δ𝑖 (𝑡). This

approximation can be validated by truncating the Taylor series expansion of 𝑘 (𝑴) = (𝑰3×3 + 𝑴Δ𝑖 (𝑡))−1 at first order

and assuming 𝑴 is small.

𝝎nav (𝑡) = 𝑻nav
𝑔1 𝜔𝑔1 (𝑡) − 𝑻nav

𝑔1 𝒃𝑔1 (𝑡) − 𝑻nav
𝑔1 𝜼𝜔1 (𝑡) − 𝑻nav

𝑔1 [(𝝎
𝑔1 ) ≡] 𝚫𝑔1 (𝑡) (114)

An estimate of 𝝎nav in continuous time is found as

𝝎̂nav (𝑡) = 𝑻nav
𝑔1 𝝎𝑔1 (𝑡) − 𝑻nav

𝑔1 𝒃̂𝑔1 (𝑡) − 𝑻nav
𝑔1 [(𝝎

𝑔1 ) ≡] 𝚫̂𝑔1 (𝑡). (115)

The nominal estimate of attitude
(
𝒒nav

inert

)nom
is propagated numerically with the standard kinematics formulation.

(
¤𝒒nav
inert

)nom
=

1
2


𝝎̂nav

0

 ⊗
(
𝒒nav

inert
)nom (116)
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The evolution of state 𝜽 can be described with Equation (117) [3].

¤𝜽 (𝑡) = − [𝝎̂nav (𝑡)×] 𝜽 (𝑡) + 𝛿𝝎nav (𝑡) (117)

Here the 𝛿 prefix represents angular rate estimate error, i.e. 𝛿𝝎nav = 𝝎nav − 𝝎̂nav. 𝛿𝝎nav can be expressed in terms of

the delta state and measurement noise as

𝛿𝝎nav (𝑡) = −𝑻nav
𝑔1 𝛿𝒃𝑔1 (𝑡) − 𝑻nav

𝑔1 𝜼𝜔1 (𝑡) − 𝑻nav
𝑔1 [(𝝎

𝑔1 (𝑡)) ≡] 𝛿𝚫𝑔1 (𝑡) (118)

So

¤𝜽 (𝑡) =
[
− [𝝎̂nav (𝑡)×] −𝑻nav

𝑔1 03×3 −𝑻nav
𝑔1 [(𝝎

𝑔1 (𝑡)) ≡] 03×9

]
𝛿𝒙(𝑡) − 𝑻nav

𝑔1 𝜼𝜔1 (𝑡) (119)

With this, a continuous time stochastic differential equation describing the evolution of the delta state is written.

𝛿 ¤𝒙(𝑡) =


− [𝝎̂nav (𝑡)×] −𝑻nav

𝑔1 03×3 −𝑻nav
𝑔1 [(𝝎

𝑔1 (𝑡)) ≡] 03×9

024×3 024×3 024×3 024×9 024×9

 𝛿𝒙(𝑡) +

−𝑻nav

𝑔1 03×24

024×3 𝑰24×24





𝜼𝜔1 (𝑡)

𝜼𝑏1 (𝑡)

𝜼𝑏2 (𝑡)

𝜼Δ1 (𝑡)

𝜼Δ2 (𝑡)



(120)

𝛿 ¤𝒙(𝑡) = 𝐹 (𝑡)𝛿𝒙(𝑡) + 𝐺𝑤(𝑡) (121)

If it is assumed that 𝝎̂nav and 𝝎𝑔1 are constant over the sample interval the system becomes linear, time-invariant

and an analytic expression for the state transition matrix is available. The measurements of angular rate over the interval

(𝑡𝑘−1, 𝑡𝑘] arrive at 𝑡𝑘 . At this point, the best discrete time estimate for 𝝎nav
𝑘

is given as a function of the previous

nominal state because the delta state is always zero when new measurements arrive.

𝝎̄nav
𝑘 = 𝑻nav

𝑔1 𝝎𝑔1
𝑘
− 𝑻nav

𝑔1 (𝒃
𝑔1
𝑘−1)

nom − 𝑻nav
𝑔1

[(
𝝎𝑔1

𝑘

)
≡
]
(𝚫𝑔1

𝑘−1)
nom (122)
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The state transition matrix is found as a function of 𝝎̄nav
𝑘

.

𝚽(Δ𝑡) = 𝑒𝐹Δ𝑡 =



𝚽11 𝚽12𝑻
nav
𝑔1 03×3 𝚽12𝑻

nav
𝑔1

[(
𝝎𝑔1

𝑘

)
≡
]

03×9

03×3 𝑰3×3 03×3 03×9 03×9

03×3 03×3 𝑰3×3 03×9 03×9

09×3 09×3 09×3 𝑰9×9 09×9

09×3 09×3 09×3 09×9 𝑰9×9



(123)

where

𝚽11 = 𝑰3×3 −
[
𝝎̄nav

𝑘 ×
] sin

(
∥𝝎̄nav

𝑘
∥Δ𝑡

)
∥𝝎̄nav

𝑘
∥ +

[
𝝎̄nav

𝑘 ×
]2

1 − cos
(
∥𝝎̄nav

𝑘
∥Δ𝑡

)
∥𝝎̄nav

𝑘
∥2

(124)

𝚽12 = −Δ𝑡 𝑰3×3 +
[
𝝎̄nav

𝑘 ×
] 1 − cos

(
∥𝝎̄nav

𝑘
∥Δ𝑡

)
∥𝝎̄nav

𝑘
∥2

−
[
𝝎̄nav

𝑘 ×
]2
∥𝝎̄nav

𝑘
∥Δ𝑡 − sin

(
∥𝝎̄nav

𝑘
∥Δ𝑡

)
∥𝝎̄nav

𝑘
∥3

(125)

With the assumption of linear time-invariance the discrete time solution to the linear system in Equation (121) is

𝛿𝒙𝑘 = 𝚽(Δ𝑡)𝛿𝒙𝑘−1 + 𝝂𝑥𝑘−1 (126)

𝝂𝑥𝑘−1 =

∫ 𝑡𝑘

𝑡𝑘−1

𝚽(𝜏)𝑮𝒘(𝜏)𝑑𝜏 (127)

𝝂𝑥
𝑘−1 is a zero-mean Gaussian white process with covariance E

{
𝝂𝑥
𝑘−1𝝂

𝑥
𝑘−1

𝑇
}
. This covariance can be approximately

expressed with the following matrix 𝑸 when the angular rates are sufficiently low and constant over the sample period.

𝑸 =



(
𝜎2
𝜔Δ𝑡 +

𝜎2
𝑏
Δ𝑡3

2 + ∥𝝎
𝑔1
𝑘
∥2Δ𝑡3𝜎2

Δ

3

)
𝑰3×3

−𝜎2
𝑏
Δ𝑡2

2 𝑻nav
𝑔1 03×3

−𝜎2
Δ
Δ𝑡2

2 𝑻nav
𝑔1

[(
𝝎𝑔1

𝑘

)
≡
]

03×9

−𝜎2
𝑏
Δ𝑡2

2 𝑻𝑔1
nav 𝜎2

𝑏
Δ𝑡 𝑰3×3 03×3 03×9 03×9

03×3 03×3 𝜎2
𝑏
Δ𝑡 𝑰3×3 03×9 09×9

−𝜎2
Δ
Δ𝑡2

2

[(
𝝎𝑔1

𝑘

)
≡
]𝑇

𝑻𝑔1
nav 09×3 09×3 𝜎2

Δ
Δ𝑡 𝑰9×9 09×9

09×3 09×3 09×3 09×9 𝜎2
Δ
Δ𝑡 𝑰9×9



(128)

The delta state and its associated covariance 𝚺̂ are propagated from an estimate at 𝑡𝑘−1 to a prediction at 𝑡𝑘 . The

propagation equations are provided for clarity below but it is noted that the estimate at 𝑡𝑘−1 will always be zero after it is
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used to refresh the nominal state at the previous time-step.

