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Nonlinear buckling of elastic thin films on compliant substrates is studied by modeling and simulations
to reveal the roles of pre-strain, elastic modulus ratio, and interfacial properties in morphological
transition from wrinkles to buckle-delamination blisters. The model integrates an interfacial cohesive
zone model with the Föppl–von Kármán plate theory and Green function method within the general
framework of energy minimization. A kinetics approach is developed for numerical simulations. Subject
to a uniaxial pre-strain, the numerical simulations confirm the analytically predicted critical conditions
for onset of wrinkling and wrinkle-induced delamination, with which a phase diagram is constructed. It is
found that, with increasing pre-strain, the equilibrium configuration evolves from flat to wrinkles, to
concomitant wrinkles and buckle-delamination, and to an array of parallel straight blisters. The height
and width of the buckle-delamination blisters can be approximately described by a set of scaling laws
with respect to the pre-strain and interfacial toughness. Subject to an equi-biaxial pre-strain, the critical
conditions are determined numerically to construct a similar phase diagram for the buckling modes.
Moreover, by varying the pre-strain, modulus ratio, and interfacial toughness, a rich variety of
equilibrium configurations are simulated, including straight blisters, and network blisters with or
without wrinkles. These results provide considerable insight into diverse surface patterns in layered
material systems as a result of the mechanical interactions between the film and the substrate through
their interface, which suggests potential control parameters for designing specific surface patterns.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction Vella et al., 2009; Faou et al., 2012). In some thin film systems,
Thin film materials are widely used in advanced technologies
(Hutchinson and Suo, 1992; Freund and Suresh, 2003). When a thin
film is under in-plane compression, it often leads to formation of
surface wrinkles or buckle-delamination blisters as a result of buck-
ling instability. Understanding the thin film surface morphology is
important in various applications, such as flexible electronics
(Lacour et al., 2005; Khang et al., 2006), surface coating (Evans
et al., 2001), thin film metrology (Stafford et al., 2004; Vella et al.,
2009), and surface patterning (Genzer and Groenewold, 2006). On
a relatively compliant substrate, wrinkling is typically observed
(Bowden et al., 1998; Yoo et al.,2002; Ohzono and Shimomura,
2004; Efimenko et al., 2005; Vandeparre and Damman, 2008;
Yang et al., 2010). On a relatively stiff substrate, buckle-
delamination blisters are more likely to occur (Gioia and Ortiz,
1997; Moon et al., 2002; Parry et al., 2006; Abdallah et al., 2006;
wrinkles and buckle-delamination blisters can co-exist and
co-evolve (Mei et al., 2007; Goyal et al., 2010). The polymorphism
of the buckling morphology reflects the rich mechanics of nonlinear
buckling in the thin film and layered material systems. While both
wrinkling and buckle-delamination have been studied extensively,
it remains unclear how the buckling morphology evolves, especially
when both wrinkling and buckle-delamination are theoretically
possible.

Most of the previous studies have considered wrinkling and
buckle-delamination separately. Assuming no delamination, the
critical condition for onset of wrinkling can be predicted by a linear
perturbation analysis, while the equilibrium wrinkle wavelength
and amplitude are predicted via an energetic analysis
(Groenewold, 2001; Chen and Hutchinson, 2004; Huang, 2005;
Huang et al., 2005; Jiang et al., 2007; Audoly and Boudaoud,
2008; Cai et al., 2011). A variety of wrinkling patterns have been
predicted or simulated by analytic and numerical calculations
based on the principle of energy minimization (Chen and
Hutchinson, 2004; Huang et al., 2004, 2005; Peyla, 2005; Huang
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and Im, 2006; Cao et al., 2008; Im and Huang, 2008; Audoly and
Boudaoud, 2008; Uchida and Ohzono, 2010; Cai et al., 2011; Ni
et al., 2011). On the other hand, pre-existing interfacial delamina-
tion is commonly assumed in the studies of buckle-delamination
blisters, which have largely focused on the growth of buckle-
delamination blisters (Chai et al., 1981; Hutchinson et al., 1992;
Ortiz and Gioia, 1994; Nilsson and Giannakopoulos, 1995;
Audoly, 1999; Jagla, 2007). Recently, it was found that the critical
condition for onset of buckling depends sensitively on the pre-
existing delamination, and a smooth transition from buckle-
delamination to wrinkling with decreasing delamination size was
predicted by a finite element eigenvalue analysis (Mei et al.,
2011). Without pre-existing delamination, progressive wrinkling
with increasing amplitude may lead to nucleation of interfacial
delamination and subsequently co-evolution of wrinkles and
buckle-delamination blisters (Goyal et al., 2010; Mei et al., 2011).
In this paper we present a unified modeling approach to simulate
morphological evolution from wrinkling to buckle-delamination
for elastic thin films on elastic substrates, which can be used to
systematically study the roles of pre-strain, film/substrate modu-
lus ratio, and the interfacial properties.

The remainder of this paper is organized as follows. In Section 2,
we present a theoretical model that integrates the Föppl–von
Kármán (FvK) plate theory for the film, the Green function method
for the substrate, and a cohesive zone model for the interface. In
Section 3, a numerical method based on a kinetics approach is
described. Section 4 presents the results from numerical simula-
tions under uniaxial and equi-biaxial compression, in comparison
with previously reported analytical predictions and scaling analy-
sis. A variety of post-buckling morphology is simulated as a result
of the interplay between wrinkling and buckle-delamination. Sec-
tion 5 concludes the present study with a brief summary.

