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The goal of filtering is to estimate the current state using past and present information.
In contrast, smoothing refers to estimating past states using current and future information.
Under certain assumptions, the Kalman filter (KF) provides a closed-form solution to the
filtering problem, from which fixed-interval smoothers such as the Fraser-Potter (FP) and
Rauch-Tung-Striebel (RTS) algorithms can be derived. To address numerical instabilities in the
KF and associated smoothers, covariance factorization techniques, such as UDU factorization,
are used. In this work, different versions of the FP and RTS smoothers are derived and
analyzed. Specifically, a FP UDU smoother and a RTS UDU smoother are proposed. For
the derivation of the RTS smoother, the weighted hyperbolic Householder reflector (WHHR)
is introduced as a generalization of both the Householder reflector (HR) and the hyperbolic
Householder reflector (HHR). The UDU smoothers are compared with traditional and stable
formulations in a numerical example, demonstrating their numerical equivalence and validating

their implementation.

I. Introduction
In state estimation, quantities of interest, often referred to as states, are inferred from dynamics models and
measurements collected over time. The state estimation problem is typically divided into three categories: prediction,
filtering, and smoothing. Given all available information, current and past, prediction refers to the estimation of a future
state, filtering of the current state, while smoothing estimates one or many past states. Therefore, smoothing algorithms
can incorporate data collected after the time for which the state was estimated. This work focuses on filtering and

smoothing, with particular emphasis on the latter.

*Ph.D. Candidate, Department of Aerospace Engineering and Engineering Mechanics; fgiraldo@utexas.edu (corresponding author)
fSpacecraft Navigation Technical Discipline Expert, Aeroscience and Flight Mechanics Division (EG6); james.s.mccabe @nasa.gov
¥NASA Technical Fellow for Guidance, Navigation and Control, ATAA Fellow; chris.dsouza-1 @nasa.gov

§ Associate Professor, Department of Aerospace Engineering and Engineering Mechanics, AIAA Associate Fellow; renato @utexas.edu



Under the assumptions of additive zero-mean Gaussian noise, linear models, and an initial Gaussian probability
density function (PDF), the Kalman filter (KF) provides the closed-form solution to the filtering problem [1]]. Since the
Gaussian distribution maximizes entropy among all distributions with a given covariance [2} 3], the KF has been used in
many filtering problems beyond its original assumptions. However, the KF is known to suffer from numerical instability,
mainly due to the effects of finite-precision arithmetic [4]. Due to the practical value of the KF, significant effort has
gone into addressing these numerical issues. Some solutions include avoiding matrix subtraction and using factorized
covariance representations.

Various factorized covariance representations have been proposed to address the numerical instability in the KF.
One of the earliest is square-root filtering, where the filter carries the square root of the covariance matrix instead of
the full matrix [S)]. This approach improves numerical precision, effectively doubling it, while still allowing the full
covariance to be reconstructed when needed. Nevertheless, due to limitations in flight software, other factorizations
have also been proposed. A commonly used alternative is UDU factorization, where the covariance matrix is factored
into an upper triangular matrix (with ones on its diagonal) and a positive diagonal matrix [4}6]. A crucial requirement
for UDU-based filters is maintaining the UDU form of the covariance matrix, which has led to the development of
various techniques to preserve this structure. For example, rank-1 [7H9] and rank-2 [10] update algorithms have been
proposed to efficiently obtain the UDU factors after a low-rank update. Additionally, orthogonalization methods, such
as the modified weighted Gram-Schmidt (MWGS) algorithm, have been used to maintain the UDU form when the
covariance matrix is pre- and post-multiplied by arbitrary matrices [6].

For fixed-interval smoothing, two main algorithms have been proposed: the Fraser-Potter (FP) smoother [[11}[12]
and the Rauch-Tung-Striebel (RTS) smoother [[13]. Although these smoothers are mathematically equivalent in the
linear and Gaussian cases [14]], they differ in their formulations. As with the KF, factorized versions, primarily of
the RTS smoother, also exist. Bierman [[15] presented a UDU-factorized RTS smoother by performing process noise
updates in a rank-1 fashion, resulting in a rank-2 update for the smoothed covariance. McReynolds [16]] then proposed a
more computationally efficient variant of Bierman’s solution. Shortly after, Watanabe and Tzafestas [17] derived a new
UDU formulation for the RTS smoother by expressing the smoothing equations in a Joseph-like form and performing
rank-1 updates to obtain the UDU factors of the smoothed covariance. All of these approaches build upon the RTS
smoother equations, using well-known techniques such as rank-1 and rank-2 updates, as well as the MWGS algorithm.

This work proposes two new UDU-factorized algorithms for both the FP and RTS smoothers. For the FP smoother,
the backward filter is used in an information UDU formulation (inspired from [18]]), allowing the UDU factors of the
smoothed covariance matrix to be obtained using a rank-1 update. For the RTS smoother, the smoothed covariance
equation is reformulated such that it is simultaneously updated and downdated by a weighted matrix product. To

maintain the UDU structure after the simultaneous update and downdate, the weighted hyperbolic Householder reflector



(WHHR) is introduced. The derivation of the WHHR is proposed as a generalization to the Householder reflector
(HR) [19] and the hyperbolic Householder reflector (HHR) [20]. In addition, a numerically stable form of the RTS
smoother, similar to that presented in [17], is derived.

In summary, the key contributions of this work are:

* Derivation of the WHHR and analysis of its applicability to UDU filtering and smoothing.

* Derivation of a FP UDU smoother.

* Derivation of a RTS UDU smoother.

* Derivation of a stable form of the RTS smoother.

In addition to these contributions, this work provides a unified reference that brings together the different smoothing
approaches, serving as a guide for selecting and implementing the most suitable strategy for a given application.

The rest of this paper is organized as follows. First, Section |II|introduces the key concepts that are used throughout
the work. This is followed by Section[ITI, which presents the derivation and application of the WHHR. In Section[[V]
three formulations of the FP smoother are presented, including the UDU version. Section [V]discusses three versions of
the RTS smoother, including both the stable and UDU implementations. A numerical example validating the equivalence
of the various smoothers is provided in Section[VI} Final remarks on the practical use of the WHHR and the proposed

smoothers are given in Section|[VII] and Section draws conclusions.

I1. Preliminaries
This section provides an overview of the key concepts used in the following sections. First, a brief description of
filtering and smoothing is provided. Following that, the UDU factorization is introduced. Finally, key algorithms are

presented for performing the UDU factorization when modifying UDU-factorized covariance matrices.

A. Filtering
In filtering, the main task is to estimate the current state based on dynamic knowledge and measurements collected
through time. Within a Bayesian framework, the filtering problem is solved with the Bayesian recursive relations

(BRRs) [l1]. To introduce the BRRs, consider the following linear and discrete system

X4l = Orxp + Grqy, (D

Yi = Hixp + 1y, 2)

where x; € R" is the state at time step k € R, ®; = ®(fx41, 1) € R™" is the state transition matrix, g5 € R? is

the process noise, G € R"*? is the process noise shaping matrix, y; € R is the measurement, H; € R™*" is the

measurement mapping matrix, and i, € R is the measurement noise. The measurement noise shaping matrix is



assumed to be the identity to unclutter notation in the following derivations.
The first step in the BRRs is to propagate the state PDF using the Chapman-Kolmogorov (CK) equation [[1]. Given

an initial posterior state PDF, p(xg|y1.x), where y1.x = {¥1,¥2,. .-, }, the CK equation reads

P (Xrs1lyrn) = / P (xXre1lx) p (xilyrx) dxg, 3)

S(xk)
where S (x) denotes the support of Xy, p (Xg+1]xx) is the transitional PDF, and p (x+1|y1:x) is referred to as the prior
state PDF. Once a measurement becomes available, (k < k + 1), and the state PDF has been propagated, the second

step is to update the PDF using Bayes’ rule [T]], wherf]

P(yklxk,)’l:k—l)p(xklylzk—l). @

P (Xklyrx) =
P Yrlyre-1)

If the system is linear, the initial state PDF is Gaussian, and both g; and 5, are zero-mean Gaussian white noise with
covariance Qy € RP*P and Ry € R™*™, respectively, the KF is the closed form solution to the BRRs [1]].