𝛿𝒙̄𝑘 = 𝚽(Δ𝑡)𝛿𝒙̂𝑘−1 (129)

𝚺̄𝑘 = 𝚽(Δ𝑡)𝚺̂𝑘−1𝚽(Δ𝑡)𝑇 + 𝑸 (130)

D. Update with 𝜔
𝑔2
𝑘

Each measurement from the second gyro at the 𝑘 th time-step is used to update the state. The measurement model

starts from the discrete time model for the gyro measurements in Equation (107). The expression for 𝝎𝑔1
𝑘

is inverted to

solve for 𝝎nav
𝑘

which is substituted into the expression for 𝝎𝑔2
𝑘

.

𝝎𝑔2
𝑘

=

(
𝑰3×3 + 𝑴𝑔2

𝑘−1

)
𝑻𝑔2

nav𝑻
nav
𝑔1

(
𝑰3×3 + 𝑴𝑔1

𝑘−1

)−1 (
𝝎𝑔1

𝑘
− 𝒃𝑔1

𝑘−1 − 𝝂
𝜔1
𝑘

)
+ 𝒃𝑔2

𝑘−1 + 𝝂
𝜔2
𝑘

. (131)

Then by neglecting higher order terms and simplifying the transformation matrices

𝝎𝑔2
𝑘
≈ 𝑻𝑔2

𝑔1 𝝎
𝑔1
𝑘
− 𝑻𝑔2

𝑔1

[(
𝝎𝑔1

𝑘

)
≡
]
𝚫𝑔1
𝑘−1 − 𝑻

𝑔2
𝑔1 𝒃

𝑔1
𝑘−1 − 𝑻

𝑔2
𝑔1 𝝂

𝜔1
𝑘
+
[(
𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘

)
≡
]
𝚫𝑔2
𝑘−1 + 𝒃

𝑔2
𝑘−1 + 𝝂

𝜔2
𝑘

. (132)

This is written explicitly as a function of 𝒙nom
𝑘−1 and 𝛿𝒙𝑘−1. The expression is simplified by defining the jacobian

𝐻 =
𝜕𝝎

𝑔2
𝑘

𝜕𝛿𝒙𝑘−1
.

𝝎𝑔2
𝑘

= 𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘
+
[
03×3 −𝑻𝑔2

𝑔1 𝑰3×3 −𝑻𝑔2
𝑔1

[(
𝝎𝑔1

𝑘

)
≡
] [(

𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘

)
≡
] ] (

𝚲𝒙nom
𝑘−1 + 𝛿𝒙𝑘−1

)
− 𝑻𝑔2

𝑔1 𝝂
𝜔1
𝑘
+ 𝝂𝜔2

𝑘
(133)

𝝎𝑔2
𝑘

= 𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘
+ 𝐻

(
𝚲𝒙nom

𝑘−1 + 𝛿𝒙𝑘−1
)
− 𝑻𝑔2

𝑔1 𝝂
𝜔1
𝑘
+ 𝝂𝜔2

𝑘
(134)

It is noted that the measurement is explicitly a function of the state at 𝑡𝑘−1 and implicitly a function of the state at time

𝑡𝑘 through inclusion of the noise terms 𝝂𝜔𝑖

𝑘
. These terms encapsulate process and measurement noise as well as the

correlations between them.

Making use of the fact that 𝛿𝒙̄ is zero, the expected value of the linearized measurement model 𝝎̄𝑔2
𝑘

is given as

𝝎̄𝑔2
𝑘

= 𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘
+ 𝑯𝚲𝒙nom

𝑘−1 (135)

The expected value of the nonlinear measurement model will be required for the Kalman update and is denoted

¯̄𝝎𝑔2
𝑘

= 𝑻𝑔2
nav𝑻

nav
𝑔1

(
𝑰3×3 + 𝑴̂𝑔2

𝑘−1

) (
𝑰3×3 + 𝑴̂𝑔1

𝑘−1

)−1 (
𝝎𝑔1

𝑘
− 𝒃̂𝑔1

𝑘−1

)
+ 𝒃̂𝑔2

𝑘−1. (136)
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The Kalman gain 𝑲 is given by

𝑲 = 𝚺
𝛿𝒙𝑘𝝎

𝑔2
𝑘
𝚺−1
𝝎

𝑔2
𝑘
𝝎

𝑔2
𝑘

(137)

where

𝚺
𝛿𝒙𝑘𝝎

𝑔2
𝑘

= E

{
(𝛿𝒙𝑘 − E {𝛿𝒙𝑘})

(
𝝎𝑔2

𝑘
− E

{
𝝎𝑔2

𝑘

})𝑇}
(138)

𝚺𝝎
𝑔2
𝑘
𝝎

𝑔2
𝑘

= E

{(
𝝎𝑔2

𝑘
− E

{
𝝎𝑔2

𝑘

}) (
𝝎𝑔2

𝑘
− E

{
𝝎𝑔2

𝑘

})𝑇}
(139)

𝚺
𝛿𝒙𝑘𝝎

𝑔2
𝑘

is found through the following manipulations which make use of the fact that E {𝛿𝒙𝑘} = 027×1 and that the

noise terms are independent of the state.

𝚺
𝛿𝒙𝑘𝝎

𝑔2
𝑘

= E

{
(𝛿𝒙𝑘 − E {𝛿𝒙𝑘})

(
𝝎𝑔2

𝑘
− E

{
𝝎𝑔2

𝑘

})𝑇}
(140)

= E

{(
𝚽(Δ𝑡)𝛿𝒙𝑘−1 + 𝝂𝑥𝑘−1

) (
𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘
+ 𝑯

(
𝚲𝒙nom

𝑘−1 + 𝛿𝒙𝑘−1
)
− 𝑻𝑔2

𝑔1 𝝂
𝜔1
𝑘
+ 𝝂𝜔2

𝑘
− 𝑻𝑔2

𝑔1 𝝎
𝑔1
𝑘
− 𝐻𝚲𝒙nom

𝑘−1

)𝑇}
(141)

= E

{(
𝚽(Δ𝑡)𝛿𝒙𝑘−1 + 𝝂𝑥𝑘−1

) (
𝑯𝛿𝒙𝑘−1 − 𝑻𝑔2

𝑔1 𝝂
𝜔1
𝑘
+ 𝝂𝜔2

𝑘

)𝑇}
(142)

= 𝚽(Δ𝑡)𝚺̂𝑘−1𝑯
𝑇 − E

{
𝝂𝑥𝑘−1𝝂

𝜔1
𝑘

𝑇
}
𝑻𝑔1
𝑔2 + E

{
𝝂𝑥𝑘−1𝝂

𝜔2
𝑘

𝑇
}

(143)

Differences between this formulation and the standard (non-correlated) Kalman filter formulation are immediately

apparent and are due to the measurement’s explicit inclusion of the state at the previous time-step and correlations

between process and measurement noise. The correlation terms are given below.

E
{
𝝂𝑥𝑘−1𝝂

𝜔1
𝑘

𝑇
}
=



−𝑻nav
𝑔1

((
𝜎2
𝜔 +

Δ𝑡2𝜎2
𝑏

6

)
𝑰3×3 +

Δ𝑡2𝜎2
Δ

6

[(
𝝎𝑔1

𝑘

)
≡
] [(

𝑻𝑔1
nav𝝎̄

nav
𝑘

)
≡
]𝑇 )

Δ𝑡 𝜎2
𝑏

2 𝑰3×3

03×3

Δ𝑡 𝜎2
Δ

2

[(
𝑻𝑔1

nav𝝎
nav
𝑘

)
≡
]𝑇

09×3



(144)
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E
{
𝝂𝑥𝑘−1𝝂

𝜔2
𝑘

𝑇
}
=



03×3

03×3

1
2Δ𝑡𝜎

2
𝑏
𝑰3×3

09×3

Δ𝑡
2 𝜎2

Δ

[(
𝑻𝑔2

nav𝝎̄
nav
𝑘

)
≡
]𝑇



(145)

𝚺𝝎
𝑔2
𝑘
𝝎

𝑔2
𝑘

is found in a similar manner; this time by making use of the fact that 𝝂𝜔1
𝑘

is independent of 𝝂𝜔2
𝑘

.