2. Theoretical model

Consider an elastic thin film of thickness h bonded onto an elas-
tic substrate; the substrate is assumed to be of infinite thickness in
the present study. Under in-plane compression, the film tends to
buckle. As shown in Fig. 1, surface wrinkling (without interfacial
delamination) and buckle-delamination are two typical buckling
h

(a)
soft elastic substrate

( )

(b)( )

soft elastic substrate

Fig. 1. Schematic illustration of (a) wrinkling and (b) wrinkle-induced delamination
in an elastic film on an elastic substrate.
modes. In this section, a theoretical model is developed to study
both buckling modes and their interactions in a unified framework.
We model the film as an isotropic FvK plate with a prestrain, the
semi-infinite substrate by a Green function method, and the film/
substrate interface by a cohesive zone model, described as follows.

2.1. Deformation and energetics of an elastic film

Consider an elastic film with an in-plane eigenstrain, e0
ab, which

may result from thermal expansion, solvent absorption induced
swelling, or volume change by microstructural transformation.
Constrained by the substrate, the total in-plane strain in the film
consists of the prescribed eigenstrain (or prestrain) and the strain
due to elastic deformation, eel

ab. Under the assumption of small
strain, the total strain is simply the sum of the two parts:

etot
ab ¼ e0

ab þ eel
ab; ð2:1Þ

which is defined with respect to a stress-free reference state before
imposing the eigenstrain.

According to the FvK plate theory (Mansfield, 1989), the dis-
placement components at any point in the film, �ui (i = 1–3), can
be expressed by the middle-plane displacement, u ¼ ðua; fÞ, based
on the Kirchhoff assumption:

�ua ¼ ua � x3f;a; ða ¼ 1;2Þ
�u3 ¼ fðx1; x2Þ:

ð2:2Þ

The total in-plane strain is then

etot
ab ¼

1
2
ð�ua;b þ �ub;aÞ þ

1
2

�u3;a�u3;b; ð2:3Þ

where a nonlinear term is included to account for geometrical non-
linearity due to moderately large deflection of the elastic film. The
Greek indices are used for in-plane coordinates 1 or 2, and Latin
indices for 1, 2 or 3. The usual summation convention applies for
repeated indices, and a comma stands for differentiation with
respect to the suffix index.

Substituting Eqs. (2.2) and (2.3) into (2.1), the elastic strain in
the thin film is obtained as

eel
ab ¼ eab � x3f;ab; ð2:4Þ

where

eab ¼
1
2
ðua;b þ ub;aÞ þ

1
2

f;af;b � e0
ab ð2:5Þ

is the elastic membrane strain of the film at the mid-plane (x3 = 0).
The stress in the film is related to the elastic strain as

rel
ab ¼

2lf

1� v f
½ð1� v f Þeel

ab þ v f eel
ccdab�; ð2:6Þ

where lf and v f are the shear modulus and Poison ratio of the film,
respectively.

The total elastic strain energy in the film is obtained by inte-
grating through its volume, namely

Ufilm ¼
Z h=2

�h=2

Z 1

�1

Z 1

�1

1
2
rel

abe
el
abdx1dx2dx3: ð2:7Þ

Substituting Eqs. (2.4)–(2.6) into (2.7) and integrating with
respect to x3 leads to

Ufilm ¼ Ufilm
s þ Ufilm

b ; ð2:8Þ

where Ufilm
s and Ufilm

b are the stretching energy and the bending
energy in the film, respectively, defined as follows:

Ufilm
s ¼ 1

2

Z 1

�1

Z 1

�1
Nabeabdx1dx2; ð2:9Þ
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Ufilm
b ¼

lf h3

12ð1�v f Þ

Z 1

�1

Z 1

�1
fðDfÞ2�2ð1�v f Þ½f;11f;22�ðf;12Þ2�gdx1dx2:

ð2:10Þ

In Eq. (2.9), the membrane force Nab is obtained by integrating
the stress in (2.6) with respect to the film thickness, which consists
of three parts, namely

Nab ¼ Nð0Þab þ Nð1Þab þ Nð2Þab ; ð2:11Þ

with

Nð0Þab ¼ �
2hlf

1� mf
½ð1� mf Þe0

ab þ mf e0
ccdab�; ð2:12Þ
Nð1Þab ¼
hlf

1� mf
½ð1� mf Þðua;b þ ub;aÞ þ 2mf uc;cdab�; ð2:13Þ
Nð2Þab ¼
hlf

1� mf
½ð1� mf Þf;af;b þ mf f;cf;cdab�: ð2:14Þ

Note that the effect of eigenstrain is incorporated in the mem-
brane force, in addition to the linear and nonlinear parts resulting
from the in-plane and out-of-plane displacements, respectively.
Furthermore, a positive eigenstrain (uniaxial or equi-biaxial)

results in a compressive membrane force Nð0Þab in the film, which
is the driving force for the buckling deformation.
2.2. Deformation and energetics of an elastic substrate

The semi-infinite substrate is subject to surface tractions via the
interaction with the film. The elastic strain energy of the substrate
can be written as a surface integral