The KF, like the BRRs, is divided in two steps, propagate and update. Starting from the previous posterior state
estimate X; and covariance P, (where the * represents an estimated quantity and the (+) represents a posterior state),

both are first propagated to time step k + 1, following

£ = Prk, ®)

P, = ;P! + G Q:G], (6)

where the (—) represents a prior state. Note that the KF only keeps track of the first two moments of the state PDF. Once
a measurement is obtained, (k « k + 1), the second step is to perform a Kalman update on both the prior state and

covariance, where

) =%, + Ki (yi — Hi%p ), @)

P; = (I -KiHy) P, , (8)
-1

K. =P H' (HkP,;H,Z+Rk) . 9)

B. Smoothing
Once all the measurements have been processed, the state estimate and its covariance can be smoothed by enforcing

the dynamics in a backward manner. There are several forms of smoothing, but in this work, the focus lies on

*If the measurement noise is assumed to be a white sequence uncorrelated from other error sources, the likelihood function reduces to
POklXK,y1:k-1) = PYic|xk).



fixed-interval smoothing, where the entire batch of measurements is used to provide a best possible estimate over a
fixed interval [14]. Two main algorithms for fixed-interval smoothing exist: the FP smoother [11}[12] and the RTS
smoother [13]]. These algorithms are equivalent in the linear case (please see the proof in the appendix for details). This
work studies both versions, as discussed in their respective sections.

Please note that a discussion on smoothing is postponed to the next sections, as it is the main focus of the work.

C. UDU Factorization

Many covariance factorization methods have been implemented to improve the numerical stability of the KF [4].
The UDU factorization in the KF has recently been used in various aerospace engineering applications, such as the
flight software in Orion [21} 22]]. The UDU-factorized KF has three main benefits compared to the full-covariance
KF: less accumulation of floating-point errors, trivial evaluation of the positive definiteness of the covariance matrix
(avoiding expensive eigenvalue or singular value decompositions), and trivial preservation of the covariance matrix’s
symmetry [23]].

In the UDU factorization, the covariance matrix P is factorized as

P=UDUT, (10)

where U is an upper triangular matrix with ones on its diagonal, and D is a diagonal matrix. In this form, the positive
definiteness of P can be easily assessed by looking at the diagonal entries of D. In addition, if storage limitations are a
concern, instead of saving an n X n matrix, D can be stored as a vector with n entries, and U can be stored as a vector
with n(n — 1) /2 entries, where the ones on its diagonal can be ignored [6]]. This can be particularly useful when # is
large and only requires bookkeeping to map between vector and matrix indices.

Various implementations of the UDU-factorized KF exist, such as the information formulation [18]. In many of
these implementations, two common details tend to surface. The first is finding the UDU factors of a matrix after a
rank-1 update

P=UDU" + c¢¢7, (11)
such that
P=UDUT, (12)

where ¢ € R, and & € R" is a vector, making ££7 a rank-1 matrix. The second is finding the UDU factors after a matrix
multiplication of the form

P =AUDUT AT = AUD (AU)7, (13)



where A is not necessarily upper triangular, and, so, AU is not necessarily upper triangular. To address these two
implementation considerations, various strategies have been proposed. The following sections build on these by

reviewing established methods and developing new approaches.

D. Rank-1 Updates

As previously mentioned, some of the UDU-factorized KF implementations often have to deal with rank-1 updates,
as detailed in Eq. (TT). Notably, there are two different flavors for a rank-1 update, depending on whether the UDU
factorization is being updated (plus sign) or downdated (minus sign). In the case that the UDU factorization is being
updated, that is

P=UDUT + c££7, (14)

the Agee-Turner update algorithm can be used to obtain the UDU factors of P [7]. However, downdates of the form
P=UDUT - c¢£7, (15)

can be more common in the UDU-factorized KF, where the Agee-Turner update algorithm is known to be highly
numerically unstable.

To understand where such downdates may appear, recall the covariance update in the KF as described in Eq. (8).
Without loss of generality, consider the processing of vector measurements as individual scalars, such that Hy, € R!*",
Ry € R, and K; € R™!. Note that if the measurements are correlated, they can be uncorrelated by performing noise

pre-whitening [6]. If the update is rewritten in UDU form, such that
P =U;D; (U)" - KeHUD; (U;)" (16)

and the Kalman gain is expanded in terms of the UDU factorization

— - \T
U D, (Uy) Hy

Ky = - = c(vpp; (W) HY), (17
HU D, (U;) H + R
with
c= L , (18)
H,U; D;, (U,;) HT + Ry
then the covariance update becomes
P = U | Dy = (Dy )" HE) AU Dy | (U)" = Uy (D - c6™) (W) (19)



with

£=D; (U;)" HT. (20)

In this case, D} is being downdated by a rank-1 matrix. This downdate has a slightly different form than Eq. .

However, the UDU factors of the quantity in brackets can be found by setting
0D0" = UupU” - ¢ (UDU" (U;)" HY) HUZUDU, @1)
where U = I, D = D for the first downdate. By plugging in the UDU factors in Eq. @),
P =U; (0BO) (U;)" (22)

therefore

Ut =U;0, D:=D, P.=UD: U, (23)

since the product of two upper triangular matrices with ones in the diagonal is an upper triangular matrix with ones in
the diagonal.

In theory, the Agee-Turner update algorithm could be used to perform the downdate. However, the minus sign
can result in numerical issues [6]]. In this case, the so-called Carlson update can be used to perform the downdate,
as it obtains a more numerically stable and efficient UDU factorization [8]. However, this algorithm is derived for
the optimal Kalman gain,However, this algorithm is derived for the optimal Kalman gainﬂ as described in Eq. @])
Modifying the Kalman gain, such as when using measurement underweighting or general suboptimal gains, can result
in a suboptimal UDU factorization if the Carlson update is performed [23]]. For general rank-1 updates as given in
Eq. (TT), the Fletcher-Powell rank-1 algorithm has been proposed [9]. When ¢ > 0, the Fletcher-Powell algorithm is
numerically identical to the Agee-Turner. In the case where ¢ < 0, the Fletcher-Powell algorithm avoids the numerical
issues that the Agee-Turner update has, requiring only a modest increase in computational complexity [23]]. Therefore,

the Fletcher-Powell algorithm provides a more robust solution to the rank-1 updates without restriction on the sign of c.

E. Modified Weighted Gram-Schmidt
In some cases, the UDU factorization in the KF may be multiplied by an arbitrary matrix, as in Eq. (I3). The most

common step where this happens is when the UDU-factorized covariance is being propagated. Consider Eq. (6), written

fOptimal in a mean-square error sense.



in UDU form and factorizing terms in block matrice

) D: 0 T
Pk+1:[(I)kU]t Gk] [(I)kUZ Gk] . 24

Ok

In this case, to find the UDU factors of P,; P namely U et and D,; ! matrix I';, needs to be found, such that

rer [Pk 1 r
P = [‘I)kUZ Gk] IR I 1 3 W [(I)kU;: Gk] . (25)
0 Ok
Where the UDU factorization is given by
7 - _r|Pe 0
v, o] =|ew; 6T’ D =T} Te. 26)

0 O

Finding I'x is equivalent to a change of basis, or an orthogonalization problem, which, in the UDU-factorized KF, is

typically found within literature using the MWGS algorithm [6].

II1. Weighted Hyperbolic Householder Reflectors

While rank-1 updates and downdates are common in the UDU-factorized version of the KF, there is another form of
update and downdate that is worth discussing. Suppose that the following simultaneous update and downdate is being

performed on the UDU-factorized covariance

P=UDU" - AEAT + BFB”, (27)

where both E and F are positive diagonal matrices, and A and B are matrices of congruent sizes. In this case, the
task of finding the UDU factors of P, namely U and D, is not straightforward. To this end, WHHRs are proposed and
derived in this work. The derivation starts with the introduction of HRs, followed by the HHRs. Finally, the WHHRs
are derived as a generalization of the previous.