𝚺𝝎
𝑔2
𝑘
𝝎

𝑔2
𝑘

= E

{(
𝝎𝑔2

𝑘
− E

{
𝝎𝑔2

𝑘

}) (
𝝎𝑔2

𝑘
− E

{
𝝎𝑔2

𝑘

})𝑇}
(146)

= E

{(
𝐻𝛿𝒙𝑘−1 − 𝑻𝑔2

𝑔1 𝝂
𝜔1
𝑘
+ 𝝂𝜔2

𝑘

) (
𝐻𝛿𝒙𝑘−1 − 𝑻𝑔2

𝑔1 𝝂
𝜔1
𝑘
+ 𝝂𝜔2

𝑘

)𝑇}
(147)

= 𝐻𝚺̂𝑘−1𝑯
𝑇 + 𝑻𝑔2

𝑔1 E
{
𝝂𝜔1
𝑘

𝝂𝜔1
𝑘

𝑇
}
𝑻𝑔1
𝑔2 + E

{
𝝂𝜔2
𝑘

𝝂𝜔2
𝑘

𝑇
}

(148)

The covariance terms E
{
𝝂𝜔𝑖

𝑘
𝝂𝜔𝑖

𝑘

𝑇
}

is given by Equation (109).

Since 𝛿𝒙̄𝑘 is always zero it can be neglected from the calculation of the delta state update.

𝛿𝒙̂𝑘 = 𝑲
(
𝝎𝑔2

𝑘
− ¯̄𝝎𝑔2

𝑘

)
(149)

𝚺̂𝑘 = (𝑰27×27 − 𝑲𝑯) 𝚺̄𝑘 (150)

Finally, the delta state is used to update the nominal state and then reset to zero.

𝒙nom
𝑘 ← 𝛿𝒙̂𝑘 ⊞ 𝒙nom

𝑘 (151)

𝛿𝒙̂𝑘 ← 027×1 (152)

1. Observability

One possible alternative to this filter design is to average gyro measurements and use this average in a model-

replacement framework. Consider a simple noiseless measurement of angular rate for a single axis of rotation

system.

𝜔
𝑔𝑖
𝑘
= 𝜔nav

𝑘 + 𝑏
𝑔𝑖
𝑘

(153)

In this simplified example it is assumed that each of the two scalar gyro measurements are free from scale factor or

misalignment errors which enter nonlinearly and complicate analysis. The state contains only angular displacement and
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bias 𝒙 = [𝜃, 𝑏𝑔1 , 𝑏𝑔2 ]𝑇 . The biases are constant in time.

𝑏
𝑔𝑖
𝑘
= 𝑏

𝑔𝑖
𝑘−1 (154)

There are two redundant measurements available 𝜔
𝑔1
𝑘

and 𝜔
𝑔2
𝑘

. They can be averaged to produce a synthetic

measurement 𝜔𝑔𝑠
𝑘

.

𝜔
𝑔𝑠
𝑘

=
1
2
𝜔
𝑔1
𝑘
+ 1

2
𝜔
𝑔2
𝑘

(155)

The model propagation can be written as a function of 𝜔𝑔𝑠
𝑘

.

𝒙𝑘 =
(
𝑰3×3 + 𝑻𝑠

𝑘 𝑳
𝑠
)
𝒙𝑘−1 (156)

where

𝑻𝑠
𝑘 =



Δ𝑡𝜔
𝑔𝑠
𝑘

0

0


𝑳𝑠 =



0

−1/2

−1/2



𝑇

. (157)

Noiseless measurements of angular displacement are also available.

𝑦𝑠𝑘 =

[
1 0 0

]
𝒙𝑘 (158)

= 𝑯𝑠𝒙𝑘 (159)

A linear observability matrix can be constructed by defining the state transition matrix 𝚽𝑠
𝑘
= 𝑰3×3 + 𝑻𝑠

𝑘
𝑳𝑠 .

𝑶𝑠 =



𝑯𝑠

𝚽𝑠
𝑘
𝑯𝑠

𝚽𝑠
𝑘
𝚽𝑠

𝑘
𝑯𝑠


(160)

𝑶𝑠 has rank two and so the system is unobservable when 𝜔
𝑔𝑠
𝑘

is used for model propagation.

If our methodology is followed and 𝜔
𝑔1
𝑘

is used for propagation the time evolution of 𝒙 becomes

𝒙 = (𝑰3×3 + 𝑻𝑘𝑳) 𝒙𝑘−1 (161)
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where

𝑻𝑘 =



Δ𝑡𝜔
𝑔1
𝑘

0

0


𝑳 =



0

−1

0



𝑇

. (162)

The same measurement of angular displacement is stacked with 𝜔
𝑔2
𝑘

to form a new 𝒚𝑘 .

𝒚𝑘 =


1 0 0

0 −1 1

 𝒙𝑘 (163)

= 𝑯𝒙𝑘 (164)

Again, a linear observability matrix can be constructed by defining the state transition matrix 𝚽𝑘 = 𝑰3×3 + 𝑻𝑘𝑳.

𝑶 =



𝑯

𝚽𝑘𝑯

𝚽𝑘𝚽𝑘𝑯


(165)

In this case the rank of 𝑶 is three and so the system is observable . This highlights a key advantage of our estimation

scheme over measurement averaging; the individual biases of each gyro become observable. The individual scale factors

and misalignment terms also become observable when persistence of excitation conditions are satisfied [25].

So far, this section has considered purely deterministic systems while the work as a whole is interested in stochastic

ones. Observability of deterministic systems implies that estimate error will asymptotically collapse to zero as

measurements are received. In the presence of process and measurement noise estimate error no longer collapses to

zero. We assume that these noise terms are small and estimate errors will not grow unbounded with time.

E. Extension to Three Gyros

The filter may be extended to three gyros. The first gyro is used for model replacement and the remaining two are

used in a single Kalman update. The linearized measurement models in the three gyro case are shown in Equations

(166) and (167). These measurement models introduce additional correlations between the second and third gyro states

but provide FDI benefits as discussed in a later section.

𝝎𝑔2
𝑘

=
1
2

(
𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘
− 𝑻𝑔2

𝑔1

[(
𝝎𝑔1

𝑘

)
≡
]
𝚫𝑔1
𝑘−1 − 𝑻

𝑔2
𝑔1 𝒃

𝑔1
𝑘−1 − 𝑻

𝑔2
𝑔1 𝝂

𝜔1
𝑘

)
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+ 1
2

(
𝑻𝑔2
𝑔3 𝝎

𝑔3
𝑘
− 𝑻𝑔2

𝑔3

[(
𝝎𝑔3

𝑘

)
≡
]
𝚫𝑔3
𝑘−1 − 𝑻

𝑔2
𝑔3 𝒃

𝑔3
𝑘−1 − 𝑻

𝑔2
𝑔3 𝝂

𝜔3
𝑘

)
+
[(

1
2
𝑻𝑔2
𝑔1 𝝎

𝑔1 + 1
2
𝑻𝑔2
𝑔3 𝝎

𝑔3

)
≡
]
𝚫𝑔2
𝑘−1 + 𝒃

𝑔2
𝑘−1 + 𝝂

𝜔2
𝑘

(166)

and

𝝎𝑔3
𝑘

=
1
2

(
𝑻𝑔3
𝑔1 𝝎

𝑔1
𝑘
− 𝑻𝑔3

𝑔1

[(
𝝎𝑔1

𝑘

)
≡
]
𝚫𝑔1
𝑘−1 − 𝑻

𝑔3
𝑔1 𝒃

𝑔1
𝑘−1 − 𝑻

𝑔3
𝑔1 𝝂

𝜔1
𝑘

)
+ 1

2

(
𝑻𝑔3
𝑔2 𝝎

𝑔2
𝑘
− 𝑻𝑔3

𝑔2

[(
𝝎𝑔2

𝑘

)
≡
]
𝚫𝑔2
𝑘−1 − 𝑻

𝑔3
𝑔2 𝒃

𝑔2
𝑘−1 − 𝑻

𝑔3
𝑔2 𝝂

𝜔2
𝑘

)
+
[(

1
2
𝑻𝑔3
𝑔1 𝝎

𝑔1 + 1
2
𝑻𝑔3
𝑔2 𝝎

𝑔2

)
≡
]
𝚫𝑔2
𝑘−1 + 𝒃

𝑔2
𝑘−1 + 𝝂

𝜔2
𝑘

(167)

Next, the Jacobians 𝑯𝑔2 =
𝜕𝝎

𝑔2
𝑘

𝜕𝛿𝒙𝑘−1
and 𝑯𝑔3 =

𝜕𝝎
𝑔3
𝑘

𝜕𝛿𝒙𝑘−1
are defined.

