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1 Introduction

Utilitarianism is the most prominent family of social welfare functions in
welfare economics and economic policy. So additively separable social evalua-
tion — the distinguishing feature of utilitarianism — is at once a core tool of
public economics and an enduring focus of debate in welfare economics. In
the prior literature, there are two major axiomatic paths to characterizing
utilitarianism, each with known criticisms. One, in risky settings, begins with
respecting ez ante Pareto improvements for individuals (Harsanyi, 1955), but
this is criticized by egalitarians and others for ignoring the distribution of
utility (e.g. Fleurbaey, 2010). Another, in variable-population settings, begins
with independence of the existence of unaffected lives (Blackorby and Donald-
son, 1984; Blackorby, Bossert and Donaldson, 1995), but this too is criticized
in the population literature. We identify a new path to utilitarianism, by
studying risky, variable-population social settings, where the number and
lifetime utilities of possible people vary across probabilistic states. We clarify
the additional properties of utilitarianism in our more general setting.

We present three new characterizations of Expected Critical-Level General-
ized Utilitarianism (ECLGU) for evaluation of variable-population risky social
prospects. To do this, we introduce novel axioms about the combination of
risk and variable population. For example, we propose an axiom that the prob-
ability of a person existing and that person’s wutility-conditional-on-existence
are complements, so it is better to allocate higher chances of existence to
lives that would have more wellbeing. This axiom allows us to characterize
generalized utilitarianism without directly assuming either ex ante Pareto

or independence of the existence of unaffected lives, which are the classic



axioms for additive separability when either risk or population, respectively,
are considered in isolation (Blackorby, Bossert and Donaldson, 1998, 2005)
— although, of course, both of these principles are entailed by ECLGU. Our
other axioms allow other novel characterizations.

The ECLGU family is an important set of social welfare functions that
includes leading candidates in the population ethics literature. In particular,
classical total utilitarianism is a special case of ECLGU. Because ECLGU
allows utilities to be transformed before they are aggregated, it also permits
sensitivity to the distribution of utility: a concave transformation yields social
evaluation that prefers an equal distribution with the same total utility. We
emphasize that such transformation may be, but need not be, individuals’ own
von Neumann Morgenstern transformations for risky choice. Such generality
is a benefit of our avoidance of an explicit axiom respecting individuals’ ex
ante Pareto improvements in expected utility.

Because ECLGU offers an approach to giving priority to lower-utility
individuals while retaining additive separability, we contrast ECLGU with a
leading alternative approach to inequality: the expected equally-distributed
equivalent (EEDE), described by Fleurbaey (2010).! Because EEDE, as we
make it precise, cares about the pattern of inequality across persons, whether
to add additional people depends, in part, on their consequences for inequality.

In the next section, we present examples where ECLGU and EEDE dis-
agree or notably agree, in order to motivate our novel axioms. Subsequently,

we present our three characterizations. The first theorem uses a new axiom

'Many of Fleurbaey’s results are general enough to include non-egalitarian approaches
such as classical utilitarianism and other families; we focus on a particular subset, detailed
below, that is separable in same-number, risk-free cases but not otherwise.



that is sufficient to characterize ECLGU in the presence of a set of uncon-
troversial basic axioms that are used throughout the population economics
literature. This axiom requires complementarity between the probability of
a person existing and utility-conditional-on-existence. We thus provide an
axiomatization of utilitarianism that relies neither on ex ante Pareto, nor on
independence of the existence of unaffected lives, which is an alternative to
the existing literature.

We then explore other axiomatizations of ECLGU in our setting. We
show that independence of the existence of unaffected lives and (a variant
of) ex ante Pareto have to be supplemented with other properties. Our
second characterization adds to the basic axioms two axioms that make use
of both social risk and variable population, namely Existence independence
of the sure and Social risk neutrality in population size. This characterization
is important in part because risk-neutrality in the size of perfectly equal
populations is an axiom that would be widely accepted among candidate
approaches to population ethics, including the EEDE approach. Moreover,
independence of risk-free individuals has been noted in the prior literature
to be attractive in same-number evaluations of social risk and inequality,
even to egalitarians. This is because the presence of risk-free individuals
does not change the social evaluator’s information and therefore undermines
the normative rationale for disregarding individuals’ own risk preferences (cf.
Fleurbaey, 2018).

Our third theorem is most conceptually similar to prior characterizations,
particularly the Harsanyi approach. It uses an “Individual dominance” axiom

that respects social risk preferences over single-person populations. This



permits us to characterize ECLGU in a way that generalizes and weakens
exr ante Pareto beyond expected utility and even beyond individuals’ von
Neumann-Morgenstern transformations. Again, this axiom has to be sup-
plemented with other properties to obtain ECLGU. With Theorem 2 and
3, we thus improve our understanding of the normative underpinning of the
ECLGU family.

We view our contribution as new avenues to understand ECLGU. This is
significant because this family of social welfare functions is of leading practical
importance in public economics and contemporary empirical policy analysis.
Despite this importance, theorists recognize that prior characterizations have
been subject to important criticisms. Theorem 1 provides a new approach
that avoids using these controversial axioms. Together with Theorems 2 and
3, these new characterizations offer a better understanding of leading tools
for social evaluation that are additively separable, that allow us to evaluate
populations of different size, and that allow either utilitarian aggregation or

transformed aggregation that is sensitive to inequality in utility.

2 Motivating examples

Harsanyi (1955) and Blackorby, Bossert and Donaldson (1995) have influen-
tially characterized additively separable utilitarianism. Here, we provide three
more characterizations. These are of course equivalent to one another and to
others in the literature. Our further characterizations advance the literature
because they clarify what is fundamental to expected utilitarianism; because

they highlight new, potentially unintuitive consequences of rejecting expected



utilitarianism; and because, in different ways and to different degrees, they
sidestep familiar debates in social risk or population ethics. The importance of
these contributions, therefore, depends in part on our intuitive understanding
of them.

The examples in this section provide that motivating intuition for our new
axioms. We focus in this section on the motivation for our Theorems 1 and 2.
These examples distinguish expected critical-level generalized utilitarianism
(ECLGU), as proposed by Blackorby, Bossert and Donaldson (1998), from
expected equally-distributed-equivalent (EEDE) criteria, as proposed by
Fleurbaey (2010). We define ECLGU as the expectation of a value function
> [9(u;) — g(c)] where w; is the utility of individual i existing in a particular
population, ¢ is increasing, and c is a critical level of utility. We define
EEDE as the expectation of a value function ¢~ (37, g(u;)), where n is
the number of people who exist.? Both ECLGU and EEDE are sensitive to
unequal distribution if g is concave, but ECLGU is additively separable in all
cases. EEDE is additively separable only in same-population, risk-free cases.?

In these examples, rows are individual people (or potential people) and
columns are risky social states. Numbers are lifetime utilities. Let * denote a
person not existing in a state. We use g for EEDE. We use 7~y for ECLGU.
Example 1, previously discussed by Fleurbaey (2010) and Broome (2015),

illustrates why EEDE rejects separability across persons in risky cases.

2For formal definitions of the criteria, see Definitions 1 and 2.

3Fleurbaey’s (2010) approach is more general and is compatible with other non-additive
social criteria. Fleurbaey also considers non-continuous social orderings. Note also that
EEDE, as we define it, is related to but distinct from expected average generalized
utilitarianism that uses a value function %ZZ g(u;); like EEDE, average generalized
utilitarianism is insensitive to population size.