Usub ¼ 1
2

Z 1

�1

Z 1

�1
Ts

i u
s
i dx1dx2; ð2:15Þ

where Ts
i , us

i are the traction and displacement components on the
substrate surface. By the Green function method, the surface trac-
tion, Ts

i is expressed as a function of the surface displacement, us
i

for a semi-infinite elastic substrate with shear modulus ls and Poi-
son ratio v s (Huang et al., 2005)

Ts
i ¼

1

ð2pÞ2
Z Z

Mij~us
j e

inaxa dn1dn2; ð2:16Þ

where na is the component of the Fourier vector, and Mij is defined
as the inverse of the surface Green function of the half space in the
Fourier space

Mij ¼
lsn

3� 4v s

4ð1� v sÞ � n2
2 n1n2 2ið1� 2v sÞn1

n1n2 4ð1� v sÞ � n2
1 2ið1� 2v sÞn2

�2ið1� 2vsÞn1 �2ið1� 2vsÞn2 4ð1� v sÞ

2
664

3
775;

ð2:17Þ

with

n ¼ ðn2
1 þ n2

2Þ
1=2
; n1 ¼ n1=n; n2 ¼ n2=n; ð2:18Þ

and ~us
j is the Fourier transform of us

j

~us
j ðnÞ ¼

Z 1

�1

Z 1

�1
us

j ðx1; x2Þe�iðn1x1þn2x2Þdx1dx2: ð2:19Þ

Throughout the paper, the tilt over a symbol denotes its Fourier
transform. Fourier transform of Eq. (2.16) leads to: ~Ts

i ¼ Mij~us
j .
2.3. A cohesive zone model for interface

A cohesive zone model is adopted for the interface between the
film and the substrate, in which the interfacial property is repre-
sented by a nonlinear traction-separation relation derived from a
potential energy function (Xu and Needleman, 1994). Denote the
displacement jump across the interface as K, and the potential
energy of the interface as /ðKÞ. The interfacial traction is then
obtained as T ¼ @/ðKÞ=@K. In the present study, a specific form of
the potential energy function with mixed-mode decohesion (van
den Bosch et al., 2006; Park et al., 2009) is used, in which the adhe-
sion energy depends on the decohesion path as a functional of K
and the interfacial traction components are obtained as

T3 ¼
cnKn

d2
n

exp �Kn

dn
�K2

t

d2
t

 !
; ð2:20Þ

Ta ¼
2ctKa

d2
t

1þKn

dn

� �
exp �Kn

dn
�K2

t

d2
t

 !
; ð2:21Þ

where Kn ¼ K3 and Kt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

1 þK2
2

q
are the normal and tangential

components of the displacement jump across the interface, respec-
tively. Four parameters are needed in the cohesive zone model: cn

and ct are the normal and tangential interfacial toughness, respec-
tively; dn and dt are two characteristic lengths corresponding to
the normal and tangential displacement jump. In particular, with
Kt ¼ 0 (pure mode I), the normal traction given by Eq. (2.20)
reaches a maximum value, rmax ¼ cn

edn
, at Kn ¼ dn. With Kn = 0 (pure

mode II), the shear traction given by Eq. (2.21) reaches a maximum

value, smax ¼ ct
dt

ffiffi
2
e

q
, at Kt ¼ dt=

ffiffiffi
2
p

. The maximum tractions, rmax and

smax, are often called the normal and tangential strengths of the
interface, respectively. Under a mixed mode condition, however,
the traction-separation relations depend on the mode mix, which
may be defined by the ratio between the traction components,
Ta=Tn, or the ratio between the displacement components, Ka=Kn.
It can be shown that the interfacial fracture toughness, obtained
by integrating the traction-separation relations, c ¼

R1
0 TndKnþR1

0 TadKa, is independent of mode mix if cn ¼ ct . When cn – ct ,
the fracture toughness is in between, ½cn; ct �min 6 c 6 ½cn; ct�max,
depending on the mode mix. We note that Kn < 0 leads to appar-
ently unphysical inter-penetration in the current cohesive zone
model. A small inter-penetration can be accommodated if a nonzero
equilibrium gap between the film and the substrate due to their
intermolecular forces is taken into account. Alternatively, a consis-
tent cohesive zone model can be constructed using the concept of
deformation-coupled intermolecular interaction between two
bodies (He, 2013).

The displacement jump across the interface is related to the dis-
placements of the film and the substrate surface by the geometric
conditions as

K3 ¼ f� us
3

Ka ¼ ua þ
h
2

f;a � us
a:

ð2:22Þ
2.4. A variational analysis

The equilibrium configuration is obtained by minimizing the
total energy of the material system including the film, the sub-
strate, and the interface:

Utot ¼ Ufilm þ Usub þ
Z 1

�1

Z 1

�1
/ðKÞdx1dx2 ð2:23Þ
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With the geometric conditions in (2.22), the total energy is taken
to be a function of the film displacements (ua and f) and the inter-
facial separation (Ka and K3). At the equilibrium state, the varia-
tions of Utot with respect to ua, Ka, f and K3 vanish. Specifically,
dUtot=dK3 ¼ 0 leads to the normal traction continuity relation

T3 � Ts
3 ¼ 0; ð2:24Þ

Similarly, dUtot=dKa ¼ 0 leads to the tangential traction continu-
ity relation

Ta � Ts
a ¼ 0: ð2:25Þ

Furthermore, dUtot=df ¼ 0 recovers the equilibrium equation for
the film in the normal direction

DD2f� ðNabf;aÞ;b þ Ts
3 �

h
2

Ts
a;a ¼ 0; ð2:26Þ

where D ¼ lf h3
=6ð1� v f Þ is the bending rigidity of the film.