The well-known HR is a matrix that defines the reflection of a vector v € R across its orthogonal plane [24]. In [19]

the HR, Q, is given by
2vvT

Iy’

Q=1-

(28)

where Q is both Hermitian and orthonormal [20], and v is referred to as the Householder vector. Due to the

For the purposes of this example, assume Qy, a diagonal matrix.



orthonormality of the HR, when pre-multiplying a vector, the norm of the vector is preserved. Therefore, the HR can be

used to force all the energy (norm) of a Vectoﬁu e C" into a single entry, such that
Qu=ocej, (29)

where o € C is a yet-to-be-defined scalar, and e is the j-th canonical basis of R". This makes the HR particularly

useful for triangularization. By letting the Householder vector be defined as
v=u+oe;j, 30)

the scalar o can be solved for using the orthonormality of Q, where (to see the full proof, please refer to [20] 25]])

)
o=+2"_utu, 31)

+
]

with " representing the conjugate transpose of u and u/) the j-th component of the vector u. As a consequence, an
arbitrary matrix A € R™™_ with n < m, can be triangularized by performing a succession of Householder reflections,
such that

AQQ:+ Q= A4Q = 0,000 U] (32)

where U € R™" is an upper triangular matrix (not to be confused with U which is also upper triangular but, in addition,

has ones on its diagonal).

Remark III.1. Consider the following update:
P=5SS"+AA", (33)

where the matrix SST is being updated by AAT. The HR can be used to find the square root decomposition of P, such
that [24]
P=SS§". (34)

Since Q is orthonormal,

P= [s A] QQ" [s A]T = [0 0] [0 U]T =0U", 35)
where, Q = QQ> - - - Q,,, making S = U.

A generalization of the HR has been developed for least-squares applications and is referred to as the HHR [20].

$General engineering applications only require consideration of real values, but the potential for complex-domain reflections are maintained for
generality.



The HHR, H, is defined as [20, 24]

2vpT

vIYy’

H=Y (36)

where Y = blkdiag{+1I, +1,. .., =1} is the signature matrix of 9 and v is now the hyperbolic Householder vector. The
matrix Y is called the signature matrix of H since H is Y-hypernormal, that is, HYHT = H'YH =Y [20]. The
term hypernormal comes from the fact that a hypernormal matrix will conserve the hyperbolic norm of a vector. For a

vector u, the hyperbolic norm is defined as [[20]

n
u'Yu = Z lu @2y, (37)
i=1
It is called a hyperbolic norm since hyperbolic functions can be characterized as differences of sums of squares.
Therefore, if vI = uT H, then vIYv = uTYu, since H is Y-hypernormal.
Similar to the HR, the HHR can also be used to force all of the energy of u into a single entry. In this case, the

hyperbolic Householder vector, and the scalar o are defined as (to see the full proof, please refer to [20]):

)
v=Yu+oe;, o-:tlu(j)l\/uTYu. (38)
u

Therefore, the HHR can also be used for triangularization.

Remark II1.2. Consider the following simultaneous downdate and update:
P=SS"-AA" + BB", 39)

where the matrix SST is being downdated by AAT and updated by BBT . In this case, the HHR can be used to find the

square root decomposition of P [24)]. Considering the Y -hypernormality of H, and letting Y = blkdiag{I, -1, 1}
. - T . AT
P=[S A B]HYH [s A B] =[0 0 U]Y[O 0 U] =UU", (40)

where H = HH, - - - H,, following a similar constructionto Q = Q Qs - - Qp, then S = U.

Remark [I1I.2fclosely aligns with the objective of updating and downdating a UDU-factorized covariance, as outlined in
Eq. (27). However, the weighting matrices are missing, which is the motivation for the WHHR:s.
Consider a new matrix, £, which will be referred to as the WHHR. Motivated by the construction of the HR and the

HHR, let the WHHR be defined as:
2mTW

Q=Y - ——,
vIWYvy

(41)

10



where Y is the signature matrix, and W = diag{w1, w», ..., w,} withw; > 0Vi € {1,2,...,n}. With this definition,
the HHR can be recovered by setting W = I, and further setting Y = I recovers the HR. Consequently, the WHHR is a
generalization of both the HHR and the HR.

Lemma III.1. The WHHR is (WY)-hypernormal, that is

QTWYQ = wy. (42)

Proof. To prove (WY)-hypernomality, consider the following

2wvTW 4 2vvTW 2WwyvT 2wvTW
oTwyQ=(vy-=——| w - = - -, 43
( vTWYv) ( vTWYv) ( vTWYv) ( vTWYv) “43)
2 T Y2 2 Y2 T 4 T Y T
—WY3 - W;vW _ WT vy W+ vava2 W. (44)
vIWYy viWYy (vTWYv)
Since Y is the signature matrix, Y3 = ¥ and Y2 = I, therefore
2WyyT 2WyyT 4wy (vTWYV)vTW
oTwya = wy - 2IW _2WwTW AWy T W)y 45)
vIWYy vITWYy (VTWYV)2
AWvvTW  aWvvITW
—wy - 22 W ARVY (46)
vTWYy vIWYvy
=WY. 47)

However, it is important to acknowledge that Q7 WYQ # QWYQ! and QTYQ = Y. The proofs of these properties are

omitted for brevity, but they follow from the same technique used to prove (WY )-hypernormality. O

Lemma IIL.2. The WHHR can also be used to compress all the energy of a vector into a single entry, such that

Qu = e, (48)

for some o € C, where it must hold that

u'Wyu = |cPwDy D, (49)

with W1 and YU-1) denoting the j-th diagonal elements of W and Y, respectively.

11



Proof. Using the (WY)-hypernormality of the WHHR,

uWWYu =u'QTWYQu,
= (ce;)" WY (0e;),
= a"LO'eJT-WYej,

- |0_|2w(j,j)y(]',j)’

where o' is the complex conjugate of o

To find o, consider the same hyperbolic Householder vector used for the HHR, such that

2(Yu +oe;) (Yu+oe;)' W _y 2(Yu+oe)) (“TY'HTTeJT')W

(Yu+ce;) WY (Yu+ce;) (uTY+o-TeJT.) wY (Yu+0'ej)'

Right-multiplying € by # and expanding the denominator yields

2(Yu+oe;) (u*WYu + O'TeJT.Wu)
Qu=Yu -

utWY3u + cutWy2e; + otelWY2u + oioelWye;
Simplifying Y3 = ¥, Y? = I, and noting that O'Ta'e]TWYej =u"WYu, a‘*e]T.Wu = o twlNy ),

2(Yu+oe;) (uWYu +oTwi-1yW))
C2uTWYu + oWUDu) 4 ot WD (D

Qu=Yu

(50)
(S
(52)

(53)

(54)

(55)

(56)

At this point, o can be chosen in any convenient form, as long as Eq. (#9) is satisfied. Therefore, note that the

denominator can be guaranteed to be real with the choice

~uW u'WYu
T O\ YO WGn

(57)

Remark ITI.3. The WHHR can be used to find the UDU factors, U and D, of P in Eq. . Let Eq. be rewritten as

_ T
P=|g 4 uv|wr|p a u|.
where W = blkdiag{F,E, D} and Y = blkdiag{I, -1, I}. Using the (WY)-hypernormality of Q,

P=[B A U]QTWYQ[B A U]T=[0 0 0]WY[0 0 0]T,

12

(58)

(59)



where Q = QQ, - - - Q, follows a similar construction to H = H\H, --- H, and Q = Q, Q5 - - - Q,,. Note, however,

that even though U is upper triangular, it does not have ones on its diagonal, therefore
U=UD""', D=9DDDT, (60)

where D is a diagonal matrix whose diagonal elements are the diagonal elements of U, and D~ can easily be obtained.

Remark II1.4. The WHHR algorithm can also be used as an alternative to the MWGS algorithm for finding the UDU

factors of P in Eq. . Let W=D andY =1
P=AUDUTAT = AUWYUT AT = AUQ"WYQ (AU)T = OWYUT, (61)

such that

U=UD"', D=9DDD". (62)

Algorithm|[I] provides pseudocode for updating and downdating the UDU factors of a covariance matrix using the

WHHR. Remark [[Il.4] can be solved using Algorithm[I|by setting A = E = B = F = [ ] (empty vector), and U = AU.