𝑯𝑔2 =



03×3

− 1
2𝑻

𝑔2
𝑔1

𝑰3×3

− 1
2𝑻

𝑔2
𝑔3

− 1
2𝑻

𝑔2
𝑔1

[(
𝝎𝑔1

𝑘

)
≡
]

1
2

[(
𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘
+ 𝑻𝑔2

𝑔3 𝝎
𝑔3
𝑘

)
≡
]

− 1
2𝑻

𝑔2
𝑔3

[(
𝝎𝑔3

𝑘

)
≡
]



𝑇

𝑯𝑔3 =



03×3

− 1
2𝑻

𝑔3
𝑔1

− 1
2𝑻

𝑔3
𝑔2

𝑰3×3

− 1
2𝑻

𝑔3
𝑔1

[(
𝝎𝑔1

𝑘

)
≡
]

− 1
2𝑻

𝑔3
𝑔2

[(
𝝎𝑔2

𝑘

)
≡
]

1
2

[(
𝑻𝑔3
𝑔1 𝝎

𝑔1
𝑘
+ 𝑻𝑔3

𝑔2 𝝎
𝑔2
𝑘

)
≡
]



𝑇

(168)

These are stacked to form a composite jacobian.

𝑯 =


𝑯𝑔2

𝑯𝑔3

 (169)

The measurements from Equations (166) and (167) can be written as a function of 𝒙nom
𝑘−1 and 𝛿𝒙𝑘−1.

𝝎𝑔2
𝑘

=
1
2

(
𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘
+ 𝑻𝑔2

𝑔3 𝝎
𝑔3
𝑘

)
+ 𝑯𝑔2

(
𝚲𝒙nom

𝑘−1 + 𝛿𝒙𝑘−1
)
− 1

2
𝑻𝑔2
𝑔1 𝝂

𝜔1
𝑘
− 1

2
𝑻𝑔2
𝑔3 𝝂

𝜔3
𝑘
+ 𝝂𝜔2

𝑘
(170)

𝝎𝑔3
𝑘

=
1
2

(
𝑻𝑔3
𝑔1 𝝎

𝑔1
𝑘
+ 𝑻𝑔3

𝑔2 𝝎
𝑔2
𝑘

)
+ 𝑯𝑔3

(
𝚲𝒙nom

𝑘−1 + 𝛿𝒙𝑘−1
)
− 1

2
𝑻𝑔3
𝑔1 𝝂

𝜔1
𝑘
− 1

2
𝑻𝑔3
𝑔2 𝝂

𝜔2
𝑘
+ 𝝂𝜔3

𝑘
(171)

The Kalman update requires the following set of covariances which are straightforward to derive.

cov
(
𝝎𝑔2

𝑘
, 𝝎𝑔2

𝑘

)
= 𝑯𝑔2 𝚺̂𝑘−1 (𝑯𝑔2 )𝑇 + 1

4
𝑻𝑔2
𝑔1 𝑹

𝜔1
𝑘
𝑻𝑔1
𝑔2 +

1
4
𝑻𝑔2
𝑔3 𝑹

𝜔3
𝑘
𝑻𝑔3
𝑔2 + 𝑹

𝜔2
𝑘

(172)
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cov
(
𝝎𝑔3

𝑘
, 𝝎𝑔3

𝑘

)
= 𝑯𝑔3 𝚺̂𝑘−1 (𝑯𝑔3 )𝑇 + 1

4
𝑻𝑔3
𝑔1 𝑹

𝜔1
𝑘
𝑻𝑔1
𝑔3 +

1
4
𝑻𝑔3
𝑔2 𝑹

𝜔2
𝑘
𝑻𝑔2
𝑔3 + 𝑹

𝜔3
𝑘

(173)

cov
(
𝝎𝑔2

𝑘
, 𝝎𝑔3

𝑘

)
= 𝑯𝑔2 𝚺̂𝑘−1 (𝑯𝑔3 )𝑇 + 1

4
𝑻𝑔2
𝑔1 𝑹

𝜔1
𝑘
𝑻𝑔1
𝑔3 −

1
2
𝑹𝜔2
𝑘
𝑻𝑔2
𝑔3 −

1
2
𝑻𝑔2
𝑔3 𝑹

𝜔3
𝑘

(174)

Finding cov
(
𝛿𝒙𝑘 , 𝝎

𝑔2
𝑘

)
is more involved. The delta state evolves as

𝛿𝒙𝑘 = 𝚽(Δ𝑡)𝛿𝒙𝑘−1 + 𝝂𝑥𝑘−1. (175)

As an intermediate step, the residual of 𝝎𝑔2
𝑘

from its expectation is defined as 𝒓𝑔2
𝑘

. Some manipulations on 𝒓𝑔2
𝑘

will be

performed.

𝒓𝑔2
𝑘

= 𝝎𝑔2
𝑘
− E

{
𝝎𝑔2

𝑘

}
(176)

𝒓𝑔2
𝑘

=
1
2

(
𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘
+ 𝑻𝑔2

𝑔3 𝝎
𝑔3
𝑘

)
+ 𝑯𝑔2

(
𝚲𝒙nom

𝑘−1 + 𝛿𝒙𝑘−1
)
− 1

2
𝑻𝑔2
𝑔1 𝝂

𝜔1
𝑘
− 1

2
𝑻𝑔2
𝑔3 𝝂

𝜔3
𝑘
+ 𝝂𝜔2

𝑘
− 1

2

(
𝑻𝑔2
𝑔1 𝝎

𝑔1
𝑘
+ 𝑻𝑔2

𝑔3 𝝎
𝑔3
𝑘

)
− 𝑯𝑔2𝚲𝒙nom

𝑘−1 (177)

𝒓𝑔2
𝑘

= 𝑯𝑔2𝛿𝒙𝑘−1 −
1
2
𝑻𝑔2
𝑔1 𝝂

𝜔1
𝑘
− 1

2
𝑻𝑔2
𝑔3 𝝂

𝜔3
𝑘
+ 𝝂𝜔2

𝑘
(178)

This term is substituted into the covariance formulation.

cov
(
𝛿𝒙𝑘 , 𝝎

𝑔2
𝑘

)
= E

{
(𝛿𝒙𝑘 − E {𝛿𝒙𝑘})

(
𝒓𝑔2
𝑘

)𝑇}
(179)

= E

{(
𝚽(Δ𝑡)𝛿𝒙𝑘−1 + 𝝂𝑥𝑘−1

) (
𝑯𝑔2𝛿𝒙𝑘−1 −

1
2
𝑻𝑔2
𝑔1 𝝂

𝜔1
𝑘
− 1

2
𝑻𝑔2
𝑔3 𝝂

𝜔3
𝑘
+ 𝝂𝜔2

𝑘

)𝑇}
(180)