Finally, dUtot=dua ¼ 0 reduces to the in-plane equilibrium
equation for the film:

Nab;b ¼ Ts
a: ð2:27Þ

With Eqs. (2.11)–(2.14), Eq. (2.27) can be written in the Fourier
space as

Cab~ub ¼ ~qa; ð2:28Þ

where

Cab ¼ ðhlf n
2 þ lsnÞdab þ

hlf

1� v f
ð1þ v f Þn2 þ ls

3� 4vs
n

� �
nanb;

ð2:29Þ

~qa ¼ innbð~Nð0Þab þ ~Nð2Þab Þ þMab
~Kb þMa3ð~K3 � ~fÞ: ð2:30Þ

With Eq. (2.28), the in-plane elastic strain of the film in Eq. (2.5)
can be written explicitly in form of Green function, namely

eabðx1; x2Þ ¼
1
2

Z
jnj–0

iðna
~Gbk þ nb

~GakÞ~qk ei n�r

ð2pÞ2
d2nþ 1

2
f;af;b � e0

ab;

ð2:31Þ

where ~Gab is the Green function in the Fourier space defined as the
inverse of Cab:

~Gab ¼
dab

hlf n
2 þ lsn

�
hlf n

2 ð1þv f Þ
ð1�v f Þ

þ lsn
ð3�4vsÞ

h i
nanb

ðhlf n
2 þ lsnÞ

2hlf n
2

ð1�v f Þ
þ 4ð1�vsÞlsn

ð3�4vsÞ

h i : ð2:32Þ

In general, by solving Eqs. (2.24)–(2.27), we obtain six field
quantities in the two-dimensional space (x1, x2): f, ua, K3 and Ka.
By Eq. (2.28), the Fourier transform of ua can be solved for given
f, K3 and Ka, thus reducing the number of unknowns to four. An
iterative procedure may be used to solve these nonlinear equations
numerically. Alternatively, a kinetics approach is developed to
solve the nonlinear system, as presented in Section 3.
3. Numerical method: a kinetics approach

Instead of directly solving the coupled nonlinear equations in
(2.24)–(2.26) for the equilibrium configuration, we consider a set
of Ginzburg–Landau kinetic equations (Carter et al., 1997):

@f
@t
¼ �Cf

dUtot

df
; ð3:1Þ

@K3

@t
¼ �CK3

dUtot

dK3
; ð3:2Þ
@Ka

@t
¼ �CKa

dUtot

dKa
; ð3:3Þ

where Cf, CK3 , and CKa are kinetic coefficients characterizing the
relaxation rates of the buckling and delamination processes, respec-
tively, assuming an over-damped dynamic system. Apparently,
solving Eqs. (3.1)–(3.3) gives the time evolution of the field quanti-
ties. After a sufficiently long time, the system may approach a
steady-state (@=@t ¼ 0), which gives the equilibrium configuration
equivalent to the solutions of Eqs. (2.24)–(2.26). One may consider
the kinetic equations in (3.1)–(3.3) representing a dissipative pro-
cess through which the field quantities evolve to reduce the total
energy in the system until it reaches the steady state.

Inserting (2.23) as the total energy into (3.1)–(3.3), we obtain

@f
@t
¼ �Cf DD2f� ðNabf;aÞ;b þ Ts

3 �
h
2

Ts
a;a

� �
; ð3:4Þ

@K3

@t
¼ �CK3 ðT3 � Ts

3Þ; ð3:5Þ

@Ka

@t
¼ �CKa ðTa � Ts

aÞ: ð3:6Þ

where the tractions are obtained from (2.16), (2.20) and (2.21), and
the in-plane displacement of the film is obtained from (2.28). There-
fore, by solving the coupled kinetic equations (3.4)–(3.6) numeri-
cally, we can simulate nonlinear evolution of both buckling and
delamination of the elastic thin film.

A spectral method is employed in the present study for numer-
ical simulations. Briefly, Fourier transform of Eqs. (3.4)–(3.6) leads
to

@~f
@t
¼ �Cf

Dn4 þM33 þ inhM3bnb þ 1
4 n2h2Mabnanb

� �
~f� innb

~Pb

þ M3b � i
2 nhMabna

	 

ð~ub � ~KbÞ � M33 � i

2 nhMa3na
	 
~K3

2
4

3
5

ð3:7Þ

@ ~K3

@t
¼ �C3

~T3 � M33 þ
i
2

nhM3bnb

� �
~fþM33

~K3 �M3bð~ub � ~KbÞ
� �

ð3:8Þ

@ ~Ka

@t
¼ �Ca

~Ta � Ma3 þ
i
2

nhMabnb

� �
~fþMa3

~K3 �Mabð~ub � ~KbÞ
� �

ð3:9Þ

where Pb ¼ Nabf;a. Note that the right-hand side of Eqs. (3.7)–(3.9)
includes both linear and nonlinear terms. A semi-implicit algorithm
is then adopted to integrate these equations over time, similar to
that in a previous study (Huang and Im, 2006).