Algorithm 1 WHHR for updating and downdating UDU”

Input: U,D,A,E,B,F
Output: U, D

LeUisnXn AisnXp, BisnXgq <
2>Disnxn EispXxp, FisqgXgq <
3: X=[B|A|U] > XisnXm
4: W = blkdiag (F, E, D)
5. Y = blkdiag (Zgxg: ~Lpxps Lm-p-g)x(m-p-q))
6
7
8
9

fork=1:ndo
i=n—k+1
j=m-k+1
: u = zeros(m, 1)
10: u(l:j)—X@G,1: )T > MATLAB notation
11: e;=[0,...,0,1,0,..., 0]" > j-th canonical basis of R"
12: if | X (7, j)| = 0 then
32 o= NuTWYu/(Y (7. )W(. )
14: else
155 | o= (XENNXEH) VU WYu/(Y (G, )W, )
16: v=Yu+oe;

17: . Q=Y -2mTW/(yTWYV)
18 | X« XQT

19: l} X(1:nm-n+1:m),D=D
20: D = dlag(dlag(U))
2. U=0D"',D = DD DT

13



IV. Fraser-Potter

As mentioned before, two main smoothing algorithms have been developed for the fixed-interval smoothing problem.
This section provides three different formulations for the FP smoother. The first formulation, found in literature [[14], uses
the backward covariance in information form such that the amount of matrix inverses, needed to obtain the smoothed
state and covariance, is reduced. The second formulation, also found in literature [14]], provides a stable version to the
FP smoother, by expressing the smoothed covariance as a sum of two positive definite matrices, resembling the Joseph
form in the KF. The third formulation introduces a new variant of the FP smoother in a UDU-factorized framework.
Note that, since the FP formulation optimally combines the outputs of a forward and a backward filter, the subscripts ¢

and , are used to denote each, respectively.

A. Fraser-Potter Smoother

The smoothing equations for the FP smoother are given by [1L1}[12]
. L\l -1t
P = (Pf,k) + (Pb,k) , (63)
-1 -1
£ =Pt [(P;,k) %+ (Prs) ;e;,k}. (64)
where P; is the smoothed covariance and f; is the smoothed state. In this formulation, both a forward filter and a
backward filter have to be used, and a total of three matrix inverses have to be performed at each time step. However, if

the information formulation for the backward filter is used, i.e., instead of using the full-covariance, the information

matrix is used (I = (Px)~"), the equations can be reduced to [14]

P =(I- AP}, (65)
£ = (- AN, +PLT, 8 (66)
with
-1
A =P Ty (T4 P, T ) (67)

Here, only one matrix inverse has to be performed. To obtain this reduced formulation, the matrix inversion lemma is

invoked twice. To see the full derivation, please refer to the appendix.

B. Fraser-Potter Stable Form Smoother

Equation can be expanded to a symmetric form by adding and subtracting Wy 7, kP} « [14], with

-T
Wi =P, (1+P 1) (68)
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such that

T
Py = (1-Wilp ) Py (1- Wiy, ) + Wil Wi (69)

Equation is the sum of two positive definite matrices, resembling the Joseph form used in the KF. Using this stable
version can provide a more robust result in terms of numerical stability. In this formulation, the smoothed state is

calculated as in Eq. (66).

C. Fraser-Potter UDU Smoother
Before presenting the derivation to this new UDU-factorized smoother, it is important to note that the UDU-factorized
KF [4] and the information UDU-factorized KF [18] have been proposed before and are considered as resources to use

in this derivation. With this in mind, the following UDU factorizations are available
P}, =U} D} UYL, T}, =U, Dy UL (70)
In addition, assume the backward formulation of the information UDU-factorized KF is also available, that is
- ~ ~ RY)
L, =Up Dy (q’lb,k) . (71)

The specifics on how to obtain the backward information UDU-factorized KF will be presented in the next section.
Therefore, starting with Eq. (63)), the UDU formulation of the forward filter and the information UDU formulation

of the backward filter can be used, such that

-1

P = [(U}’kD},kU}’Tk)_l + U5, D, ((u;,k)T (72)

Just as with the previous formulations of the FP smoother, the matrix inversion lemma can be used to simplify this

expression. The matrix inversion lemma reads
) -1
F=(A+BCD)" =A—1—A—IB(DA—IB+C—1) DA~ (73)

Then, by letting
-1 T
A=(Up D5 UTL) . B=Uyy. C=Dpp D=(Uy,) (74)

Eq. (72) can be rewritten as
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P; =U; DY, kU}ﬁ

T -1\ T
~U;, D}, U U, (((l’l;,k) U;,kD},kU;,Tk(Lll:,k"'(Dl:,k) ) ((l’l;,k) Ut DU (75)

To unclutter notation, let B = U}Tk U, . Factorizing and re-arranging terms results in

1\ 1L
Pr=U, CU. Ci=|D%, -D% By (B{D},kBk +(Dh4) ) 8D, |. (76)
Taking a closer look at Cg, note that it takes a familiar form, resembling a full-covariance Kalman update with
—1\ !
Ci=(I-&8B])D} . & =D}, 8Bs (B{D}’kﬂk +(D54) ) . (77)

Considering this resemblance, one might be tempted to find the UDU factors of Cy using a Carlson update. However, as
mentioned previously, the Carlson update is only analytically valid for the optimal Kalman gain, and certainly & is not
the optimal Kalman gain. Instead, since Ap 1 = (D), k)_1 is a diagonal matrix, the UDU factors of Cj can be found

by using the Fletcher-Powell rank-1 modification. Let 8 ](j) € R” be the i-th column of By, and A ’,i) € R be the i-th

(i
b,

diagonal entry of A, x, such that the i-th column of &; becomes
i) _ (i)
& =c (D3, 8), (78)

with
1
€T ATyt @) L AGD
B, DL, B +AL

Thus, the UDU factors of Cy can be obtained by processing n Fletcher-Powell rank-1 updates sequentially, i € {1, ..., n},
with

o . T
0D0" =UDU” - ¢ (UDU" 8" ) (UDU" B, (80)

whereU =1, D = D} . for the first downdate, and £ = UDUTB,(:).

Finally, by plugging in the UDU factorization of Cy in Eq. (76),
P =U;, (0DOT)UTE, 81)

and since the product of two upper triangular matrices with ones on their diagonal is also an upper triangular matrix

with ones on its diagonal,
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Uy =U;,0, (82)

D} =D. (83)

For this formulation, the smoothed state is also calculated as in Eq. @]} where Ay can be easily obtained, and
X ; k = Ly X, . comes from the backward information UDU-factorized KF. Pseudocode for this strategy is presented

in Algorithm[2] The pseudocode for the Fletcher-Powell update can be found in [23].

Algorithm 2 Fraser-Potter UDU Smoother

Input: £% . Uy . D% 1o Xpp o Uy 4. Dy g
Output: 32;: U;, D;{‘

I > f;,\ Xy, arenx 1 <
2: I>U7_,\.‘H,1,\,l)7.ﬂ/\.i/);./\ are n X n 4
3: B = (U}’k)T(Ll;’k

4 Ap i = diag(1/diag(Dp k)

5: » Smoothed covariance <
6
7

8
9

: U=I,,Xn,D=D}k
: fori=1tondo

c=-1/(Br(:,)TUDUT By (:,i) + Ap k(i 1)) > MATLAB notation
£ =UDUTB(:,i)
10: [U, D] < RanklFLercuERPOWELL(U, D, ¢, §) > Pseudocode in [23]]

1: Uy = th’kU, Dy =D

12: > Smoothed state <
13: P},k = U},kD},k(U;,k)T

4 I, = U, Dy (U, )T

150 £5 = (P, Ly Yo+ Pl T, )7 Ry x +UEDE(UNT X,

D. Backward Information UDU Kalman Filter

To derive the backward information KF in UDU form, note that only the backpropagation step needs to be formulated.
The measurement update remains unchanged from the forward information UDU-factorized KF [18]]. The derivation of
the backpropagation starts from (the derivation for this equation is presented in the preliminaries section of the appendix,
and follows from [[14])