Example 1 (EEDE rejects separability) Assume that social states are
equally hkely:

/_L /_/U%
10 10

~E 3
10 0 1

but u ~y v.

This is a fixed-population example. Both people have an equal chance of
receiving 1 or 0. These utilities summarize everything relevant about lifetime
wellbeing, including any experience of inequality. For the top person, the
mapping of states to outcomes is the same in v as in u. The bottom person
faces the same individual prospect in v as in u. But v will have an unequal
outcome and u will have an equal outcome. EEDE favors ex-post egalitarian

outcomes and so rejects separability across persons and prefers wu.

2.1 Leveling down for probabilistic people

Our principal novel axiom holds that, in allocating probabilities of existence
and utilities conditional-on-existence among probabilistically possible people,
a higher probability of existence and a higher utility-conditional-on-existence
are complements. ECLGU holds that it is better if the people who are
more likely to exist are also the people who would have better lives, if they
existed. In contrast, because EEDE cares about distributional properties,
whether EEDE prefers to increase the probability that a person will exist also
depends on the chances for inequality among other possible people. Strikingly,
EEDE can therefore prefer to “level down” probabilistic people and reject

the complementarity of wellbeing and the chances of existence.
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Example 2 (Leveling down for probabilistic people) Assume that all
four states are equally probable. Assume that g(u) = \/u.

x ~
2 2 x x 2 % % %
x ok ok 1 <E x x 1 1 |, butw>yz.
* 1 % x x 1 % %

In Example 2, both options have an expected population size of one. The

person in the top row has higher utility-conditional-on-existence than the

1

person in the middle row. Whether the top or middle person has a % or ;

chance of existence depends on the choice. The person in the bottom row is
unaffected by the choice.

The decision between w and z allocates the bolded utilities-conditional-on-
existence of 2 and 1 between the top two people in the middle two equally-likely
states. Everything else is the same between w and z. Under ECLGU, w >y z,
because the higher utility level is then more likely to exist. But under EEDE,
w < g z because of the inequality if the top and bottom people existed together
at 2 and 1. Choosing z would be a form of leveling down to avoid inequality.

In section 4, we characterize ECLGU with the principle behind Example 2.

2.2 Existence independence of the sure and social risk
neutrality in population size
One well-studied path towards ECLGU in risk-free variable population settings

is an existence independence property (Blackorby, Bossert and Donaldson,

2005). Such a property holds that social evaluations do not depend on the



existence of unaffected people, such as the long dead or those in the distant
future. EEDE does not typically satisfy such a property. This is because, in a
variable-population setting, adding an extra person has two consequences to
an EEDE evaluation: the person’s own utility matters and the extra person
may change distributional properties, such as inequality. To ECLGU, such
distributional effects are irrelevant. But to EEDE, adding a sure person can

reverse a choice. Example 3 shows this by expanding Example 1:

Example 3 (EEDE rejects existence independence of the sure) Let so-

cial states have equal probability and let g(u) = —e~ 1005,
2 2
1 0 = 1 0 =
1 0 = ~E 0 1 =%
* x 0.5 x x 0.75
z Y
1 0 * 1 0 *
1 0 * 0 1 *
<E
% + 0.5 * * 0.75
0.5 05 0.5 0.5 05 0.5

Notice that, under EEDE, x has the advantage of ez post equality, but y has
the advantage of 0.75 being a better lifetime utility for one possible person
than 0.5. Under some quantitative parameterizations, = is preferred. But
adding the sure person in z’ changes this advantage, as ex-post inequality

appears, so y' is preferred. Such a preference reversal violates existence



independence. To ECLGU, y =y = and v’ =y 2’ because only the fact that
0.75 > 0.5 matters.

In section 5, we present a characterization of ECLGU that builds upon an
axiom that rules out choosing the way EEDE does in Example 3. However,
we also show that Existence independence is not sufficient for ECLGU. This
is because criteria that maximize the expectation of the multiplicative value
function []; g(u;) also satisfy Existence independence.

In section 5, we therefore use an additional property: Social risk neutrality
in population size for perfectly equal populations. This principle holds
that—in the hypothetical case of no risk or inequality in utility-conditional-
on-existence, because utility is always one fixed level for everyone—social
evaluation is risk neutral in the number of people who live. Example 4

informally expresses this property.

Example 4 (Social risk neutrality in population size) Having 10 bil-
lion lives, each at a utility of u, is just as good as a fifty-fifty chance of 5 or

15 billion lives, each at that same utility level w.

Such risk neutrality will be an implication of any approach that maximizes
the expectation of an additive social welfare function. Importantly, however,
social risk neutrality in population size is also a property of EEDE, of
average utilitarianism, and broadly of other non-separable approaches in
the population literature. What singles out ECLGU is the combination
of the two properties, our Theorem 2 shows: along with our basic axioms,
existence independence of the sure and social risk neutrality in population

size characterize ECLGU.



ECLGU and EEDE are also distinguished by the following stronger case

of social risk in population size.

Example 5 (Strong social risk neutrality in population size) Assume

that social states are equally likely:

f—"u‘ﬁ /—"v“
1 * 1 x*

>E )
1 * * 1

but u ~y v.

Notice that Example 5 is formally similar to Example 1; the only difference
is that lifetime utilities of 0 have been replaced with nonexistence. The
implication of EEDE in that case is striking because there is no ex post
inequality among the people who exist in any outcome. Average utilitarianism
would agree with EEDE in this case. The example reveals a tension for EEDE:
on the one hand, EEDE does not directly value population expansions in
risk-free cases; but on the other hand, it is risk averse over population size in
the particular case of non-existence. Our Social risk neutrality in population
size axiom is weak enough to be compatible with EEDE’s choice in Example
5 because it makes no claim about populations of size zero; it only applies
to positive-size populations. However, this illustrates a difference between
ECLGU and other approaches that emerges in the context of all of the axioms.

To a reader who agrees with EEDE’s egalitarian evaluations in Examples
2, 3 or 5, our paper provides new arguments against generalized utilitarian-
ism. Alternatively, to a reader who agrees with generalized utilitarianism’s

evaluations in these cases, our paper shows that, in the context of some
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widely accepted basic axioms, these principles are sufficient to characterize
ECLGU. Either way, these examples clarify the foundations of utilitarianism
for economic policy analysis in the real-world case of both social risk and

variable population.

3 Framework and background

3.1 The framework

The set of positive integers is denoted by N. The set of all real numbers
is denoted by R. The set of non-negative (resp. positive) real numbers is
denoted by Ry (R,4).

The set of possible individuals is N. N is the set of all possible finite
subsets of N, which are possible populations with typical element N. We
consider a welfarist framework where the only information necessary for social
decisions is the utility levels of people alive in a certain state of affairs provided
some people exist.? If no people exist (that is, N = (}), we let x denote the
welfare information. If some people exist, the welfare information is given by
u = (u;)ien € RY where N € A is the non-empty population, and wu; is for

each existing individual ¢ the lifetime utility experienced by i. Although it is

4Blackorby, Bossert and Donaldson (1998) explicitly state Welfarism as an axiom.
Here, to simplify the analysis, we only implicitly make the assumption in order to avoid
introducing states of affairs, lotteries over states of affairs, and the corresponding welfarist
information. But we could as well use the framework of Blackorby, Bossert and Donaldson
(1998). Welfarism itself is often derived from more basic principles, typically Pareto
indifference and Anonymity. See Blackorby, Bossert and Donaldson (1999, 2005) for an
example in a variable-population framework assuming a multi-profile setting; and Blackorby,
Bossert and Donaldson (2006) in a fixed-population framework assuming a single profile of
utility.
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common in the population ethics literature to interpret the sign of lifetime
utility, we need not do so because we make no assumptions about it; ECLGU
can use any critical level.