In the numerical simulations, the dimensional quantities are
normalized by scaling the length with the film thickness and the
time with s ¼ h=Cfls (i.e., t0 = t/s). Square computational domains
of size 1024 � 1024 are used with periodical boundary conditions
and the time step Dt0 ¼ 1. A randomly generated small fluctuation
of f is introduced throughout the simulations to mimic thermal
fluctuation that facilitates onset of buckling and nucleation of
buckle-delamination. In the present study, we consider homoge-
neous pre-strains, with uniaxial and equi-biaxial components. We
focus our study on the effects of the modulus ratio lf =ls and
the interfacial toughness, normalized by c� ¼ hls. For simplicity,
the interfacial toughness is assumed to be independent of the
mixed mode, c ¼ ct ¼ cn (unless noted otherwise). To be specific,
we have used the following parameters in our simulations:
v f ¼ 0:3, dn=h ¼ dt=h ¼ 0:2 such that the time step can be large
enough and the calculated post-buckling profile is not sensitive to
the variation of dn=h; dt=h in the case of fixing the value of the
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interfacial toughness, ct ; cn. And CK3=Cf ¼ CKa=Cf ¼ 0:002 guaran-
tee that the delamination process is usually much slower than that
of the buckling process. By the way the equilibrium buckling profile
is not sensitive to the variation of CKi

=Cf as we have checked. More-
over, we have taken the substrate to be incompressible (ms = 0.5) so
that the matrix Mij in (2.17) is greatly simplified.

4. Results and discussions

4.1. Initiation of wrinkling-induced delamination under uniaxial
compression

Start from a flat configuration of the film/substrate system with
a perfect interface. Subject to uniaxial in-plane compression, the
critical strain for the onset of wrinkling instability is (Chen and
Hutchinson, 2004; Huang et al., 2005)

ew ¼
1
4

3lsð1� v f Þ
lf ð1� vsÞ

 !2=3

ð4:1Þ

Beyond the critical strain, the wrinkle amplitude grows, induc-
ing normal and shear tractions along the interface. The critical
strain to cause initiation of interfacial delamination was predicted
by Mei et al. (2011) as

ewd ¼ ew þ
ð3� 4v sÞrmax

8ð1� v sÞls

� �2

ð4:2Þ

where rmax is the interfacial strength in the normal direction. By the
cohesive zone model in Section 2.3, the interfacial strength is
related to the interfacial toughness as rmax ¼ cn

edn
.

With the two critical strains, we construct a phase diagram for
the morphology of the film/substrate system, as shown in Fig. 2.
The pre-strain is scaled by the critical strain for wrinkling,
and the interfacial properties as well as the elastic mismatch
are lumped into one dimensionless parameter, q ¼ 3�4ms

4eð1�msÞ

lf ð1�msÞ
3lsð1�mf Þ

� �1=3 cn
lsdn

� �
. In this way, the critical condition for wrinkling

is represented by one horizontal line in the panel, and the critical
condition for initiation of wrinkling induced delamination is a sin-
gle curve, ewd

ew
¼ 1þ q2. Therefore, the panel in Fig. 2 is divided into

three regions for flat (I), wrinkling with no delamination (II), and
wrinkle-induced delamination (III). By using the present model
and numerical simulations without imposing any ad hoc
constraints on the buckling mode, we determined the critical
0.0 0.5 1.0 1.5 2.0 2.5

0

1

2

3

4

5

6

7

8
III wrinkling induced 
       delamination

II wrinkling

q

ε pr
e/ε

w

μf /μs =4200 
μf /μs =1400 
μf /μs =420 
μf /μs =140 
μf /μs =42 

εwd/εw = 1+q2

εw/εw =1

I flat

Fig. 2. A phase diagram for wrinkling and delamination in the elastic film/substrate
systems under uniaxial compression. The solid lines are the theoretically predicted
critical strains, and the open symbols are the critical strains obtained by numerical
simulations with various modulus ratios.
conditions for the transitions from flat to wrinkling and to wrin-
kle-induced delamination by tracking the field variables f, K3 and
Ka in the film/substrate system subject to increasing prestrain,
epre, for various combinations of the modulus ratio, lf =ls, and nor-
malized interface toughness, c=ðlshÞ. For example, the transition
from flat to wrinkling is taken approximately when the root-
mean-square (RMS) average of the deflection is larger than a crit-

ical value, i.e. �f ¼
ffiffiffiffiffiffiffiffi
hf2i

q
> 0:01h, while the interfacial separation

remains small (jK3jmax < dn); the transition from wrinkling to wrin-
kle-induced delamination occurs when the maximum interfacial
separation becomes large enough so that the corresponding inter-
facial traction is nearly zero, i.e., jK3jmax > 4dn. As shown in Fig. 2,
the critical strains determined numerically for various material
parameters collapse onto the two lines predicted by (4.1) and (4.2).