Py = O (P} + GiUgDoURGT) @77, (84)

where UgD U, 5 are the UDU factors of Qy, such that
UpDoU), = Q. (85)

Expanding Eq. (84), the following form is obtained
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P, =@ 'P} ., & +®,'GUgDoUHG @, (86)

= ®;' P}, @ +GiDoGy. (87)

with

Gy =®;'GUp. (88)

By invoking the matrix inversion lemma (Eq. (73)), with
A=®;'P;,, @7, B=Gi, C=Dg, D=0G,, (89)

Eq. can be rewritten as
Ty = OF| (1 F1GT) T3 o |01 = @] Ty ©00)

with
-1 —
T = (1 - ﬂg{) Lyjerr Fi =TI} 101 G (nglt,kngk +AQ) . Gr=®Gr, Ag=Dy'. (9D

Note again that J resembles a covariance update of the form in Eq. (8). However, since ¥ is not the optimal Kalman
gain, a Fletcher-Powell rank-1 update is performed to find its UDU factors. Following a similar procedure as in the
previous section, let g,(j) € R" be the i-th column of G, and A(Qi’i) € R be the i-th diagonal entry of Ag, such that the
i-th column of ¥} becomes
7:1(;) =c (JZ,kﬂgff)) ’ 92)
with
1

c= - - — . (93)
gl(cl)TIlt,kﬂgl(cl) + AZ”)

The UDU factors of I are obtained by processing n Fletcher-Powell rank-1 updates sequentially, i € {1,...,n}, such
that

0b0" =UDU” - ¢ (UDUT ) (UDUTg,(j))T, (94)

where U = U\, D = D} ., for the first downdate, and ¢ = (UDUTG"). Finally, either the MWGS or the

WHHR algorithm (Remark [[IT.4) can be used to find a factorization such that

T S
Uy, 05, (U;,) = @[ODT 0. 95)
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For the backpropagation of the state, note that [[14]
k= P8 - (%)

Using the information formulation (X, , = 1, b, kﬁ;, o)

X;,k = Ii,k(pl;l (Il:,kn)il Xz,kw N
= ‘D{[(I - Tkg{) Ig,kn]q)kq)l;l (Ig,kn)_l X;,kﬂ’ (98)
=) (1 - Tkgl) Xy s (99)

Pseudocode for the the backward information UDU KF is presented in Algorithm 3]

Algorithm 3 Backward Information UDU KF

Input: X, U, 1s1> Dy iir> Pies Yirt, Hirr, Gi, Ur, Dr, Ug, Do
Output: X, ;. Uy Dy

1: >/AY,:_,\,H isnX 1, yreismx1 <
22> Uy s Z);.Hl arenXn, @risnxn, HyismXxXn, GyisnX p <
3: > UrDrUp = R}, e R™™ UgDoUL = Qi € RP*P <
4: > Update <
5 U=Uy s D =Dy,

6: Ug = U;Hk.'.l

7: fori=1tomdo

8: c=Dgr(i,i) > MATLAB notation
9: E=Ug(i, :)T

10 [U, D] < Rank1FLErcHERPOWELL(U, D, ¢, &) > Pseudocode in [1231]

—
—_

+ _ + —
Uy =U, D} =D
A+ A= T
12: Xb,k+l = Xb,k+l +H£+1((LIR.Z)R(LIR)yk+1

13: » Propagate <
14: Ag = diag(1/diag(Dg))
15: gk = GkUQ

16: U=Uj 1. D =Dy,
17: fori =1ton do
18: c=-1/(G;(:,))TUDUT G (:,0)) + Ag (i, i)
190 £E=UDUTG(:,i)
20: [U, D] « Rank1FLercuerRPowELL(U, D, ¢, §) > Pseudocode in [23]]
21: [U,D] « WHHR((I)zU,D, [LILIL LD > /\/gnril/zmm
2 U, =U D, =D
23 Fie = U 1y Dz,k+1ﬂi,k+1§k/(§;f b1 Df it Up 101G i +Ag)
- o
24: Xpy j = O (Lnxn — FuGi) X s
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V. Rauch-Tung-Striebel

This section provides three different formulations for the second smoother considered in this work, the RTS smoother.
The first formulation follows the traditional equations, obtained by expressing the backward covariance of the FP
smoother in terms of the forward and smoothed covariances [[14] (please see the proof in the appendix for details).
Analogous to the stable FP smoother, the second formulation in this section introduces a new stable version of the RTS
smoother, by expressing the smoothed covariance as a sum of two positive definite matrices (similar to the proposed
RTS smoother in [17]). Finally, the third formulation derives a new version of the RTS smoother in a UDU-factorized

framework. For this section, the forward and backward subscripts are dropped, as only the forward filter is used.

A. Rauch-Tung-Striebel Smoother

The smoothing equations for the RTS smoother are given by [13]]

N _ -1
Pi =P~ Pi®; (Pi,)) (Pro —Pia) (Pi)” @iPy, (100)
. . ~ =1, .
=g+ PZ(Dg (Pr) (B3 —%pp) - (101
For ease of notation, let
|
Ki = qu)i (Pk+1) > (102)
such that
PE =Pl K (Pry — PL) KL (103)
Y =R+ Ko (R, — £1,) - (104)

Two things are worthy of discussion from these equations. First, note that the backward filter is no longer used. Second,
the smoothed state is independent from the smoothed covariance. These two characteristics make the RTS smoother a

more common approach from a practical standpoint [14].

B. Rauch-Tung-Striebel Stable Form Smoother
The stable form of the RTS smoother is obtained by expressing the prior covariance at time step k + 1 in terms of the

posterior covariance at time step k, that is

P;,, = ®P;®; + G, QiG] . (105)
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Therefore, Eq. (I00) can be expressed as

-1 -1
P} = P} - PLO] (0,P[0] + Gy QiG]  (Py, - PY,) (®kP{®] + GLQiG]) oy,

Factoring out (I),:1 from both sides
P = o' (o p[0]) o7
-1
- ;! [@kpchf (@xP;@] + 610G ) q>kP;q>{] el

+ 0! |0 Pt 0! (0 PO + G0 G _I(P* ) (®P; DT + G, 0(GT "o pro!
k| Tk ek ek kY g k1) \ PR K k&Y g kD ek

To unclutter notation, let M,;l = (I)kP;;(Dg, such that

—®-! —-1gp-T -1
Pi=0' M 'o;" -0,

-1
M (M,;1 + GkaG{) M,jl] o, !

-1 -1
+ 0! [M;l(M;HGkaG{) (Pr) (M +GruGl) M| @

In case that the process noise covariance is not diagonal, its UDU factorization can be used, where
— —T
G10iG} = (GUg) Dg (GiUg)" = GoDoGy.
At this point, the matrix inversion lemma can be used to simplify the expression, such that
-1 -1.a =T\"! rel resl
M (M +GoDoGy)  =1-GoNiGo My,

where
—T — _ -1
Nk = (GQMkGQ +DQ1) .

With this, Eq. (I08) can be simplified to

— — — J— T __ —
Pr =@ [(1 - GoNiGo My Pr, (1-GoNiGo My) +GoNiGy| ;.

By defining Ek = (I),;]EQ and Zk = (PZ) - Ek N, the desired Joseph-like form is obtained, where

— — — —_\T __ —
P; = (I-GiL; ) ;'L ;" (I-GiL;) +GiNiG,.

-T
o

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

To find the smoothed state, the prior covariance and state estimate at time step k + 1 are once again expressed in
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terms of the posterior covariance and state estimate at time step k. Therefore

-1
£ = £+ P{O] (M +GL0:G]) (1, - Bd})

— —T
= &1 + PLO] ( My - MiGoNiGo M) (31, - @ut)

= (I)];lMI:I (Mk - MkEQNkEZMk).f‘EH + (I - (I)I;]Ml;l (Mk - MkEQNkasz) (Dk).f;;

= o [(1-GoNiGo M) i1, + (I - (I - GoNiGo My )) @t

Recalling the definitions of G and Ly, Eq. ll can be rewritten as

$f = (1-GiLy) @87, + GoNiGy (P))' 37

(114)
(115)
(116)

(117)

(118)

In both, Eq. (I13) and Eq. (IT8), the inverse of the state covariance is used. Therefore, this new variant is used with

the information formulation of the KF, as shown in Algorithm[d] It is important to note that Eq. (I13)) and Eq. (I18)

resemble the equations obtained by Watanabe and Tzafestas [17]. However, since the process noise covariance is not

assumed to be diagonal in this derivation, the equations only share the same structure.