= 𝚽(Δ𝑡)𝚺̂𝑘−1 (𝑯𝑔2 )𝑇 − 1
2
E
{
𝝂𝑥𝑘−1𝝂

𝜔1
𝑘

𝑇
}
𝑻𝑔1
𝑔2 −

1
2
E
{
𝝂𝑥𝑘−1𝝂

𝜔3
𝑘

𝑇
}
𝑻𝑔3
𝑔2 + E

{
𝝂𝑥𝑘−1𝝂

𝜔2
𝑘

𝑇
}

(181)

Similarly,

cov
(
𝛿𝒙𝑘 , 𝝎

𝑔3
𝑘

)
= 𝚽(Δ𝑡)𝚺̂𝑘−1 (𝑯𝑔3 )𝑇 − 1

2
E
{
𝝂𝑥𝑘−1𝝂

𝜔1
𝑘

𝑇
}
𝑻𝑔1
𝑔3 −

1
2
E
{
𝝂𝑥𝑘−1𝝂

𝜔2
𝑘

𝑇
}
𝑻𝑔2
𝑔3 + E

{
𝝂𝑥𝑘−1𝝂

𝜔3
𝑘

𝑇
}
. (182)

The correlations between 𝝂𝑥
𝑘−1 and each 𝝂𝜔𝑖

𝑘
are similar in form to the two gyro case (Equations (144) and (145))
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and are found in a similar manner. They are given by:

E
{
𝝂𝑥𝑘−1𝝂

𝜔1
𝑘

𝑇
}
=



−𝑻nav
𝑔1

((
𝜎2
𝜔 +

Δ𝑡2𝜎2
𝑏

6

)
𝑰3×3 +

Δ𝑡2𝜎2
Δ

6

[(
𝝎𝑔1

𝑘

)
≡
] [(

𝑻𝑔1
nav𝝎̄

nav
𝑘

)
≡
]𝑇 )

Δ𝑡
2 𝜎2

𝑏
𝑰3×3

03×3

03×3

Δ𝑡
2 𝜎2

Δ

[(
𝑻𝑔1

nav𝝎̄
nav
𝑘

)
≡
]𝑇

09×309×3



(183)

E
{
𝝂𝑥𝑘−1𝝂

𝜔2
𝑘

𝑇
}
=



03×3

03×3

1
2Δ𝑡𝜎

2
𝑏
𝑰3×3

03×3

09×3

Δ𝑡
2 𝜎2

Δ

[(
𝑻𝑔2

nav𝝎̄
nav
𝑘

)
≡
]𝑇

09×3



(184)

E
{
𝝂𝑥𝑘−1𝝂

𝜔3
𝑘

𝑇
}
=



03×3

03×3

03×3

1
2Δ𝑡𝜎

2
𝑏
𝑰3×3

09×3

09×3

Δ𝑡
2 𝜎2

Δ

[(
𝑻𝑔3

nav𝝎̄
nav
𝑘

)
≡
]𝑇



(185)

The measurements from gyros two and three are stacked in a single vector 𝒚𝑘 to be processed simultaneously.

𝒚𝑘 =


𝝎𝑔2

𝑘

𝝎𝑔3
𝑘

 (186)
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The Kalman gain 𝑲 is found as

𝑲 = 𝚺𝛿𝒙𝑘𝒚𝑘𝚺
−1
𝒚𝑘𝒚𝑘 (187)

with

𝚺𝛿𝒙𝑘𝒚𝑘 =

[
cov

(
𝛿𝒙𝑘 , 𝝎

𝑔2
𝑘

)
cov

(
𝛿𝒙𝑘 , 𝝎

𝑔3
𝑘

)]
(188)

and

𝚺𝛿𝒙𝑘𝒚𝑘 =


cov

(
𝝎𝑔2

𝑘
, 𝝎𝑔2

𝑘

)
cov

(
𝝎𝑔2

𝑘
, 𝝎𝑔3

𝑘

)
cov

(
𝝎𝑔2

𝑘
, 𝝎𝑔3

𝑘

)𝑇
cov

(
𝝎𝑔3

𝑘
, 𝝎𝑔3

𝑘

)
 . (189)

As in the two gyro case, the delta state estimate is updated as:

𝛿𝒙̂𝑘 = 𝑲 (𝒚𝑘 − 𝒚̄𝑘) (190)

𝚺̂𝑘 = (𝑰39×39 − 𝑲𝑯) 𝚺̄𝑘 (191)

Again, the delta state is used to update the nominal state and then reset to zero.

𝒙nom
𝑘 ← 𝛿𝒙̂𝑘 ⊞ 𝒙nom

𝑘 (192)

𝛿𝒙̂𝑘 ← 039×1 (193)

F. Update with Star Tracker Measurements

The spacecraft also receives star tracker measurements of the vehicle’s attitude with respect to an inertial frame. It is

assumed that these measurements occur at a slower rate than gyro measurements but are resonant such that a set of gyro

measurements always arrives at the same time as a star tracker measurement. In this work the star tracker measurements

are processed sequentially after the gyros measurements. If desired, it is trivial to modify the algorithm to process gyro

and star tracker measurements simultaneously in a single update.

Star tracker measurements take the form of a quaternion and are modeled as

𝒒̃nav
inert = 𝛿𝒒(𝝂st

𝑘 ) ⊗ 𝛿𝒒(𝜽𝑘) ⊗
(
𝒒nav

inert
)nom (194)

𝝂st
𝑘
∈ R3 is a discrete, zero-mean, Gaussian noise term with covariance 𝚺st. The star tracker measurements are

post-processed to find the quantity 𝒛st
𝑘

defined as

𝒛st
𝑘 = 𝜽

(
𝒒̃nav

inert ⊗
(
𝒒nav

inert
)nom∗

)
. (195)
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When the magnitude of 𝝂st
𝑘

and 𝜽𝑘 is small the following model approximately holds.

𝒛st
𝑘 = 𝝂st

𝑘 + 𝜽𝑘 (196)

Equation (196) is used to provide a standard Kalman update to the delta state.

The Jacobian is easily found as

𝑯st =

[
𝑰3×3 03×24

]
(197)

With this, the Kalman gain is found as

𝑲st =
(
𝚺̂𝑘𝑯

st𝑇
) (

𝑯st𝚺̂𝑘𝑯
st𝑇 + 𝚺st

)−1
(198)

An update is then found with the following equations which have taken into consideration that the delta state is zero

before the measurement is processed.

𝛿𝒙̌𝑘 = 𝑲st𝒛st
𝑘 (199)

𝚺̌𝑘 =
(
𝑰27×27 − 𝑲st𝑯st) 𝚺̂𝑘 (200)

Finally, two reset operations are performed.

𝚺̂𝑘 ← 𝚺̌𝑘 (201)

𝒙nom
𝑘 ← 𝛿𝒙̌𝑘 ⊞ 𝒙nom

𝑘 (202)

G. Gyro Fault Detection and Isolation

The advantage of the proposed filter is that biases and misalignments from different IMUs can all be estimated,

together with their correlations. This information can be used for fault detection and isolation. Rather than treating

them separately, the gyro FDI methodology is incorporated into the proposed MEKF. The methodology works on a

component level so that faults within individual gyro axes can be detected and isolated. It is efficient in that it makes use

of several quantities which have already been calculated in the process of updating the filter state. Namely the prefit

measurement residuals for the second and third gyros along with their associated covariances. An additional prefit

measurement residual for the first gyro is also required for FDI purposes only.

This is a notable deviation from traditional FDI methodologies which leverage the previously discussed parity space

methods. In those methods, a linear transformation is applied to a raw measurement resulting in a fault vector which is

only a function of measurement error. This transformation is described in Equation (69) for a three gyro system. This
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work takes an alternate path and seeks a FDI methodology which is more tightly integrated with the estimator. This

choice allows us to explicitly consider estimated gyro states and their uncertainty in the FDI scheme. Later, we will

argue that our prefit measurement residuals have obvious parallels to the fault vector from Equation (69) and so all

previous analysis for parity space FDI is equally valid for our residual FDI technique.