Fig. 3 shows the results from two representative numerical sim-
ulations, both under a uniaxial compression with the eigenstrain
epre ¼ 0:003. With the elastic modulus ratio lf =ls ¼ 4200, the crit-
ical strain for onset of wrinkling by Eq. (4.1) is ew ¼ 0:0025. For the
case of a high interfacial toughness (cn=c� ¼ 2:7), the critical strain
for wrinkle-induced delamination is ewd ¼ 1:56 by Eq. (4.2). Thus,
the eigenstrain is sufficient to cause wrinkling, but not delamina-
tion. Indeed, the numerical simulation shows periodic wrinkles of
the film with the normalized deflection (f=h) in Fig. 3(a) while
the normal displacement jump (K3=h) across the interface remains
nearly zero indicating no delamination. On the other hand, for the
case of a low interfacial toughness (cn=c� ¼ 0:005), ewd ¼ 0:002506,
and the eigenstrain is sufficient to cause wrinkling and delamina-
tion. In this case, the numerical simulation shows the film deflec-
tion (f=h) and the displacement jump (K3=h) across the interface
evolve simultaneously in Fig. 3(b)–(d). At the initial stage
(Fig. 3(b)), the film wrinkles periodically, and the normal displace-
ment jump is relatively small (K3 < dn) and hence no delamination.
As shown in Fig. 3(c), with increasing wrinkle amplitude, the dis-
placement jump (K3) increases and reaches a critical point for
nucleation of delamination. It is found that the delamination typi-
cally nucleates underneath one of the wrinkle peaks, while the
exact location depends on the random fluctuation in the numerical
simulations. Subsequently, as the delamination grows, the wrin-
kled configuration gradually transforms into localized buckle-
delamination. Eventually, an equilibrium configuration is reached,
with a straight buckle-delamination blister in the computational
domain. We note that this equilibrium configuration in general
depends on the computational domain size due to the periodic
boundary conditions used in the numerical simulation.

4.2. Growth of wrinkle-induced delamination under uniaxial
compression

The growth of wrinkles and wrinkle-induced delamination is
driven by a configurational force to minimize the total energy in
the film-substrate system. Fig. 4 plots the energy changes during
evolution of wrinkling and buckle-delamination presented in
Fig. 3. For the case of pure wrinkling, Fig. 4(a) shows that the
decrease of the stretch energy in the film is accompanied by the
increase of bending energy in the film and elastic energy in the
substrate when the wrinkle amplitude starts growing rapidly at
t0 > 8� 103, while the potential energy of the interface remains
negligible. As a result, the total energy decreases. As the wrinkles
evolve towards the equilibrium state, the energy approaches a pla-
teau. The equilibrium wrinkle amplitude and wavelength compare
closely with analytical solutions. For the case of wrinkling-induced
delamination, Fig. 4(b) shows that the energy relaxation has three
distinctive stages. The first stage is due to the wrinkle formation
and growth from t0 � 8 � 103 to t0 � 4� 104, when the potential
energy of the interface is relatively small compared to the other
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energy contributions. The second stage corresponds to the sponta-
neous nucleation and growth of the buckle-delamination, with
simultaneous decay of the wrinkles (as shown in Fig. 3(c)). In this
stage, the stretching energy in the film decreases more rapidly than
the first stage while the bending energy increases more rapidly.
Moreover, the strain energy of substrate decreases and the poten-
tial energy of interface becomes more significant. The third stage is
marked by the decrease in the bending energy at t0 > 1� 105 due
to coarsening of the buckle-delamination till a single straight blis-
ter is formed (Fig. 3(d)). Clearly, the total energy relaxation in the
processes of wrinkling and wrinkling-induced delamination is lar-
gely dominated by reduction of the stretching energy in the film,
while the other energy terms (bending, substrate, and interface)
increase slightly as a penalty. The potential energy of the interface
plays an important role so that further reduction of the stretching
energy is hindered by the energetic cost of interfacial delamination
in the case of high interfacial toughness (cn=c� ¼ 2:7), while the
stretching energy is significantly reduced after wrinkle-induced
delamination for the case of low interfacial toughness
(cn=c� ¼ 0:005).

Growth of wrinkling-induced delamination significantly
reduced the compressive stress in the film. For a very compliant
substrate (e.g., lf =ls ¼ 4200), the stress relaxation extends over
a large area, wiping out all the wrinkles (Fig. 3(d)). For a less com-
pliant substrate (lf =ls ¼ 420), the stress relaxation is limited to
the area around the buckle-delamination blister, while wrinkles
remain observable in the area far away from the blister, as shown
in Fig. 5(a). The corresponding compressive membrane strain e11

plotted in Fig. 5(c) suggests that the relaxation of the elastic mem-
brane strain by the buckle-delamination blister is insufficient to
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suppress wrinkling far away from the delamination (ew ¼ 0:0116).
When the pre-strain is further increased, as shown by Fig. 5(b), a
second wrinkle-induced delamination blister is formed in the
computational domain, with which the compressive membrane
strain e11 is further relaxed as shown in Fig. 5(d) and hence no
wrinkles. The results in Fig. 5 suggest that, subject to increasing
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compressive uniaxial pre-strain, the equilibrium state of the film/
substrate system may evolve progressively from flat to wrinkling,
to concomitant wrinkles and buckle-delamination, and to an array
of parallel buckle-delamination blisters. It is noted that, unlike pre-
vious studies on buckle delamination (Chai et al., 1981;
Hutchinson et al., 1992; Ortiz and Gioia, 1994; Mei et al., 2011),
no pre-existing delamination is assumed in our simulations. While
the presence of interfacial defects is practically inevitable in any
material systems, the locations and sizes of the pre-existing defects
are often unknown, adding uncertainties for the prediction of
buckle delamination. For an elastic film on a compliant substrate,
wrinkling-induced nucleation of delamination offers an alternative
mechanism for the formation of buckle-delamination blisters.