Algorithm 4 Rauch-Tung-Striebel Stable Form Smoother

A+ ~
Input: X, I}, £} Py
Output: £}, U,’C‘, D*

@, Gy, Ug, Dg

s s> Dhar

k

L » /i’:,\’/*ﬂ aren X 1

2 > I, P, , @ arenxn
3:>GrisnXpand UQI)QU(T) = Qi € RP*P
4: EQ = GkUQ

5: G
6
7
8
9

Ek =(I)l:lGQ

My = (I)];T]‘,t(l)lzl

: Ag = diag(1/diag(Dg))

: Ny = (EngEQ +AQ)71
. Ly = ITGx Ny

10:
11:
12:
13:

> Smoothed covariance

* _ = 70 @-1 px -T A 70T . =T
Pk = (Ian - GkLk)(I)k Pk+1q)k (Ian - GkLk) +GkaGk
> Smoothed state

~ — =T, 1. — —T ~+
x; = (Inxn - GkLk)q)klsz +GkaGka

C. Rauch-Tung-Striebel UDU Smoother

To derive the UDU formulation of the RTS smoother, Eq. (I00) is first rewritten as
PZ:PZ_(](/( (Plz+l _P;+])7(T’

= K (Phy) = P + K¢ PUIGT) KT
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Note that,

K =P o7 (P (121)

which makes Eq. (120) equal to
_ - -T -l x-1p- T
Py = Ky (PZH — Py + P, @ (Py) @ Pk+1)7(k- (122)

This is the starting form for the derivation of the RTS smoother in UDU form.

Just as with the FP, assume that the UDU formulation of the prior and posterior covariance are available
P =UDIUT. Py =UpDiy (Up) (123)
Substituting the UDU factorization for the both the prior and posterior covariance in Eq. (I22)) yields
PE =K Pl ~Up Dy (U) + U Dy, Ur) | 07 (UD10F7) @700y, (Ur) | E. (124

In this case, the inverses of the UDU factors of the posterior covariance have to be obtained. This is of no concern as the

inverse of the UDU factorization can be easily computed as [18]:
-1
(o) = wp oy ) v, 29

where calculating O} only requires n scalar divisions, and V| can be found by solving

j-1
+(i,7) +(i,0) y+(1,))
Ui 4 Z Uy

[=i+1

Vi) = . j=n..2 i=j-1,..1 (126)

Therefore, by substituting the inverse
- - Z T - - - \T g “lyr= - - \T
PZ = 7<k PZ+1 - Uk+1Dk+1 (Uk+1) + (Uk+1Dk+1 (Uk+1) (DkTVl:rT) OJIZ (Vl-:(DkIUkHDkH (Uk+1) )] (](i (127)
(UL,,)" ®TVi7, such that

To unclutter notation, let Sy = U, D,

P; = Kk (P;H ~U Dy (UI;+1)T + Skozsz) (I(z (128)
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Using the UDU factorization for P},

k+17 k+1

- = (- \T
Pl = Ky (UZ+1DZ+1U1<+1 Uit D U)” + SkOZSI) K-

— T
= U} DU

(coming from the previous iteration)

(129)

With this form, note that the UDU factorization of the inner parenthesis can be found by using the WHHR (Remark [11.3)),

such that

P; = %, (0DO"

(130)

And finally, either the MWGS or the WHHR algorithm (Remark|[II.4)) can be used to find the final UDU factorization,

where

In this formulation, the smoothed state is found by using Eq. (TOI)), with

The pseudocode for implementing this smoother can be found in Algorithm 5]

U*D*U*T

TeTv-To- V-
Kie = U DU Vi 00 Vi

ak _ ot + v+t T v-T - - Ak A
=2+ UDUT @V 00 Vi (BE —%0,) -

K. UDU" K .

(131)

(132)

(133)

Algorithm 5 Rauch-Tung-Striebel UDU Smoother

Input: £7, Uy, Dy, %,,,, UL

- *
k+1’ k+1° Dk+]’ k+1° Uk+1’

Output x* U* D*

— e e e
W N = O

R A A

l>x/ /+1’ /+| aren X 1

>U+ U;H U/:r] D+ D;+I
(U+) 1 0+_(D+) 1
1 1
k+l (Uk+l) 0k+1 (l;+)
Sk =Up Diy (U, ) @ VT
> Smoothed c mai iance
U= U;:H, D = D*
[U,D] « WHHR(U D.U,,.Dy, > Sk.07)

D7 ., @, arenxXn

k+1°

. Ki =UD;UT®VITO, VL

k+1 " k+1

: [U,D] <—WHHR(7<kU D,[].[1.[1.[D
: U* U, D* =D

D> Sm(ml/wc/ state

DY =R+ K (R, —£L,)

i Pr

> Algorithm [Z]
> Algorithm[I]

<

VI. Numerical Example

This section provides a numerical example where all six smoother formulations presented are studied and compared.

The purpose of this section is to evaluate the numerical equivalency of the different approaches. For ease of notation

consider the following abbreviations:
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* Fraser-Potter Smoother (Section[[V.A) — FP

¢ Fraser-Potter Stable Form Smoother (Section|[IV.B) — FS

* Fraser-Potter UDU Smoother (Section[[V.C) — FU

* Rauch-Tung-Striebel Smoother (Section[V.A) — RT

* Rauch-Tung-Striebel Stable Form Smoother (Section[V.B) — RS
* Rauch-Tung-Striebel UDU Smoother (Section|[V.C) — RU

To this end, consider the following system [[18]],

Xi+1 = Ppxp + g, (134)
Yi = Hyxp +ny, (135)
with
Ly Aty sin (tg) —sin (fx_1) —cos (tx) +cos (tx_1)
o, = 1, By=0.1 , (136)
By Iy 0 sin (t) — sin (tx—1)
1 0 0 O
H; = : (137)
01 0 0

0.0117x2 0.00
B(qo) =0, E(qaf)=0c=| : (138)
0.00 0.0117x2

2.96 2.80

B(p) =0, B (nenf) = Re = (139)

280 2.96|

and E (qxn] ) = 0.

To assess the performance of each smoother, 1000 Monte Carlo (MC) runs are performed by first solving the forward
filtering problem for 100 time steps with Aty = 1, using both the KF and the UDU formulation of the KF. Each run
starts from an initial condition defined as

x0 ~ N (04x1, Laxa) . (140)

Figure [T shows the estimation error as a function of time obtained with the KF (the UDU-factorized KF formulation
yields identical results). As it can be seen, the estimation error is unbiased and the filter’s predicted covariance matches
with the sample variance.

After performing the filtering problem, each of the smoothers discussed are used to find a smoothed state and

covariance. The performance of the smoothers is evaluated using the time-averaged root mean square error (RMSE)
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tr — tp —

Fig. 1 Filtering error as a function of time steps. The gray lines show the MC runs.

between the smoothed state and the true state, and a comparison of the smoothed covariance matrices. In this work, the

RMSE is defined as

RMSE = nj i nf AL i (x“). —:e*(’?)z (141)
=1 TGS e Y T o LR
where ny = 100 is the total time steps, nyc = 1000 is the total MC runs, and n, = 4 is the state dimension. The obtained
RMSEs for each smoother are then compared by calculating their relative difference, i.e. [RMSE; — RMSE ;| where i, j
refers to the different smoothers.