The set of all possible alternatives is U = (UyenyRY) U {x}. For each
u € U, we denote N(u) the set of individuals alive in u, and n(u) the number
of individuals alive in u. For an individual ¢ € N, we let U; be the set of
alternatives where i exists. Formally, U; = {u € Uli € N(u)}. Also, for
two alternatives u and v € U such that N(u) N N(v) = 0, we denote uv the
alternative w such that N(w) = N(u) U N(v), w; = u; for all i € N(u) and
w; = u; for all j € N(v). Similarly, we use uvw when we “merge” three
alternatives such that N(u) N N(v) = N(u) N N(w) = N(v) N N(w) = 0.

We consider risk over social states of affairs. We do so by introducing
lotteries over U. A lottery p over U is a mapping p : U — [0, 1] such that
there exists a finite set V' C U such that ) _,, p(v) = 1, p(v) > 0 for all
v € V and p(u) = 0 for all w € (U \ V). We denote P the set of all such
lotteries. For simplicity, we abuse notation and denote u the degenerate
lottery such that alternative u € U occurs with probability 1 (so that all
other alternatives have probability 0).> For any p € P and any individual 1,
we denote m;(p) = >,y p(u) the total probability that individual i exists
with lottery p.

For any population N € N, we denote Py the set of lotteries concerning
only population N: that is, for each u € U such that p(u) > 0, it must be the
case that u € Uy. Such same-population lotteries have attracted attention

in the discussion about whether we should use an additively separable von

SHence, we implicitly assume the property of Social certainty consistency by Blackorby,
Bossert and Donaldson (1998).
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Neumann-Morgenstern function in a risky context. For any ¢ € N and any
p € Py, we denote p; the lottery on R (or similarly the lottery in Ppy) defined
as follows: for any = € R, pi() = 3~ n ()= N uye P(W)-

Note that our framework combines risk in two ways: on who exists and
on the utility of the existing persons. Concretely, what we have in mind are
situations where people may be born or not (because fertility patterns change
for instance) and then face risks during their lifetimes that affect their overall
lifetime utilities. Hence, we do not require an interpretation of risky personal
identity beyond ordinary usage: a person may or may not be born, and if so
may face risk.® Note also that we do not use any explicit time structure in our
setting. Our risky variable population framework can be applied naturally to
intertemporal issues (for instance, our current actions may change who exist
in the future). In that case—which is our preferred interpretation—we assume
that a population comprises everyone who ever exists in the world, like in
Blackorby, Bossert and Donaldson (2005). In this interpretation, time would
not play any significant role in welfare evaluation: one of our basic axioms is
Anonymity, ruling out discounting or any other discrimination on the basis of
time. But our analysis could also be applied to single generations.”

We investigate a social welfare relation 2~ over P (below, when we assume
Social expected-utility, we will assume that 7~ is a complete and transitive

ordering). We denote > the asymmetric part and ~ the symmetric part of 7Z.

6Individuals here are assumed to be people with given name at specific locations (in
space and time) and well-defined values and preferences. We do not use a more elusive
notion of identities or souls that could be incarnate in different places and times and have
different values, preferences and evaluations of their own lives depending on when and
where they are born.

"Under such an interpretation, we would leave open the question of how to aggregate
welfare across generations, which could involve time discounting.
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3.2 Basic principles

We assume the principles in this section throughout our analysis. Our first
three axioms apply only to risk-free distributions with fixed population sizes,
meaning only to lotteries where a specific population size and allocation occurs
in all possible outcomes. Our fourth axiom introduces risk, assuming that
risk is treated by maximizing the expectation of a social objective.® Our fifth
assumption introduces variable population with a minimal assumption that

there is a case in which two populations of different sizes can be compared.

Strong Pareto. For all N € (N'\ {0}), for all u, v € U such that N(u) =
N(v) = N, if u; > v; for all i € N, then u 77 v; if furthermore u; > v,

for some j € N then u > v.

Anonymity. For all u, v € U such that n(u) = n(v) > 0, if there exists a
bijection w : N(u) — N(v) such that u; = vy for all i € N(u), then

u~v.

Continuity. Forall N € (M\{(}), the restriction of 7 to {u € U|N(u) = N}

is continuous in lifetime utilities.

Social expected-utility. There exists a function V' : U — R such that, for

all p, p' € P:

pzp ==Y plu) x Vi)=Y pu) x V(u).

ucelU uelU

8In contrast with our approach, which preserves Social expected-utility but weakens ex
ante Pareto in individuals’ expected utility, a number of other important contributions to
the recent literature have furthered Harsanyi’s theorem by weakening Social expected-utility
(Fleurbaey, 2009; Mongin and Pivato, 2015; Zuber, 2016; McCarthy, Mikkola and Thomas,
2020). We will discuss the Social expected utility assumption in the conclusion.

14



Strong Pareto, Anonymity, Continuity, and Social expected-utility all could
apply in the same way to a fixed-population setting. The next axiom is our
first variable-population axiom. It assumes a minimal degree of comparability
across population sizes and rules out an implausible social evaluation that
would always regard an additional person as an improvement or as a worsening,

irrespective of the utility level.

Minimal existence of a critical level. There exist v € U and ¢ € R such
that there exist ¢ ¢ N(u) and v € U defined by N(v) = N(u) U {i},

v; = ¢, and v; = u; for all j € N(u) for which u ~ v.

In the context of Pareto and continuity in a complete and transitive
ordering, Minimal existence of a critical level would follow immediately from
the apparently weaker assumption that there are ¢, c € R such that if v; = ¢,
v, = ¢, and definitions are otherwise as in the axiom, then v A v and v % u.

This weakening is an application of Broome (2005).

3.3 Variable-population social welfare functions

For any N € N\ {0}, a function Z : RY — R is said to be normalized if

E(u) = a whenever u; = a for all i € N.

Proposition 1 [f the social welfare ordering 7~ on U satisfies Strong Pareto,
Anonymity, Continuity, Social expected-utility, and Minimal existence of a
critical level, then there exist a function W : (NU{0}) x R — R increasing
and continuous in its second argument, a function =Zq : {x} — {0}, and for

each n € N a continuous, increasing, symmetric and normalized function =,

15



such that, for all p, p' € P:

P p =D p(w) x W (n(u), Za(w)) = D00 () x W (n(w), S (w)).
uelU uelU

Proof. Given that 7 satisfies Strong Pareto, Anonymity and Continuity,

we can use Theorem 1 in Blackorby, Bossert and Donaldson (1998) to prove

that there exist a function W : (NU {0}) x R increasing and continuous

in its second argument, a function =y : {x} — {0}, and for each n € N a

continuous, increasing, symmetric and normalized function Z,, such that, for

all u, v € U?