4.3. Equilibrium configuration of straight buckle-delamination blisters

Our numerical simulations show that, without any pre-existing
delamination, an elastic film on a compliant substrate develops
straight buckle-delamination blisters under uniaxial compression
with a relatively large pre-strain as a result of wrinkling-induced
delamination. The equilibrium buckling profile of a typical blister
is presented in Fig. 3(d), which can be approximately described
by a function

f ¼
A
2 1þ cos 2px

k

	 

�k=2 6 x 6 k=2

0 k=2 6 jxj 6 L=2

(
; ð4:3Þ

where A and k are the height and width of the blister. In particular,
A ¼ fmax � fmin is the difference between the maximum and
minimum of the deflection, and k is taken as the distance between
the two points with minimum deflection of the film. In general,
the blister profile depends on the pre-strain, the modulus ratio,
and interfacial toughness for the film/substrate system, as shown
in Fig. 6 for lf =ls ¼ 4200. For a fixed pre-strain, both the height
and width of the blister decrease as the interfacial toughness
increases (Fig. 6(a) and (c)). For a fixed interfacial toughness, both
the height and width of the blister increase as the pre-strain
increases (Fig. 6(b) and (d)). It is found that the numerical results

in Fig. 6 approximately follow a set of power laws, i.e. A=h � e2=3
pre ,

A=h � c�1=6
n , k=h � e1=3

pre , and k=h � c�1=3
n , as predicted previously by

a scaling analysis (Vella et al., 2009). However, for relatively low
modulus ratios (e.g., lf =ls ¼ 420), the numerical results deviate
from the power laws significantly, as shown in Fig. 7. Furthermore,
in the limit of a rigid substrate (lf =ls ¼ 0), the numerical results
again agree with the power laws for both the height and the width.

The limitation of the scaling analysis is revealed by an energetic
consideration as follows. The equilibrium profile of the buckle-
delamination blister as approximated by Eq. (4.3) may be
determined by minimizing the total energy, including the bending
energy and stretching energy of the film, the potential energy of
the interface, and the elastic strain energy of the substrate:

Utotal ¼ Ufilm
s þ Ufilm

b þ Ui þ Usub: ð4:4Þ

For a single straight blister in a square domain with the area
S = L2, we obtain

Ufilm
b ¼ DLp4A2

eq=k
3
eq; ð4:5Þ

Ufilm
s ¼

lf hL2

ð1� v f Þ
p2A2

eq

4keqL
� epre

 !2

; ð4:6Þ

Ui ¼ cnkeqL; ð4:7Þ

Usub ¼ vlse
2
prek

2
eqL ð4:8Þ

where v is a constant characterizing the shape factor of the blister.
If the stretch energy in the film and the elastic strain energy of the
substrate are negligible, the equilibrium profile of the blister can
be determined by a simple balance between the bending energy
of the film Ufilm

b and the potential energy of the interface Ui, which
would lead to the power laws. We note that the elastic strain energy
of the substrate can be negligible only in two extreme cases. First, if
the substrate is rigid (lf =ls ¼ 0), the deformation of the substrate is
zero, thus no energy change in the substrate. Second, if the
substrate is very soft (lf =ls !1), although the substrate deforms
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significantly, the energy change in the substrate is negligibly small
due to the small modulus. However, when the modulus ratio is
intermediate (e.g., lf =ls ¼ 420), the elastic energy change in the
substrate becomes an important part of the total energy so that
the scaling laws for the blister size would become less accurate.
Furthermore, the stretch energy in the film vanishes when the film
is assumed to be inextensible so that the height and width of the
blister satisfies the condition (Vella et al., 2009)

A2
eq=keq ¼ 4epreL=p2 ð4:9Þ

This condition assumes that the membrane strain is fully
relaxed everywhere in the film due to the buckle-delamination.
Fig. 8 shows the numerical results with A2

eq=keq plotted as a function
of the pre-strain for different modulus ratios. Apparently, A2

eq=keq

does increase linearly with pre-strain in all cases. However, while
the inextensibility condition in (4.9) is closely followed for very
large and very small modulus ratios (e.g., lf =ls ¼ 4200 and
lf =ls ¼ 0), it is not so for intermediate modulus ratios (e.g.,
lf =ls ¼ 420). As shown in Fig. 5, for lf =ls ¼ 420, the membrane
t wrinkling and buckle-delamination and to random buckle-delamination blisters,
i-biaxial compression with epre ¼ e0

11 ¼ e0
22 ¼ 0:0115 and cn=c� ¼ 0:17. (a)–(d) for
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strain is nearly zero in the delaminated part of the film, but the
strain is not fully relaxed in the part bonded to the substrate, con-
sistent with the results in Fig. 8 wherein A2

eq=keq is lower than the
prediction based on the assumption of inextensibility. Conse-
quently, the numerical results deviate from the scaling laws for
the intermediate modulus ratios in Fig. 7. Thus it may be concluded
that the scaling laws are most accurate in the two limiting cases
with either very large or very small modulus ratios.