To compare the smoothed covariance matrices, the covariance sequence of each smoother is first averaged over time

and MC runs to obtain an averaged covariance matrix,

nr 1 nmc 1

eSS
=1 T G5 e

P;, It (142)

The averaged covariances are then compared using the Frobenius norm of their differences, such that

1P} — P}llF = \/Tr[(ﬁi* - P5)(Pf - PJ*-)T], (143)

where Tr [-] represents the trace operator and i, j refers to the different smoothers.
Figure [2] shows the relative RMSE difference for all smoothers considered, as a heat map and a bar plot. From this
figure, it can be seen that all variants perform nearly equivalent to each otherﬂ validating the new UDU-factorized

smoothers and the stable version of the RTS smoother. Figure [3shows the relative Frobenius norm difference for all

IThe differences fall within machine precision for double-precision numbers, as expected for the linear system used in this example.
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Relative RMSE Difference x10716
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(a) Heat map (b) Bar plot

Fig. 2 Relative RMSE difference

smoothers considered, also as a heat map and a bar plot. From this figure, a similar conclusion can be drawn. As
expected, the relative differences are one order of magnitude higher. However, the differences are well below common
numerical tolerances, validating the implemented algorithms. Figure ] shows the smoothed error as a function of time
obtained with the RU (all other smoothers, as seen from the previous figures, yield visually identical results). Smoothing

tightens the error bounds as expected.

Relative Fro Norm Difference %1015

FP |0.0e+00| 1.1e-16 BRIESE 1.0e-15
FS | 1.1e-16 |0.0e+00 GBS
FU gRESH 1.1e-15
g
RT BRUESERRRESEN 1.7¢-16

FP FS FU RU RS RT
(a) Heat map (b) Bar plot

1.1e-15

1.7e-16

RS

Fig. 3 Relative Frobenius norm difference
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Fig.4 Smoothed error as a function of time steps. The gray lines show the MC runs.

VII. Final Remarks

A. A Closer Look at the Functionality of the WHHR

The main goal of the WHHR is to compute the UDU factors of a UDU-factorized covariance matrix that is
simultaneously updated and downdated, as described in Eq. (27). A secondary application of the WHHR is to compute
the UDU factors of a UDU-factorized covariance matrix that has been pre-multiplied by an arbitrary matrix and
post-multiplied by its transpose, as presented in Eq. (I3)). These two applications serve as the tools for deriving the RTS
smoother in a UDU framework. However, there is another application of the WHHR that is worth discussing.

The covariance operations in every variant of the full-covariance KF discussed in this work (information formulation,

forward filter, and backward filter) can be expressed in the form
P=APAT + BCBT. (144)

For example, the covariance propagation in the KF can be represented by setting A = @, P = P;, B = Gy, and
C = Q. The covariance update in the KF, in Joseph form, can be expressed by setting A = (I — Ky Hy), P = P,
B = Ky, and C = Ry. In fact, any covariance operation that resembles a Joseph form, follows the structure in Eq. (144).
This implies that stable versions of the FP and the RTS smoothers can also be written in the form of Eq. (T44).

As presented, the WHHR cannot be directly used to compute the UDU factors of P in Eq. , since P and C
are not diagonal matrices. Therefore, Eq. (I44) does not exactly match the structure of Eq. (27). Nevertheless, if the
UDU factorizations of P and C are used, Eq. (144) can be reformulated to resemble Eq. (27). This is valid because the

UDU factors of P are the quantities of interest in this work, and C typically represents a process or measurement noise

28



covariance matrix. Then, by using the UDU factorization of P and C, Eq. (T44) can be expressed as
P=AUDU" A" + BU:D UL B". (145)
Now, factoring A from the left and A’ from the right results in
P-aA (UDUT + ﬂ-‘BUCD(;ng;Tﬂ—T) A (146)

And finally, by letting B = A~ BU¢ and F = D, then

P=-A (UDUT + BFBT) AT (147)

where the term in parenthesis is equal to Eq. with A = E = 0. Therefore, the UDU factors of the term in parentheses
can be computed using the WHHR, as described in Remark Once this is done, the UDU factors of P can then be
obtained using the WHHR, as outlined in Remark [[IT.4]

This result shows that, if desired, the WHHR could serve as the only tool required to perform UDU-factorized
filtering and smoothing, replacing both rank-1 updates and the MWGS algorithm. However, care must be taken to

ensure that ‘A is invertible.

B. The FP UDU Smoother vs. the RTS UDU Smoother

As mentioned previously, the RTS smoother is more commonly used than the FP smoother, as it does not require
a backward filter, and the smoothed state is independent of the smoothed covariance. The same holds true for the
UDU versions presented in this work. The RTS UDU smoother primarily requires two function calls to the WHHR
algorithm. In contrast, the FP UDU smoother requires 2n + m Fletcher—Powell rank-1 updates and one function call to
the WHHR algorithm (which includes the execution of the backward information UDU KF as well). While no formal
complexity analysis is presented here, observations from the numerical example suggest that the RTS UDU smoother
is approximately 6% faster than the FP UDU smootherﬂ_r] Therefore, given the mathematical equivalence of the two
smoothers and similar runtime, the RTS smoother may be the more practical choice for implementation in UDU form,

as it does not require a backward filter and the smoothed state is independent of the smoothed covariance.

VIII. Conclusions
In this work, the UDU-factorized versions of the Fraser-Potter (FP) smoother and the Rauch-Tung-Striebel (RTS)

smoother are proposed. For the UDU version of the FP smoother, previously developed tools such as rank-1 updates are

I'The smoothers were run on a MacBook Pro with an Apple M1 Pro chip and 16 GB of RAM, implemented in MATLAB R2025b.
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used. For the development of the RTS smoother in UDU form, the weighted hyperbolic Householder reflector (WHHR)
is derived. The use of the WHHR ensures that the covariance matrix maintains its UDU form throughout the different
steps in the algorithm. In addition, a stable form of the RTS smoother is presented, where matrix subtraction is avoided
by reformulating the covariance equations to resemble a Joseph-like form.

All derived algorithms, along with the traditional formulations, are compared on a numerical example, demonstrating
their equivalence and validating the newly proposed methods. Additionally, the utility of the WHHR is discussed,
proposing it as a replacement for other tools commonly used in the UDU-factorized versions of the Kalman filter
(KF). Finally, given that both the FP smoother and the RTS smoother are equivalent, the UDU form of the RTS is

recommended as a more practical choice for implementation.
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Appendix
In this appendix, the equivalence between the FP and RTS smoothers is demonstrated. The derivation is divided
into three parts. First, useful relations are established. Second, the equivalence between the smoothed covariances
is demonstrated. Finally, the equivalence between the smoothed states is presented. The process for proving the

equivalence of the two smoothers is inspired by and follows some of the steps presented in [[14]].

Preliminaries

Starting from the state propagation equation,
Xir1 = Oixp + Grqr, (148)
the previous state, x, can be expressed as
X = O xp41 — O ' Grgy. (149)
Using this relation, the backward propagation of the state estimate is given by
£k = PR - (150)

The corresponding estimation error is defined as
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€k =%y — Xk (151)

= 0718 1 — (@7 x0er - @' Gy (152)
= @' (£ 0 — X ) + O Grar (153)
=@, e . + 0 Gigr, (154)

+ o L . . +
where e bkl = Xp ka1 ~ Xkt denotes the backward estimation error at time k + 1. Assuming that e bkt and gy are

uncorrelated, the covariance of the backward estimation error becomes
- -1 T\ a-T
P, =D (Pz,kﬂ + GkaGk) D, . (155)

Equivalently, using the matrix inversion lemma (Eq. ) with A = I, B = 1} G, C = Qy, and D = G, the

inverse of Eq. (I53) can be expressed as
Ty = @] (I - KpiGY) I} 1 @1 (156)

where

-1
Koo = T 11 Gi (G115 11 G+ Q7') (157)

Additionally, recall from the Kalman update

-1 -1
k= ((P},k) +H{R;1Hk) : (158)

so that

T}, =1T;,+H R H;. (159)
Similarly, for the backward filter

Ty =Ty + Hi R Hy, (160)
which yields

Tow=Tru=Thp—Tpy (161)

Finally, consider the backward propagation of the state in information form, such that

P _ _ oF
Xpi = Ib,kq)klpz,kﬂxb,kﬂ’ (162)
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A — A+
. e oo _ at
with X}, = I}, %, and X, ¢, = T}, &} . Therefore