U U= W(n(u), En(u) (u)> > W(n(v), Enw) (v))

But the principle of Social expected-utility implies that there exists a

continuous function V' : U — R such that, for all u, v € U:
urz v Vu) > V().

Hence there must exist a continuous and increasing function ® : R — R such
that V(u) = ® o W (n(u), Zpw(u)) for all u € U. Denoting W := ® o W and

using Social expected-utility, we obtain the result. =

An example of variable social welfare orderings in the class described in

Proposition 1 is EEDE by Fleurbaey (2010).

9Note that the proof of Theorem 1 in Blackorby, Bossert and Donaldson (1998) is a
previous result by Blackorby and Donaldson (1984) that assumes that 7 restricted to
sure alternatives is representable by a function V' : U — R. Because we assume Social
expected-utility, we have this representability assumption built into our axiomatization.
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Definition 1 A social welfare ordering - is an EEDE social welfare ordering
if there exists a continuous and increasing function g : R — R such that for

allp, p' € P:

prp =Y pwxg |5 D g(w) | =Y Pwxg | s D g(w)
)

uelU 1EN (u) uelU €N (u

An alternative family has been axiomatized by Blackorby, Bossert and

Donaldson (1998), namely ECLGU:

Definition 2 A social welfare ordering - is an ECLGU social welfare order-
ing if there exist ¢ € R and a continuous and increasing function g : R -+ R

such that g(0) = 0 and for all p, p' € P:

pzp =D pluyx| Y [guw) —gle)] | =D x| Y [g(u) - g(c)]
uelU 1€EN (u) uclU 1€EN (u)

If g is the identity function, then ECLGU is simply critical-level utilitarian-

ism. The case where g is a concave transformation is known as prioritarianism,

because the social evaluation gives more priority to those who are worse off.1

4 No leveling down for probabilistic lives

Our first representation theorem builds upon the principle in Example 2. We
use a novel axiom that combines features of the ez ante Pareto axiom that

drives the Harsanyi theorem with the existence independence that drives the

For a discussion of various prioritarian criteria, see Parfit (1995); Adler and Treich
(2017).
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Figure 1: No leveling down for probabilistic lives, illustrated

Blackorby and Donaldson (1984) theorems, without fully assuming either. In
a same-number (or, more precisely, a same probabilities of existence) choice
with no utility risk conditional on existence, this axiom holds that the ex
ante probability of existence of an individual is a complement to lifetime
utility. In other words, it is better if higher utility-conditional-on-existence
is allocated to probabilistic people who are more likely to exist and lower
utility-conditional-on-existence is allocated to probabilistic people who are

less likely to exist, in any all-else-equal binary choice.!!

No leveling down for probabilistic lives. For all p, p’ € P, if there exist

two individuals ¢, 7 € N and two real numbers a > b such that:

1Tn our context of Anonymity and Social expected-utility, it is equivalent to assume a
version where two utility levels are allocated to fixed probabilities or a version where two
probabilities are allocated to fixed utility levels.
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(i) For all k € N\ {i,7}, pr = P}, and there exists ¢, € R such that

uy = ¢ for all u € Uy, such that p(u) > 0 or p'(u) > 0;
(i) u; = a for all u € U; such that p(u) > 0 or p'(u) > 0;
(iii) w; = b for all u € U; such that p(u) > 0 or p'(u) > 0;
(iv) mi(p) +m;(p) = m(p') +m;(p);

then p > p’ if and only if m;(p) > m(p').

Figure 1 illustrates the principle, focusing on the two people ¢ and j.
Conditional on existence, ¢ has higher utility a than j’s utility b. The empty
rectangle represents a deadweight loss of ex ante wellbeing if p’ is chosen
over p. The axiom is named in reference to the well-studied “leveling down”
objection to those versions of egalitarianism that sometimes prefer making
individuals worse off in order to reduce inequality (Parfit, 1995). The axiom
has in common with Harsanyi’s approach that it pays some restricted amount
of attention to ex ante properties and has in common with Blackorby and
Donaldson’s approach that it makes some variable-population evaluations
without regard to the full distribution of welfare.

This principle is related to the Probability-adjusted Suppes-Sen principle
of Asheim and Zuber (2016), who study social evaluations in a space in
which utility-conditional-on-existence is always certain. They construct rank-
ordered allocations that are probability-weighted cumulative functions of
utility based on individuals’ probabilities of existence and (sure) utility levels.
Probability-adjusted Suppes-Sen implies that a higher rank-ordered allocation

is always better: this happens when some probability has been moved towards

higher utility levels.
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In the context of the basic axioms, No leveling down for probabilistic lives

is sufficient to characterize ECLGU:

Theorem 1 A social welfare ordering 2~ on U satisfies Strong Pareto, Anonymity,
Continuity, Social expected-utility, Minimal existence of a critical level and
No leveling down for probabilistic lives if and only if it is an ECLGU social

ordering.

Proof. In the Appendix. m

5 Existence independence and risk neutrality

5.1 Existence independence

In Example 3, a social ordering was reversed by addition of a person who was
certain to exist at a specific, constant utility in any possible state, instead of
being certain not to exist. Existence independence of the sure rules out such

social evaluations:

Existence independence of the sure. For all p, p', ¢, ¢ € P, if there

exists an alternative v € U such that:

e for all v € U such that p(v) > 0, there exists w € U such that
Nw)N N(u) =0, v=uw and p'(w) = p(v);

e for all v € U such that ¢(v) > 0, there exists w € U such that
N(w)NN(u) =0, v=uw and ¢'(w) = q(v);

then p - ¢ if and only if p’ 7 ¢'.
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In risky social choice, egalitarians sometimes justify violating ex ante
Pareto with the observation that the social evaluator may have more rele-
vant information than individuals, particularly where the possible states are
anonymous permutations of one another (Fleurbaey, 2010). People whose
outcomes are identical in all possible states would seem to represent no miss-
ing information — an argument in favor of Existence independence of the
sure. And yet, as in Example 3, their existence can transform otherwise equal
outcomes into possible instances of inequality.

In population ethics, Blackorby, Bossert and Donaldson (1998, 2005) have
argued that independence of the sure is highly plausible because, at a mini-
mum, lifetime utilities are sure for people who are dead. Their “Independence
of the utilities of the dead” axiom is equivalent to Independence of the sure in
the presence of Anonymity. They introduced existence independence to the
population ethics literature as an attractive axiom when initially studying
cases with no risk at all — that is to say, comparing sure alternatives. Any
intuitive attractiveness of existence independence offers one argument against
non-separable approaches such as EEDE: EEDE satisfies independence of
the sure in fixed-population, risk-free cases but not in variable-population,
risk-free cases. ECLGU satisfies Existence independence of the sure, and
therefore also satisfies a weaker property, Existence independence for sure

alternatives:

Existence independence for sure alternatives. For any u, v, w in U, if

N(u) N N(w) = N(v) N N(w) = 0, then vw 7 vw if and only if u - v.