In this work FDI will be performed using only the state estimates and the gyroscope measurements. Alternative FDI

methodologies could certainly be devised which use additional measurement types (such as star trackers) to detect faults

within the gyroscopes. We aim to show that this additional complexity is unnecessary. Furthermore; such methods may

not work for all phases of flight. For example, star tracker measurements are generally unavailable when a vehicle is

under thrust or within a planet’s atmosphere.

The measurement prefit residuals 𝒓𝑔𝑖
𝑘

for each each gyro are defined as

𝒓𝑔𝑖
𝑘

= 𝝎𝑔𝑖
𝑘
− E

{
𝝎𝑔𝑖

𝑘

}
. (203)

A new model for the first gyro measurement is required in addition to the previously derived models for the second and

third gyro measurements in Equations (166) and (167).

𝝎𝑔1
𝑘

=
1
2
𝑻𝑔1
𝑔2

(
𝝎𝑔2

𝑘
−
[(
𝝎𝑔2

𝑘

)
≡
]
𝚫𝑔2
𝑘−1 − 𝒃𝑔2

𝑘−1 − 𝝂
𝜔2
𝑘

)
+ 1

2
𝑻𝑔1
𝑔3

(
𝝎𝑔3

𝑘
−
[(
𝝎𝑔3

𝑘

)
≡
]
𝚫𝑔3
𝑘−1 − 𝒃𝑔3

𝑘−1 − 𝝂
𝜔3
𝑘

)
+
[(

1
2
𝑻𝑔1
𝑔2 𝝎

𝑔2 + 1
2
𝑻𝑔1
𝑔3 𝝎

𝑔3

)
≡
]
𝚫𝑔1
𝑘−1 + 𝒃

𝑔1
𝑘−1 + 𝝂

𝜔1
𝑘

(204)

From this model a third residual can be formed. Stacking the three residuals together results in the scaled fault

vector of Eq. (69), with the additional benefit that the measurements are compensated with the estimates of biases and

misalignments for more accurate FDI. The stacked residuals will be defined more explicitly later in Equation (208).

The covariance of each residual is also required. Note that the covariance of each residual is equivalent to the

covariance of the corresponding measurement. Therefore, covariances for residuals two and three are available in

Equations (172) and (173). The covariance for the first residual may be found in a similar manner to the second and
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third by first defining 𝑯𝑔1 .

𝑯𝑔1 =



03×3

𝑰3×3

− 1
2𝑻

𝑔1
𝑔2

− 1
2𝑻

𝑔1
𝑔3

1
2

[(
𝑻𝑔1
𝑔2 𝝎

𝑔2
𝑘
+ 𝑻𝑔1

𝑔3 𝝎
𝑔3
𝑘

)
≡
]

− 1
2𝑻

𝑔1
𝑔3

[(
𝝎𝑔2

𝑘

)
≡
]

− 1
2𝑻

𝑔1
𝑔3

[(
𝝎𝑔3

𝑘

)
≡
]



𝑇

(205)

The covariance for 𝒓𝑔1
𝑘

can be expressed with 𝑯𝑔1 .

cov
(
𝒓𝑔1
𝑘
, 𝒓𝑔1

𝑘

)
= 𝑯𝑔1 𝚺̂𝑘−1 (𝑯𝑔1 )𝑇 + 1

4
𝑻𝑔1
𝑔2 𝑹

𝜔2
𝑘
𝑻𝑔2
𝑔1 +

1
4
𝑻𝑔1
𝑔3 𝑹

𝜔3
𝑘
𝑻𝑔3
𝑔1 + 𝑹

𝜔1
𝑘

(206)

To elucidate the comparison between our FDI methodology and the parity space methods; consider the error in each

gyro’s estimated angular rate as a function of the delta state and measurement noise.

𝛿𝝎𝑔𝑖
𝑘
= −

[(
𝝎𝑔𝑖

𝑘

)
≡
]
𝛿𝚫𝑔𝑖

𝑘−1 − 𝛿𝒃
𝑔𝑖
𝑘−1 − 𝝂

𝜔𝑖

𝑘
(207)

The estimated angular rate errors and measurement residuals can be stacked as

𝒓all
𝑘 =



𝒓𝑔1
𝑘

𝒓𝑔2
𝑘

𝒓𝑔3
𝑘


𝛿𝝎all =



𝛿𝝎𝑔1
𝑘

𝛿𝝎𝑔2
𝑘

𝛿𝝎𝑔3
𝑘


(208)

There is a linear transformation between 𝛿𝝎all and 𝒓all
𝑘

𝒓all
𝑘 =



𝑰3×3 − 1
2𝑻

𝑔1
𝑔2 − 1

2𝑻
𝑔1
𝑔3

− 1
2𝑻

𝑔1
𝑔2 𝑰3×3 − 1

2𝑻
𝑔1
𝑔3

− 1
2𝑻

𝑔1
𝑔2 − 1

2𝑻
𝑔1
𝑔3 𝑰3×3


𝛿𝝎all (209)

This transformation is identical to the one described in Equation (69) modulo a factor of 2/3. Conceptually, the fault

vector 𝝐 and measurement error 𝜼 have been replaced with 𝒓all
𝑘

and 𝛿𝝎all, respectively. From this, we claim that the

previous analysis on optimal orientation of IMUs for parity space FDI also applies to our residual FDI technique.
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The primary metric of interest in detecting failures is the Mahalanobis distance of each element of each 𝒓𝑔𝑖
𝑘

. This is

a measure of distance between a point 𝒑 and distribution specified by a mean 𝝁 and covariance 𝑹. Its formulation is

provided below.

𝑑 =

√︃
( 𝒑 − 𝝁)𝑇 𝑹−1 ( 𝒑 − 𝝁) (210)

If 𝝁 and 𝑹 describe a multivariate Gaussian distribution from which 𝒑 is sampled then 𝑑2 is chi-square distributed with

𝜙 degrees of freedom where 𝜙 is equal to the dimension of the multivariate Gaussian.

For systems which are linear, Gaussian, and have known dynamics, each 𝒓𝑔𝑖
𝑘

will follow a zero-mean Gaussian

distribution with the associated covariance from Equations (172), (173), or (206). If these assumptions hold and no

faults are present the squared Mahalanobis distance
(
𝑑
𝑔𝑖
𝑘
( 𝑗)

)2
for the 𝑗 th element of 𝒓𝑔𝑖

𝑘
will follow a chi-squared

distribution with 𝜙 = 1 degrees of freedom. Many samples of
(
𝑑
𝑔𝑖
𝑘
( 𝑗)

)2
will be collected and gyro failure will be

declared if the samples are unlikely to come from a chi-squared distribution.

(
𝑑
𝑔𝑖
𝑘
( 𝑗)

)2
=

(
𝒓𝑔𝑖
𝑘
( 𝑗)

)2

cov
(
𝒓𝑔𝑖
𝑘
, 𝒓𝑔𝑖

𝑘

)
( 𝑗 , 𝑗)

(211)

Here cov
(
𝒓𝑔𝑖
𝑘
, 𝒓𝑔𝑖

𝑘

)
( 𝑗 , 𝑗) is the 𝑗 th diagonal element of cov

(
𝒓𝑔𝑖
𝑘
, 𝒓𝑔𝑖

𝑘

)
. It would also be possible to check that the

residuals themselves follow a Gaussian distribution but that distribution’s covariance varies with time. That makes it

unsuitable for this work’s fault detection test as it requires an independent and identically distributed batch of samples.

The chi-squared distribution does not have this issue since 𝜙 is constant.

Another possibility would be to check if the Mahalanobis distance of the entire three dimension residual follows

a chi-squared distribution with 𝜙 = 3. This would allow the test to explicitly consider correlations between residual

elements. However, once a fault was detected a second test would be required for isolation. Testing each component

individually allows us to detect and isolate faults with a single set of tests.