- A+
Xb,k = (Dz (I - Kb,sz) Xb,k+ls (163)
and
A+ -
Xp st = Lp kst PPy 1 Xy s (164)
which yields
A+ A
Xp k1 = (I+ Iz,k+1GkaG£) L Tl (165)

Covariance Equivalence

The covariance equivalence proof begins with the FP smoother covariance, given by

r=(ir) e

-1 -1
Applying the matrix inversion lemma with A = (P;; k) ,B=1,C = (P;’ k) ,and D = I, yields

T (1, 15,) (166)

-1
Pr =P, P}, (P}’k+P;’k) Pt (167)

Note that factoring out P, from the second term, recovers Eq. @ Working with the inner term in Eq. @ and

substituting P, , from Eq. @P, results in

-1 -1
(Phc+Pok) = [Pra+ @7 (P + GLeiGE) 07|

-1
= o] (0P} @] + P} 1, +GLOiG]) @y,
T (p- + -1
= (Pf,k+1 +Pb,k+1) Dy (168)
Now, from Eq. (I66), the smoothed covariance can be rewritten as
* — -1 *x -1 -
Pl = (Than+ Do) = (PR = T+ T (169)
which yields
~1 _ -1
Py = ((P1t+1) - If,k+1) . (170)
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By substituting P , ., into Eq. (168), the following relation is obtained

_ 1\l _ -1 _ 1]
(P;',k+Pb,k) =<I>l[ f,k+l+((P;+l) _If,k+l) } Dy 171)

Pre- and post-factoring out P;’ x4 [rom the inner term, yields

-1 -1 -1
- T +— - — -1 - - -
(P},k + Pb,k) =® 1, [If,k+1 + 10 ((P:H) - If,k+]) If,k+1] ;1 P 172)
By invoking the matrix inversion lemma one more time, with A = P;’ PRE B=1C-= —P; 1 and D = I, the following
expression is obtained
- - Yo ~ -1 . L\l |
Ly L5k ((Pk+l) - If,k+1) Ly | = (Pf,k+l - Pk+1) ) (173)
so that
-1
- T +— — _
(P},k + Pb,k) =0, 1 (Pf,k+1 - PZ+1) Ty 1 P 174)
Finally, substituting this into Eq. (I67)
T - _
Py =Py~ P @ Ip (Pf,k+1 - P;+1) T k1 PuP i (175)
and defining Ky as
Ki =P} ®; 17 . (176)
the following expression is obtained
Py =P}, = K (P] s — Pl ) KL, a177)

which is the RTS smoothed covariance. Thus, the equivalence between the FP and RTS covariances is established.

State Equivalence

The state equivalence starts with the FP smoothed state, given by
* * PN N
st=Pr|(Prs) #a+ (Pos) %ol (178)

= P{T5 &%+ PET, %) ) (179)
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Using the information formulation (X v =1, b.kXp 1 )s yields
Xt =PI} &0 +PrX, . (180)

ote that, from Eq. ( ), =+ + )", and using the matrix inversion lemma wit =1,b= P
Note that, from Eq. (166), Py I}, = (I+P}  I;, ,)~', and using th ix inversion 1 ithA=1,B=P},1,,

C =1, and D = I, the state equation can be reformulated as

xp= [1 - P I (1 +P}’kI;’k) 2+ PEX, L (181)

which recovers Eq. . Now, substituting P with the RTS formulation (since it was proved that the RTS and FP

smoothed covariances are equivalent)
* + 7= N + - * 7| %~
Xt = [1 P Ty (T4 P, T ) ] 54+ Pk = K (PF s = Ph) KE | Ko (182)

Plugging in for K} yields
-1
Xt = [1 P Ty (4P, T ) ] £

+ [P},k - P},kq)ZIj:,kH (P]_‘,k+1 - PZ+1) P},kq)klj_‘,kﬂ Xl;,k’ (183)

and factoring out P’]:, «

x;g=Pp, 71‘},k ey (I"‘ P;,k’[l;,k)_l £y

+ Py [I ~ @I} (P,:,kn - PZ+1) IJ_‘,qu)kP},k] Xk (184)
xi=p |, - (Pra+ P}’k)_l] £,

+ P [I ~ O T, (P)_”,k+1 - PZ+1) I},k+1q’kp},k] Xy 1. (185)

Using Eq. (T74) and Eq. (T68), the smoothed state becomes

=P | L= (Poa+ Pra) £+ Pis [1— (Pr+Phi) P}’k] X, 1 (186)
- P}, 71‘},,( - (P;vk +P}’k)_ £, 4P [1-(1){ (Pj:,k+1 +Pg,k+1)_1 ‘DkP},k] X, (87
=Py, I}k - (P;,k +P]+‘,k>_ £k
+ P},;ﬂ’l (P},im +P2,k+1)_1 [(P},kﬂ + PZ,k+1) o - ‘ka},k] Xl;,k' (188)

34



+

bksl from the second term, yields

Substituting for P}, «+1 and factoring out P

-1
xp =Py, [I}k - (PE,k + P;,k) £5 4
-1 .
+ P},;JDZ (P},kn + PZ,k+1) P} i (Jz,kHGkaGg + I) . X, (189)
and using Eq. (I63), simplifies to
_ - A~ _ - o+
xp =Py [I}k - (Pb,k + P},k) }x},k + P} @ (Pf,k+1 +PZ,k+1) Py 1 Kb kst - (190)

Now, to finish the derivation, the RTS smoothed state will be constructed from the FP smoothed state, and will be

shown to be equal to Eq. (I90). First, using Eq. (I80)

X = PLo Ty X +P;+1Xl:,k+1’ (191)
=Pio Ty i par + Py (kz,kn - H{+1RZ+11)’1<+1), (192)
= P;+1I},k+l [‘f]_‘,kﬂ +P},k+1HI{+1RI::1 (J’k+1 - Hk+1f},k+1)] +P2+1 (X;,kﬂ - H1{+1R1:J11Yk+1) ., (193)
=P, (I},kn - HZ+1R1:1HI<+1)’2},1<+1 +PZ+1/AYZ,I<+1’ (194)
=Py Ty ¥ t P;+lkz,k+1* (195)

where the second, third, and fifth lines come from the update in the KF and the information formulation of the KF.

Subtracting X Fk+

| and pre-mutliplying by K, yields
A T 7— - — P v
K (x/:+1 _xf,k+1) =Py @ Ty [(PI:H - Pf,k+1) Iy it i * Pra X et | - (196)

Using Eq. (T74), Eq. (I96) can be rewritten as

A— — -1 . - — >t
K (x2+1 _xf,k+1) =-P, (P;,k +Pb,k) 87 ot + P QT P K (197)

_ ~ _ o
=-Pi, (P},k + Ph,k) 2y + P @ T Pl X (198)

Working with the second term

T e o T (v _ _ o
Py @i Ty i Pi X ot = P @ (Pf,k+1 + PZ,k+1) P i L) i (Pf,k+1 + Pz,k+1) Ty 11 P X -
(199)
Note that, using Eq. and Eq.
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-1
T jan (P]_‘,k+1 +PZ,k+1) f},k+1P2+1 =T} 11 (P},k+1 +PZ,k+1) Ly (I;,k+1 + Il_a,k+1) , (200)

-1
= (I;,k+1 + I}',kn) (I},kﬂ + Il;,k+l) ) (201
=1 (202)
Therefore, Eq. (I98) becomes
A _ -1 N _ - At
K (x2+1 _xf,k+l) =—Pp; (P},k + Pb,k) f i+ Pp @ (Pf,k+l + PZ,M) Py 1 Kb kst - (203)

Finally, adding )2} « on both sides,

. o . _ . . .t
x},k + K (x2+1 _xf,k+1) = x},k - P},k (P},k + Pb,k) x},k + P;,kq)k (Pf,k+1 + PZ,k+1) Py i1 Xp gars (204)

where the left-hand side is the RTS smoothed state equation, such that

- - - ot
xp =Pi, [I}k - (Pb,k +P;,k) ]x},k + P} @ (Pf,k+1 +PZ,k+1) Py 11 Kb kst (205)

which is exactly Eq. (I90). Thus the RTS smoother is obtained from the FP smoother and has been proven to be

mathematically equivalent to it.
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