Blackorby, Bossert and Donaldson (1998) have characterized social welfare

orderings satisfying this principle together with our other basic axioms.
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Proposition 2 (Blackorby, Bossert, Donaldson, 1998) If - is a social
welfare ordering that satisfies Strong Pareto, Anonymity, Continuity, Fxistence
independence for sure alternatives, Minimal existence of a critical level and

Social expected-utility then there exist two continuous and increasing functions

v:R—=Rand g: R — R such that ¢(0) = g(0) =0, and for all p, p’ € P:

pzp =) pwxe | Y [gw)—g@)] | =D pwxe| > [guw)—g(c)]

uelU €N (u) uelU €N (u)

Proof. This is Theorem 3 of Blackorby, Bossert and Donaldson (1998).
Recall that our social welfare ordering is welfarist in the sense of Blackorby;,
Bossert and Donaldson (1998). We note that Minimal existence of a critical
level is assumed by Blackorby, Bossert and Donaldson (1998) but not stated

as an axiom. m

Proposition 2 shows that Existence independence for sure alternatives
is not enough to characterize ECLGU social orderings in the risky context.
Indeed, even the stronger Existence independence of the sure is not enough.
This is because multiplicative criteria that take the expectation of [], g(u;)
also satisfy the property (and, all our other properties provided, there exists

¢ such that g(c) = 1).

5.2 Risk neutrality in population size

Given the result in Proposition 2 we need an additional property to charac-
terize ECLGU. Our next axiom, building upon Example 4, holds that social
evaluation is neither risk-loving nor risk-averse in population size, for cases of

equal utility-conditional-on-existence:
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Social risk neutrality in population size for perfect equality. For all
p, p' € P, for any alternative w € U such that n(w) > 0, if there exist
two alternatives u and v in U such that N(u) N N(v) = N(u) N N(w) =
N@w)NN(w) =0, u; =v; = w, = e for all i € N(u), j € N(v) and
k € N(w), pluvw) = 1/2, p(w) = 1/2, p'(vw) = 1/2 and p'(vw) = 1/2,
then p ~ p'.

Social risk neutrality in population size for perfect equality imposes that,
for cases of equality and given a pre-existing population w at the equal level,
society is risk-neutral with respect to the risk on future population size.
Bommier and Zuber (2008) discuss a version of this axiom.'?

Social risk neutrality in population size for perfect equality is consistent
with a very large variety of social criteria in population ethics. In particular, it
is satisfied by every social criterion that maximizes an expectation of a function
of the form V(u) = Z,(u) or V(u) = n(E,(u) — ¢), with = a normalized
function like in Proposition 1. This means that it is accepted by average and
total versions of utilitarianism, EEDE, each with or without positive critical
levels, as well as by maximin. It is also accepted by linear combinations
of these criteria, for instance by social criteria using a function of the form
V(u) = aZ,(u)+ (1 —a)n(Z,(u) —c). Social risk neutrality in population size

is however rejected by “variable value” approaches to population ethics, which

12More precisely, they explore a principle that denies it, which they call Preference for
Catastrophe Avoidance. We note that they use Independence of the utilities of the dead,
which is a version of Independence for the sure, but do not explicitly cite Independence for
sure acts. Theirs is the first use of this axiom of which we are aware, although they cite a
related principle by Keeney (1980) about risk aversion over quantity of deaths. Although
Bommier and Zuber are motivated by the risk of human extinction, we note that this
possibility would be represented by a positive population size in our framework (not zero),
because some human lives have already been lived.
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include Rank-Dependent Generalized Utilitarianism (Asheim and Zuber, 2014)
and Number-Dampened Generalized Utilitarianism (Ng, 1989), but both of
these are already excluded by Existence independence for sure alternatives.
Therefore, we interpret Social risk neutrality in population size for perfect
equality to be a weak axiom in the context of our other assumptions for
Theorem 1, as it allows most approaches to population ethics that are named
in the literature.

The next proposition precisely describes the scope of all social orderings
that satisfies Social risk neutrality in population size for perfect equality and

our other basic axioms.

Proposition 3 If a social welfare ordering = on U satisfies Strong Pareto,
Anonymity, Continuity, Social expected-utility, Minimal existence of a critical
level, and Social risk neutrality in population size for perfect equality, then
there exist two continuous functions ¥ : R — R and ® : R — R, and for each
n € N a continuous, increasing, symmetric and normalized function =,, such

that, for all p, p' € P:

pEp = Y p() x @ (@) + () x ¥ (S (W) |
ueU\{*}

> Z p'(u) x [@ (Znw (@) +n(u) X U (Eyw)(u) }

ucU\{*}

Proof. In the Appendix. m

Combining Propositions 2 and 3 we obtain our second characterization of

ECLGU.
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Theorem 2 A social welfare ordering - on U satisfies Strong Pareto, Anonymity,
Continuity, Social expected-utility, Minimal existence of a critical level, Exis-
tence independence of the sure, and Social risk neutrality in population size

for perfect equality if and only if it is an ECLGU social welfare ordering.
Proof. In the Appendix. m

Because EEDE of the form V(u) = ¢g! (ﬁu) Zzng)) satisfies Risk
neutrality in population size and satisfies Existence independence for sure
alternatives in same-number cases, Theorem 2 implies that the axiomatic gap
between ECLGU and this form of EEDE is that ECLGU satisfies Existence
independence for sure alternatives in same- or different-number comparisons
but EEDE does so only in same-number comparisons. This is despite the
fact that the rejection by EEDE of ex ante Pareto cannot be justified, in the
case of fully risk-free alternatives, by any difference in information between

individuals and the social evaluator because the outcome is certain.

6 FEx ante Pareto: a generalization

As noted in the introduction, a leading path to obtaining (critical-level)
utilitarianism is to use the Ex ante Pareto principle. Expected utilitarianism

satisfies Ez ante Pareto:

Ez ante Pareto. For all N € NV, for all p,q € Py, if Y7, cppi(wi) X u; >
> uer @(ui) X u; for all i € N, then p 7 g. If the inequality is strict for

at least one ¢ € N then p > q.
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Clearly, EEDE with concave g rejects Ex ante Pareto (to see this, add a
small amount of utility to each outcome in v in Example 1). But ECLGU
also rejects Pareto when ¢ is concave because g plays a role of increasing risk
aversion with respect to lifetime utility. We can however provide the following

generalization of Ex ante Pareto:

Individual dominance. For all N € N, for all p,q € Py, if p; = ¢; for all
1 € N, then p > q.

Individual dominance only uses social preferences and does not make any
reference to individual attitudes under risk and uncertainty.'® In particular,
it allows lifetime utilities not to be measured by individuals’ von Neumann
Morgenstern (VNM) utility functions (whereas Ex ante Pareto makes sense
only if individual preferences satisfy the VNM axioms and lifetime utilities
are measured by VNM utilities).!* Individual dominance together with our
basic axioms yields the Expected Number-Weighted Generalized Utilitarian
(ENWGU) family:

13Related principles in the recent literature are the Anteriority and Reduction to Prospects
axioms of McCarthy, Mikkola and Thomas (2020). These axioms hold that risky social
distributions can be ranked like individual prospects in specific cases (either when individuals
face the same prospects in the two social distributions, or when social distributions are
egalitarian and individuals have the same preferences). The Anteriority and Reduction
to Prospects axioms are key to their proof that the social preorder is generated by the
individual preorder. The main difference in terms of interpretation is that we do not
have individual preorders but only a social ordering of individual prospects: that is social
distributions where only one individual exists. We do not say anything about individual
attitudes towards risk.