To check if the chi-squared distribution is an accurate model a Cramer-von Mises Goodness of Fit Test [26, 27]

(CVMT) is performed. The CVMT is a hypothesis test comparing a proposed cumulative distribution to an empirical

cumulative distribution. To this end, the 𝑁CVMT most recent
(
𝑑
𝑔𝑖
𝑘
( 𝑗)

)2
samples from each updating gyro are stored and

assumed to be independent samples from an unknown distribution. In reality, the samples are correlated through time

and are not truly independent unless the system is linear and free from modeling error.

CVMT test statistics 𝑊2
𝑔𝑖
( 𝑗) for each one of the gyro axes are found with the following [26].

𝑊2
𝑔𝑖
( 𝑗) = 1

12𝑁CVMT
+

𝑁CVMT∑︁
𝑘=1

(
𝜒2
𝑐

((
𝑑
𝑔𝑖
𝑘
( 𝑗)

)2
, 1

)
− 2𝑘 − 1

2𝑁CVMT

)2
(212)
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Here, 𝜒2
𝑐 (𝑧, 𝜙) is the chi-square cumulative distribution function evaluated at 𝑧 and index 𝑘 no longer represents time

but rather represents the position of (𝑑𝑔𝑖
𝑘
( 𝑗))2 in a list of the 𝑁CVMT most recent samples sorted in ascending order. If

the distribution is correct 𝑊2
𝑔𝑖
( 𝑗) approaches 0 as the number of samples tends towards infinity.

If the number of samples is less than infinity but the distribution is still correct 𝑊2
𝑔𝑖

is a non-negative random

variable with a known cumulative distribution function 𝑊2
𝑐 (𝑧, 𝑁CVMT) [28]. From this a hypothesis test can be defined

with null hypothesis that the
(
𝑑
𝑔𝑖
𝑘
( 𝑗)

)2
samples come from a chi-square distribution with 𝜙 = 1. A detection threshold

𝑊2
fail is found by inverting the cumulative distribution function to solve the following equation.

1 − 𝛼 = 𝑊2
𝑐 (𝑊2

fail, 𝑁CVMT). (213)

Whenever 𝑊2
𝑔𝑖
( 𝑗) > 𝑊2

fail the null hypothesis is rejected and it is possible a gyro has failed with a probability of false

alarm 𝛼. This work uses 𝛼 = 0.01. The inversion is numerically troublesome so 𝑇fail is found via interpolation of the

tables published by Csorgo and Faraway [28]. Over extended periods of time a false alarm is almost certain to occur. To

avoid failing a gyro due to a false alarm gyro failure is declared only when 𝑊2
𝑔𝑖
( 𝑗) > 𝑊2

fail consistently for a period

longer than 𝑇fail seconds.

Determining which gyro has failed is straightforward. If one of the tests exceeds the threshold for longer than 𝑇fail

a fault is detected. The fault is isolated as belonging to the gyro component with the largest 𝑊2
𝑔𝑖
( 𝑗). This choice is

motivated by the fact that faults in one axis can cause non chi-squared behavior in other axes due to the filter fusion. It is

theoretically possible but practically unlikely that the axis which fails first does not display the largest fault signature.

As mentioned in a previous section this FDI framework benefits heavily from the measurement models introduced in

Equations (166), (167), and (204) and an optimal relative gyro alignment. Notably the expectation of the measurement

in a given gyro is the average of the measurements in the other two gyros. This averaging improves a given fault

signature’s signal to noise ratio and helps to ensure that fault signatures are largest in their corresponding
(
𝑑
𝑔𝑖
𝑘
( 𝑗)

)2
. An

optimal alignment serves to further improve signal to noise ratio. Therefore, these measurement models combined with

an optimal gyro alignment improve the FDI system’s chances of correctly isolating the fault.

H. Monte Carlo Testing

A 1000 run Monte Carlo test validates performance of the proposed filter using measurements from two gyros

running at Δ𝑡𝑔𝑖 . As a baseline comparison a filter which averages measurements from the two gyros is used. The

averaged measurement is assumed to have come from a synthetic gyro which is aligned with the navigation frame. The

synthetic measurements 𝝎𝑔𝑠
𝑘

will be used for filter propagation only. Both filters will use measurements from a star

tracker running at Δ𝑡st of spacecraft attitude with respect to an inertial frame. Inspection of the synthetic measurements
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shows that the comparison filter can estimate a synthetic bias 𝒃𝑔𝑠
𝑘

and distortion vector 𝚫𝑔𝑠
𝑘

.

𝝎𝑔𝑠
𝑘

=
1
2

2∑︁
𝑖=1

𝑻nav
𝑔𝑖

𝝎𝑔𝑖
𝑘

(214)

=
1
2

2∑︁
𝑖=1

𝑻nav
𝑔𝑖

(
𝑻𝑔𝑖

nav𝝎
nav
𝑘 + 𝑀

Δ𝑖

𝑘−1𝑻
𝑔𝑖
nav𝝎

nav
𝑘 + 𝒃

𝑔𝑖
𝑘−1 + 𝝂

𝜔𝑖

𝑘

)
(215)

= 𝝎nav
𝑘 +

1
2

2∑︁
𝑖=1

𝑻nav
𝑔𝑖

𝑀
Δ𝑖

𝑘−1𝑻
𝑔𝑖
nav𝝎

nav
𝑘 +

1
2

2∑︁
𝑖=1

𝑻nav
𝑔𝑖

𝒃𝑔𝑖
𝑘−1 +

1
2

2∑︁
𝑖=1

𝑻nav
𝑔𝑖

𝝂𝜔𝑖

𝑘
(216)

= 𝝎nav
𝑘 + 𝑀

Δ𝑠

𝑘−1𝝎
nav
𝑘 + 𝒃

𝑔𝑠
𝑘−1 + 𝝂

𝜔𝑠

𝑘
(217)

If both gyros have the same properties it can be shown that the following noise characteristics hold for the synthetic gyro.

E
{
𝝂𝑏𝑠
𝑘−1𝝂

𝑏𝑠
𝑘−1

𝑇
}
=

1
2
E
{
𝝂𝑏1
𝑘−1𝝂

𝑏1
𝑘−1

𝑇
}

(218)

E
{
𝝂Δ𝑠

𝑘−1𝝂
Δ𝑠

𝑘−1
𝑇
}
=

1
2
E
{
𝝂Δ1
𝑘−1𝝂

Δ1
𝑘−1

𝑇
}

(219)

E
{
𝝂𝜔𝑠

𝑘−1𝝂
𝜔𝑠

𝑘−1
𝑇
}
=

1
2
E
{
𝝂𝜔1
𝑘−1𝝂

𝜔1
𝑘−1

𝑇
}

(220)

Each gyro has identical noise characteristics. The gyro angular random walk 𝐴𝑅𝑊𝑔, bias instability 𝐵𝐼𝑔, scale

factor instability 𝑆𝐹𝐼𝑔, misalignment instability 𝑀𝐼𝑔, and star tracker noise characteristics are shown in Table 1.

Table 1 Sensor noise parameters. Note that ppm is shorthand for parts per million.

𝐴𝑅𝑊𝑔 0.344 deg/
√

h
𝐵𝐼𝑔 0.206 deg/h
𝑆𝐹𝐼𝑔 360 ppm/h
𝑀𝐼𝑔 0.0206 deg/h
𝚺st 362 𝑰3×3 arcsec2

To ensure observability of all states the vehicle begins at rest and is subject to sinusoidal torque inputs in the body

frame with magnitude 𝑇input and frequency 𝑓
𝑗

𝑇
. The filters have no knowledge of these inputs or the vehicle’s inertia

tensor 𝑱. The two gyros are nominally misaligned with each other and the navigation frame. The star tracker’s reference

frame is aligned with the vehicle’s navigation frame. The vehicle’s properties and input torque characteristics are

shown in Table 2. For brevity transformation matrices are expressed in terms of their equivalent scalar-last quaternion

representations.

Each filter begins with the same initial estimate. Covariances for each estimated state are provided in Table 3. The

initial uncertainty in distortion states is separated into 𝚺̂Δ𝑠
and 𝚺̂Δ𝛿

representing scale factor and misalignment initial

uncertainty, respectively.