14See related arguments by McCarthy (2017). In McCarthy’s terminology, we permit,
but do not require, claim (X): “It is a substantive ethical question what the relation is
between the individual preorder and the one-person social preorder” (p. 247). If one agrees
with McCarthy that—*“(Y) It is a conceptual truth that the individual preorder and the
one-person social preorder coincide”—then this flexibility is of no theoretical value.
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Definition 3 A social welfare ordering 7~ is an ENWGU social ordering if
there exist a continuous and increasing function g : R — R, and two functions

F:N—R and G:N — R such that, for all p, p' € P:

pnp = D p) x [ F(n(w) Y g(u)+ G (n(u))

uelU 1EN (u)

> p(w) x | F(n(w) > glu) + G(n(u))

uelU 1EN (u)
Proposition 4 If a social welfare ordering = on U satisfies Strong Pareto,
Anonymity, Continuity, Social expected-utility, and Individual dominance,

then it is an ENWGU social ordering.

Proof. In the Appendix. m

To obtain our third characterization of ECLGU, we need to add another
axiom. In this case, Social risk neutrality in population size for perfect
equality is not a sufficient axiom. Indeed, social criteria that maximize the

expectation of a function of the form

V() =asls > gluw)+(1—a) > [g9(w) = g(c)]
i€N(u) 1€EN (u)
are ENWGU social orderings and they satisfy Social risk neutrality.!> These
would be convex combinations of average and critical-level generalized utili-

tarianism and would inherit the disadvantages of each that are documented

PIndeed, we can write V(u) = ag(E, ) (w)) + n(w)(1 — a)(9(Enw)(w)) — g(c)), where
e (u) = g ! (ﬁ Z,LEN(“) g(ul)) Hence, it is compatible with the form described in
Proposition 3.
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in the population literature.
To complete the third characterization, our next axiom posits that whether
adding risk-free lives is good should be independent of the prospects faced by

a fixed set of unconcerned individuals.

Independent value of additional lives from the prospects of the unconcerned.
For all p, q, p/, ¢’ € P, if there exist : € N and x € R such that w € U
is defined by N(w) = {i} and w; = x and:

e for all u € U, p(u) > 0 if and only if p'(u) > 0, and i ¢ N(u)

whenever p(u) > 0;

e for all u € U such that p(u) > 0, g(uw) = p(u) and ¢ (vw) = p'(u);

then ¢ > p if and only if ¢/ > p'.

This axiom is satisfied by social welfare orderings other than ECLGU,
such as a version of maximin that only attends to whether a probability is zero
or positive: mingy.p(w)>o0} {minen(w) u;}. Independent value of additional lives
from the prospects of the unconcerned will be sufficient to obtain ECLGU
social orderings. As the proof of Theorem 3 shows, however, Independent
value of additional lives from the prospects of the unconcerned can be replaced
with Constant critical level for risk-free distributions, which it implies in the

context of our basic axioms.

Constant critical level for risk-free distributions. There exists ¢ € R,
such that for all v € U and for all i ¢ N(u), if v € U is such that
N(v) = N(u) U{i}, v; = c and v; = u; for all j € N(u), then u ~ v.
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Theorem 3 A social welfare ordering - on U satisfies Strong Pareto, Anonymity,
Continuity, Social expected-utility, Minimal existence of a critical level, Indi-
vidual dominance, and either Independent value of additional lives from the
prospects of the unconcerned or Constant critical level for risk-free distribu-

tions if and only if it is an ECLGU social welfare ordering.

Proof. In the Appendix. m

7 Conclusion

We characterize additively separable generalized utilitarianism in a space
that combines variable population and social risk. Because actual policies
have uncertain outcomes and may change the size of the population, this
setting is the real-world case. Special cases of the ECLGU family include
total utilitarianism, critical-level utilitarianism, and versions of these with
“prioritarian” transformations that are sensitive to inequality and emphasize
changes in the well-being of the worse-off. Because we do not assume ex
ante Pareto (for example, by using our Individual dominance axiom), in
our representations the transformation g may or may not be interpreted as
distinct from individuals’ own VNM functions for risk aversion.

Although our characterizations result in a familiar representation—and
therefore are logically equivalent to prior characterizations—we have used
this rich setting to highlight new axioms. These axioms are designed to
avoid begging contested questions in welfare economics. To readers who
find our novel axiomatizations compelling, our results can be read as new

arguments in favor of separable social evaluation. For example, our axiom
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against probabilistic leveling down notes a new disadvantage, only apparent
in variable-population cases, of non-separable egalitarianism.

To other readers, our results can be read to clarify what is fundamental
about utilitarianism, for better or worse. Some may interpret our paper to
offer new illustrations of the normative costs of ECLGU. One cost may be
that ECLGU prevents social evaluations from having risk aversion over large
changes in the mere size of the intertemporal human population. Another may
be that ECLGU disregards the fact that adding new people to the population
can change its degree of inequality and other distributional properties.

A key assumption that we have kept throughout the paper is that the
social ordering can be represented by an expected utility. The expected utility
assumption has been called into question in the literature, especially when
society faces uncertainty (when there are no well-defined probabilities): see
Fleurbaey (2009), Mongin and Pivato (2015), Zuber (2016), and McCarthy,
Mikkola and Thomas (2020). We have studied a setting where the social
ordering is over lotteries, in which case expected utility is often seen as more
normatively appealing (Fleurbaey, 2018). Moreover, a theme of the recent
literature is that social expectation-taking tends to reappear under weak
rationality assumptions. It could still be of interest to study whether our
results hold under weaker social rationality requirements. We conjecture that
some of the findings in Theorem 1, namely that CLGU holds at least for sure
alternatives, would still be true because our proof mainly uses (probability)
continuity and ideas of stochastic dominance.'® We also conjecture that our

results in Theorems 2 and 3 may also be true for rank-dependent expected

16Gee steps 2 and 3 of the proof. We would thus obtain Existence independence for sure
alternatives.
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utility models, that are the prominent alternative to expected utility when

we consider lotteries.!” We leave those extensions to future research.

A Appendix: Proofs of the results

A.1 Proof of Theorem 1

Step 1: Proof that ECLGU satisfies all the properties. It can easily be checked
that an ECLGU social welfare ordering satisfies Strong Pareto, Anonymity,
Continuity, Social expected-utility, Minimal existence of a critical level and
No leveling down for probabilistic lives.

Step 2: Proof that - satisfies Property 1. We first show that, if social welfare
ordering 7~ on U satisfies Social expected-utility and No leveling down for

probabilistic lives then it satisfies the following property:

Property 1. For all p, p’ € P, if there exist three alternatives u, v, w in U
such that N(u) N N(v) =0, N(w) = {i} where i ¢ N(u) U N(v), and
pluvw) = 1/3, p(x) = 2/3, p'(u) = 1/3, p'(v) = 1/3 and p'(w) = 1/3,

then p ~ p'.

To prove that the property must be satisfied, consider p and p’ € P like
those described in Property 1 and assume by contradiction that p = p’. By
Social expected-utility (and the definition of p and p’), it must be the case
that

V(ww) > 1V (u) + 3V (v) + 3V (w).