38



Table 2 Physical vehicle properties.

𝑱 blkdiag{2, 4, 1} kg m2

𝒒𝑔1
nav

[
0.98 0.06 −0.20 0.06

]
𝒒𝑔2

nav

[
0.89 −0.33 0.11 0.29

]
Δ𝑡𝑔𝑖 0.01 s
Δ𝑡st 1.0 s
𝑇input 0.05 N m[

𝑓 𝑥
𝑇

𝑓
𝑦

𝑇
𝑓 𝑧
𝑇

] [
10.0 15.35 18.12

]
Hz

Table 3 Initial estimate uncertainty.

𝚺̂𝜽 0.12𝑰3×3 deg2

𝚺̂𝑏 1002 𝑰3×3 deg2/h2

𝚺̂Δ𝑠
17002 𝑰3×3 ppm2

𝚺̂Δ𝛿
0.12 𝑰6×6 deg2

Figure 1 compares attitude estimation performance for each filter. Both filters provide consistent and unbiased

estimates of attitude with little difference in their performance. This means that the multi-gyro filter’s orange plots

closely overlap with all green plots for the filter with a synthetic gyro.
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Fig. 1 The multi-gyro filter’s attitude estimation error performance compared with the synthetic gyro
performance.

Figures 2 and 3 show the multi-gyro filter’s estimate errors for the first gyro’s bias and distortion matrix, respectively.

The multi-gyro filter consistently estimates all gyro parameters without filter bias. Results for the second gyro also show

consistent and unbiased parameter estimation.
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Fig. 2 The multi-gyro filter’s bias estimation performance for the propagation gyro.
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Fig. 3 The multi-gyro filter’s distortion matrix estimation performance for the propagation gyro. Units for
scale factors and misalignments are ppm and deg, respectively.

I. Fault Detection and Isolation Testing

FDI perfomance is validated with a 100 run Monte Carlo and the three gyro filter. Two gyro failure modes are

presented in Section IV.A are used in two separate tests. Gyro noise characteristics, initial estimate uncertainties, and

most vehicle properties are identical to those used in the previous section and are available in Tables 1, 2, and 3. Gyro

failure parameters given in Table 4. The only vehicle properties which do not match those in Table 2 are the relative

orientations of the gyros.

As discussed previously, the filter’s measurement residuals are designed to improve the signal to noise ratio of any

given fault signal. This signal to noise ratio can be improved further by orienting the gyros such that no two gyro axes

are aligned. To demonstrate this performance FDI is performed for two sets of gyro arrangements. One in which all

three gyros are aligned and another in which they are oriented optimally as described by Equations (58) and (59). The
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Table 4 Failure parameters for FDI testing.

𝛼 0.01
𝑊2

fail 0.743
𝑇fail 3 s

𝑁CVMT 1000
𝑇𝜖 25 s

𝝐𝑔1
[
1e−4 0 0

]𝑇
rad/s2

𝑇𝐴 25 s
𝑨𝑔2 blkdiag {1, 0, 0}

Table 5 Relative transformations between gyro frames for the FDI demonstration.

𝒒𝑔1
nav

[
0 0 0 1

]𝑇
𝒒𝑔2

nav

[
0.8624 0.2500 −0.2500 −0.3624

]𝑇
𝒒𝑔3

nav

[
−0.3624 0.2500 −0.2500 0.8624

]𝑇
scalar-last quaternions describing relative transformations between gyro frames in this case provided in Table 5.

The first test is a bias drift in the 𝑥 axis of gyro number one as described in Table 4. Figure 4 shows the 𝑊2
𝑔𝑖
( 𝑗)

history for each component of each gyro when the gyros are aligned for one Monte Carlo run. Figure 5 shows the

𝑊2
𝑔𝑖
( 𝑗) history when the gyros are positioned as described in Table 5 for another Monte Carlo run using the same

process and measurement noise sequence. The test stops once a 𝑊2
𝑔𝑖
( 𝑗) has exceeded 𝑊fail for more than 𝑇fail seconds.

In both gyro arrangements the fault is detected and correctly identified for all Monte Carlo runs.
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Fig. 4 Cramer-von Mises test statistics under a 𝑔1 bias drift failure at 25 seconds with aligned gyros.

The relative orientation of the gyros in the second arrangement makes fault isolation easier by improving the ratio

between 𝑊2
𝑔1 (1) and the next highest value. This ratio is recorded and averaged across all Monte Carlo runs. Also
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Fig. 5 Cramer-von Mises test statistics under a 𝑔1 bias drift failure at 25 seconds with non-aligned gyros.

Table 6 Monte Carlo averaged fault detection and isolation performance for a gyro bias drift fault.

Item Aligned Gyros Optimally Oriented Gyros
Mean Fault Isolation Ratio 5.0 5.4

Mean Fault Detection Time [s] 26.2 26.0

averaged and recorded is the time of fault detection. These results are displayed in Table 6. Aligning the gyros optimally

provides a modest improvement in fault isolation ratio. There is no practical improvement in fault detection time.

The second test introduces additional and unmodeled angular random walk in the 𝑥 axis of the second gyro as

described in Table 4. Figure 6 shows the 𝑊2
𝑔𝑖
( 𝑗) history for each component of each gyro when the gyros are aligned for

one Monte Carlo run. Figure 7 shows the 𝑊2
𝑔𝑖
( 𝑗) history when the gyros are positioned as described in Table 5 for

another Monte Carlo run using the same process and measurement noise sequence. Once again the test stops once a

𝑊2
𝑔𝑖
( 𝑗) has exceeded 𝑊fail for more than 𝑇fail seconds. In both gyro arrangements the fault is detected and correctly

identified in every Monte Carlo run.

As before, the averaged fault isolation ratio and stopping time are displayed in Table 7. In this test optimal gyro

alignment provides a significant performance benefit to the fault isolation ratio. Faults are also detected much quicker

than the previous case, but once again optimal gyro alignment does not offer much improvment in terms of detection

time.

Table 7 Monte Carlo averaged fault detection and isolation performance for a gyro ARW fault.

Item Aligned Gyros Optimally Oriented Gyros
Mean Fault Isolation Ratio 8.1 13.9

Mean Fault Detection Time [s] 13.0 12.9
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Fig. 6 Cramer-von Mises test statistics under a 𝑔2 angular random walk failure at 25 seconds with aligned
gyros.
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Fig. 7 Cramer-von Mises test statistics under a 𝑔2 angular random walk failure at 25 seconds with non-aligned
gyros.

V. Conclusion
This paper proposes a performance index to design optimal relative orientations of multiple three-axis IMUs. It also

analytically derives the two-IMU solution and verifies the optimally of a proposed three-IMU solution.

We show that the choice of performance index maximizes the 𝐿1 norm of the matrix mapping the measurement

error into the fault vector. While other matrix norms could be maximized, we deem the 𝐿1 norm the most appropriate as

it maximizes the projection of each and every error into each and every component of the fault vector. Matrix norms

based on spectral decomposition were shown to be inadequate.

Additionally, we derive a new Kalman filter with embedded IMU FDI. In the presence of redundant IMUs, one can

be used in a model replacement mode for the filter’s propagation phase. The remaining IMU measurements can be fused

into the state with the proposed Kalman update formulation. Incorporating additionally external measurements can allow
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observability of the vehicle position, velocity, and attitude as well as IMU’s biases, scale factors, and misalignments.

Through Monte Carlo methods we’ve shown that our system provides equivalent performance to an MEKF which

averages gyro measurements into a synthetic angular rate measurement with reduced noise characteristics. When

a synthetic measurement is used the parameters of each gyro are not independently observable but computational

complexity is reduced. Because our system maintains observability of all gyro parameters we are able to develop an

efficient method for gyro fault detection based on the Cramer-von Mises goodness of fit test. We show that gyro faults

can be quickly and efficiently detected by our system. Furthermore, these faults are more likely to be detected correctly

when the gyros are aligned optimally as described by the first part of our work.
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