"Indeed, our proofs use functional equations that may hold on restricted rank-ordered
subsets.
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Let w’ be an alternative such that N(w’) = {j}, where j ¢ (N(u)UN (v)U{i}),
and w; > w;. By Strong Pareto and Anonymity, V(w') > V(w), but we can
find 0 < ¢ < 1/3 small enough so that:

TV (ww) — 2V (u) — 3V (v) —

3

V(w) > e(V(w') — V(w)). (A.1)

1
3

Let p be the lottery such that p(u) = 1/3, p(v) = 1/3, p(w) = 1/3 — ¢ and
p(w') =e. By Eq. (A.1),

V(www) > 3V (u) + 3V () + (5 —¢) V(w) + eV (w').

Wl

By Social expected-utility, this implies that p > p. But, by No leveling down
for probabilistic lives we should have p < p. Indeed, in p we have increased
the probability of existence of j and decreased by the same amount that
of 7, where j has higher utility than ¢, while maintaining the probability of
existence of other people.

The contradiction shows that we cannot have p = p/. We can similarly
prove that we cannot have p < p’ (now taking [ with lower utility than 7).
Step 3: Proof that = satisfies Existence independence for sure alternatives.
Using Property 1, we can show that 7~ satisfies Existence independence for
sure alternatives.

To see why this is the case, consider any u, v/, v like described in this
axiom. Let i be any individual in N(v'). Denote v the alternative such
that N(v) = N(v') \ {i} and v; = v} for all j € N(v) \ {i}. Denote w the
alternative such that N(w) = {i} and w; = v,. We also denote p, p/, ¢, ¢ € P
such that:
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o p(uv’) =1/3, p(x) = 2/3, p'(u) = 1/3, p'(v) = 1/3 and p'(w) = 1/3;
o q(u'v') =1/3, q(x) =2/3, (W) =1/3, ¢'(v) = 1/3 and ¢'(w) = 1/3.
By Property 1, we know that p ~ p’ and ¢ ~ ¢’ so that p 77 ¢ if and only

if p’ = ¢’. By Social expected-utility, this means that:

V(uwv') > V(') <= 3V (u)+3V(0)+3V(w) > V(W) +35V(v)+35V (w).

W=

1
3

Wl

The equivalence simplifies to V(uv') > V(u'v') <= V(u) > V(u'). By Social
expected-utility, this implies that uv’ = «/v" if and only if u - u/'.
Step 4: Conclusion. 77 is a social welfare ordering that satisfies Strong Pareto,
Anonymity, Continuity, Existence independence for sure alternatives, Minimal
existence of a critical level and Social expected-utility. By Proposition 2, we
thus know that there exist two continuous and increasing functions ¢ : R — R
and g : R — R such that ¢(0) = g(0) = 0, and for all p, p’ € P:
pop =Y plu)xy ( > [otw) g(c)}) >N p(u)xg ( > [otw) g<c>}> :
u€l €N (u) u€el i€ N (u)
(A.2)
Consider two populations N, N’ € N such that N NN’ = (), an individual

i ¢ NUN’ and four alternatives u, v/, w, w' in U such that:
e N(u)= NUN'U{i}, Nu')=N, N(w) =N, Nw') =1,

° uj:u;-foralljEN,uk:wkforallkeN’andui:wgzc,wherec

is the level obtained in the formula above.

And consider p and p’ such that p(u) = 1/3, p(x) = 2/3, p/(v') = 1/3,
p'(w) =1/3 and p'(w’) = 1/3, then p ~ p’. We obtain, by Property 1 and the
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formula above, that:

%gp <Z [g(u,) — g(c)] - Z [Q(Uj) - Q(C)])

= o (S oo 001 ) b (X bt - ot

Denoting a the real number a = >, [g(w;) — g(c)] and b the real number

b= ZjeN, [g(uj) — g(c)}, we thus get the equality
p(a+0b) =p(a) + ¢(b).

We can actually get this equality for any pair of real numbers (a,b) € R
Indeed, any real number can be reached as a sum of transformed utilities
minus the transformed critical level (indeed, we can add the utility of as many
people as we want and we can vary their utility level above and below c).
We thus get the Cauchy functional equation ¢(a + b) = ¢(a) + ¢(b) for all
(a,b) € R?. Given that ¢ is continuous and increasing, we know that there
must exist a positive real number « such that p(a) = aa for all a € R (Aczél,
1966, Chap. 2).

So we can conclude that there exists a continuous and increasing function

g : R — R such that, for all p, p’ € P:

pp = pwx| Y [gw)—g@] | =D px| > [9(w)—g(c)]

uelU €N (u) uelU 1€EN (u)

The social welfare ordering 7~ is an ECLGU social welfare ordering.
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A.2 Proof of Theorem 2

Step 1: Proof that ECLGU satisfies all the properties. It can easily be checked
that an ECLGU social welfare ordering satisfies Strong Pareto, Anonymity,
Continuity, Social expected-utility, Minimal existence of a critical level, Exis-
tence independence of the sure, and Social risk neutrality in population size
for perfect equality.
Step 2 Given that 7~ on U satisfies Strong Pareto, Anonymity, Continuity,
Social expected-utility, and Existence independence of the sure (and therefore
Existence independence of the sure for same-populations), we know by Propo-
sition 2 that there exist two continuous and increasing functions ¢ : R — R
and g : R — R such that ¢(0) = g(0) = 0, and for all p, p’ € P:
prp =D pu)xe ( > o) —g<c>]) >3 P (w)xe ( > [o(u) —g(c)}) .
uer i€N (u) uer i€ N (u)
(A.3)
Consider p, p/, q, ¢ € P, such that there exist distinct alternatives u, v,

v, w, and w’ in U for which:
e N(u)NN(v) =N(u)NN({)=N(u)NNw)=N(u)nN)=0;

o p(uv) = p(uv') = q(uw) = q(uw’) = p'(v) = p'(v) = ¢(w) = ¢(v') =
1/2.
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By Existence independence of the sure, and using Eq. (A.3), we obtain that:

éw( > o lgu) —g@]+ > [g(vi)—g(C)]> +§so< > lgw) —g@]+ > [g(vi)—g(C)])

1EN(u) 1EN(v) iEN(u) i€N (v)

> 1o ( > lgwd) —g@]+ D> [g(wi) 9(6)}) +1ie ( > lgwd) —g@]+ D> [g(w)) 9(0)})

1E€EN (u) i€N (w) 1€EN (u) 1€N (w’)

@éw( > [g(m—g(c)}) +§w< > [g<v2>—9(c>]>

iEN (v) iEN(v')

> 1y < > [g(wi) —9(6)]) + 39 ( > [a(w) —9(0)]>
iEN (w) i€ N(w)

Denote a = 7y l9(ui) — g(c)], = = D ieN () lo(vi) = g(0)], o' =

Sienen L9 = 9(0)], y = Yicnw [9(vi) = g(0)] and ¢ = 3, ny [9(v]) —

g(c)]. We get that, for any real numbers a, z, 2/, z and y/"

plat+z)+ela+z) > plat+y)+elat+y) <= plx) +o(') > oy) + o).

Let I = ¢(R), which is an open interval in R because ¢ is continuous
and increasing. First fix a and denote v, : I — R the continuous function
such that 1, (z) = ¢(a + ¢~ (2)). For the above equivalence to hold, there
must exist an increasing function ¥, : R — R such that, for all z, 2/ € I:
Va(2) + ¥a(2') = V(2 + 2’). This is a Pexider functional equation, and it is
known that in that case ¥, and 1, must be affine (Aczél, 1966). Hence there
exist a, € Ry, and (5, € R such that 1,(z) = azz + B,.

Define the functions @ : R — R, and f : R — R by «a(a) = «, and
B(a) = p, for all a € R. By definition of function 1,, we obtain that, for all
z € R, o(p(x)) = p(a+ ¢ op(x)) =p(a+z). But by our result above,
it is also the case that 1,(p(z)) = a(a)p(z) + B(a). We thus end up with
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the functional equation: ¢(a + z) = a(a)p(z) + B(a) for all (a,z) € R By
Corollary 1 (pp. 150-151) in Aczél (1966), this equation implies that either ¢
is affine or that it is a positive affine transformation of the function x — ae®*
for some a # 0.

Step 3: Conclusion. By Step 2, we know that

1€N (u)

where ¢ is affine or that it is a positive affine transformation of the function
xr — ae*® for some a # 0.

Also given that 2~ satisfies Social risk neutrality in population size for
perfect equality, we know by Prop. 3 that there exist a positive number a, a
number b, two continuous functions ¥ : R — R and ¢ : R — R, and for each
n € N a continuous, increasing, symmetric and normalized function =,, such

that, for u such that n(u) > 0:
V() = a[@ (Zu () +nu) x ¥ (Eyw) | +0.

Suppose that ¢ is a positive affine transformation of the function x — «e®”
for some o # 0. Consider any n € N and z € R, and let u be such that

n(u) =n and u; = x for all i € N(u). We must have:
ae®™ =a|P (x) +n X \Il(m)] +b.

But this cannot be true if x # 0. Hence only the affine form is possible for .
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A.3 Proof of Proposition 4

Consider any N € N and let n = |[N|. For any i € N let us define 7;
the ordering on Py such that, for any p, ¢ € Py, p 7Z; ¢ if and only if
pi Z ¢i- By Social expected-utility, defining Wi(p) = >_, g pi(u:)V (w),
we have that p 7; ¢ if and only if W;(p) > W;(q). Similarly, defining
Wo(p) = ey P(W)V (u), we have that p 27 ¢ if and only if W (p) > W(q).

Consider F' = (Wy, (W;)ien) : Px — R™"1. By definition F'(Py) is convex
because W;(kp + (1 — k)q) = «W;(p) + (1 — k)W;(q) for each ¢ € N or i = 0.
Individual dominance implies that, if Wi(p) > W;(q) for all i € N, then
Wo(p) > Wo(q). By Proposition 2 in De Meyer and Mongin (1995), there
must exist non-negative numbers A\; and a number v such that, for each
p € Py:

Wo(p) =Y AiWo(p) + -

Focusing on lotteries yielding sure outcomes, we get that, for all u, v € Uy,

U U= Z AV (u;) > Z AV (v;).

i€EN 1EN

By Anonymity and Strong Pareto, it must be the case that all the A\; must be
the same positive number A. Denoting ¢ the function such that g(u;) = V' (u;)

for each u; € R, we obtain that for all p, ¢ € Py,

prae= > pu) [Zg(ui)] > pw) [Zg(ui)] -

ueUn iEN ueUyn i€EN

Observe that the function g does not depend on N.
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By Social expected-utility, and given that a VNM utility function is defined
up to an increasing affine transformation, it must be the case that, for each
n € N, for each u € Uy:

V(u) = F(N) +G(N),

Zg(uz)

1EN

for some positive F'(N) and some number G(N). By Anonymity, F(N) and
G(N) only depend on population size.

A.4 Proof of Theorem 3

Step 1: Proof that ECLGU satisfies all the properties. It can easily be
checked that an ECLGU social welfare ordering satisfies Strong Pareto,
Anonymity, Continuity, Social expected-utility, Minimal existence of a critical
level, Individual dominance and Independent value of additional lives from
the prospects of the unconcerned.

Step 2: Proof that 77, has a constant critical level. We show that if 7~ satisfies
Strong Pareto, Continuity, Social expected-utility, Minimal existence of a
critical level and Independent value of additional lives from the prospects
of the unconcerned, then it satisfies the Constant critical level for risk-free
distributions property.

By Minimal existence of a critical level, there exist © € U and ¢ € R such
that there exist k ¢ N(u) and v € U defined by N(v) = N(u) U{k}, v = ¢
and v, = 4 for all | € N(u) for which v ~ @. Let € be some positive number.
Define © € U by N(0) = N(u) U{k}, Oy = c+e and v, = @ for all [ € N(a)

By Strong Pareto, we must have v > u, which by Social expected-utility
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implies that V(2) > V(u).

Consider any v € U and any ¢ ¢ N(u), and define w € U such that
N(w) = N(u) U {i}, w; = ¢+ ¢ and w; = u; for all j € N(u). Let p,
p' € P such that p(u) = p'(w) = ¢ and p(u) = p'(0) =1 — ¢, with ¢ € (0,1).
Independent value of additional lives from the prospects of the unconcerned,

if p’ = p for some ¢, this should be true whatever ¢ is. But p’ > p means that:
qV(w) + (1 = q)V(0) > qV(u) + (1 — ¢)V ()

which can be written

Given that V() > V(a), this must be true, whatever the values V(w) and
V(u), for small enough value of q.

Thus, whatever ¢ is, we have:
qV(w) + (1= q)V(v) > ¢V (u) + (1 — ¢)V(a)
which can be written

V(w) — V() > 1 [V(a) - V(a)].
Given that 1—;‘7 can be as low as we want, we need to have V(w) — V(u) > 0,
and therefore w 77 .
So for every ¢ > 0, V(w) — V(u) > 0, where v € U such that N(w) =
N(u) U {i}, w; = ¢+ ¢ and w; = u; for all j € N(u), we have w 77 u. By
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continuity, if v € U such that N(v) = N(u) U {i}, v; = ¢+ ¢ and v; = u; for
all j € N(u), then v Z w.

We can prove that u >~ v in the same way by using a negative ¢ < 0.'®
Hence u ~ v.
Step 3: Conclusion. Given that - satisfies Strong Pareto, Continuity, Social
expected-utility, and Individual dominance, we know by Proposition 4 that it
is an ENWGU social ordering. Then there exist a continuous and increasing
function g : R — R, and two functions F' : N — R and G : N — R such that

for any u € U the VNM social utility function is

V(u) = F(n(u)) Z 9(w;) + G(n(u)).
€N (u)

By Step 3, we also know that - satisfies Constant critical level. Hence,
there exists a ¢ € R such that, for any n € N and any = € R, if u,v € U are
such that n(u) =n, N(v) = N(u) U {i} (with i ¢ N(u)), u; = v; = z for all
j € N(u) and v; = ¢, then V(u) = V(v), so that:

F(n)ng(z) + G(n) = F(n+1) [ng(x) + g(c)] +G(n+1).

Given that g is increasing in x and that this equality must be true for all
r € R, we must have F(n + 1) = F(n). Hence, we also obtain by the
equality that G(n + 1) — G(n) = —g(c). Hence, by iterating on n (given

that these results are true for all n € N), we have F(n) = F(0) = a and

BNote that Independent value of additional lives from the prospects of the unconcerned
implies that, if p == p’ for some ¢, then this should be true whatever q.
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G(n) = G(0) —ng(c) = b—ng(c), where a > 0 and b is a real number. Hence,

Vi =a Y [g(w) —g(c)] +b

1€EN (u)
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