4.4. Buckling patterns under biaxial compression

Subject to an equi-biaxial compression, the critical strain for
onset of wrinkling instability may be predicted approximately as
ebi

w ¼ ew
1þv f

, assuming the same critical stress as the case of uniaxial

compression (Huang et al., 2005). The equilibrium wrinkle patterns
however are typically chaotic under equi-biaxial compression,
depending on the initial conditions and imperfections (Huang
and Im, 2006). Consequently, the critical strain for onset of
wrinkling-induced delamination cannot be predicted analytically.
Following the case of uniaxial compression, we assume a similar
form for the critical strain,
Fig. 11. Simulated post-buckling morphologies of the elastic film/substrate systems: (a)–
epre ¼ 0:011 and cn=c� ¼ 0:32. In all cases, lf =ls ¼ 420 and ct=cn ¼ 10.
ebi
wd ¼ ebi

w þ B
ð3� 4msÞrmax

8ð1� msÞls

� �2

ð4:10Þ
where B is a dimensionless parameter to be determined numeri-
cally. By numerical simulations, we determine the two critical
strains for different material parameters (modulus ratio and interfa-
cial toughness) and plot them in Fig. 9 as a phase diagram for the
case of equi-biaxial compression, similar to Fig. 2 for uniaxial com-
pression. It is found that the analytical predictions are less accurate
under equi-biaxial compression. Nevertheless, the numerical results
do collapse onto two curves approximately given by the two equa-
tions, ebi

w=ew ¼ a and ebi
wd=ew ¼ aþ Bq2 with a ¼ 0:65 and B ¼ 0:4,

respectively. Note that the critical strain for onset of wrinkling is
lower than the analytical prediction, i.e., a < 1/(1 + mf).

A rich variety of the post-buckling patterns can be obtained
under equi-biaxial compression. The phase diagram in Fig. 9 pro-
vides a map for selecting the postbuckling patterns from wrinkles
to buckle-delamination blisters by varying the pre-strain, the elas-
tic modulus ratio, and the interfacial toughness in numerical sim-
ulations. There is a derivation of Eq. (4.10) from numerical results,
the reason is possibly due to the fact that the wrinkling profile in
(c) for increasing pre-strain, epre ¼ 0:0095, 0.011, and 0.04, with cn=c� ¼ 0:16; (d) for
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the former is assumed to be periodic stripe-like while it could be
chessboard-like or randomly-oriented stripes in the latter. As an
example, Fig. 10 shows the simulated morphological evolution
from wrinkles to buckle-delamination for a film/substrate system
with lf =ls ¼ 4200 and cn=c� ¼ 0:17 under an equi-biaxial com-
pression with epre ¼ e0

11 ¼ e0
22 ¼ 0:0115. Starting from a flat config-

uration, the film first evolves into a typical labyrinth wrinkle
pattern (Fig. 10(a)). Subsequently, multiple buckle-delamination
blisters nucleate and grow in different directions (Fig. 10(b)). The
buckle-delamination blisters coexist with the wrinkles, as shown
in Fig 10(b) and (c). Interestingly, each buckle-delamination blister
has a wrinkle depletion area, where the wrinkles tend to be re-
aligned in the direction perpendicular to the blister. It is under-
stood that the compressive stress in the film is significantly relaxed
around each buckle-delamination blister in the direction perpen-
dicular to blister but not as much in the parallel direction. There-
fore, the compressive stress near each blister is nearly uniaxial,
resulting in the locally re-aligned wrinkles. Similar surface patterns
with coexisting wrinkles and buckle-delamination blisters have
been observed experimentally by Mei et al. (2007). Note that this
pattern is different from the concomitant wrinkling and buckle-
delamination under uniaxial compression (Fig. 5(a)), where the
buckle-delamination blister and wrinkles are parallel. As the
buckle-delamination grows, after a sufficiently long time, a set of
randomly oriented buckle-delamination blisters is obtained, with
no wrinkles in between. In this case, the state with coexisting
wrinkles and buckle-delamination blisters appear as a transient
state, and the equilibrium configuration consists of buckling-
delamination blisters only, similar to the experimental observation
by Aoyanagi et al. (2010).

There are various buckling patterns observed in experiments for
biaxially compressed thin film systems. When the interfacial
toughness is high and the pre-strain is in the range,
ebi

w < epre < ebi
wd, the film only wrinkles and evolves into a herring-

bone or labyrinth pattern. With lower interfacial toughness or lar-
ger pre-strain, wrinkling-induced delamination occurs and
develops into buckle-delamination blisters. Fig. 11(a)–(c) shows
that, with increasing pre-strain, the equilibrium post-buckling pat-
tern of a film/substrate system changes from herringbone wrinkles
to straight buckle-delamination blisters and to blisters with a con-
cave polygon-like shape. Similar patterns have been observed in a
carbon film on a glassy substrate (Gioia and Ortiz, 1997). Moreover,
the post-buckling pattern depends sensitively on pre-existing
defects. Fig. 11(d) shows that, with a pre-existing defect in a
30� 60 rectangular area at the center of the computational
domain, a straight buckle-delamination blister develops under a
relatively small strain and coexists with wrinkles, similar to the
experimental observation by Mei et al. (2007). In a separate study
(Ni and Soh, 2014), the present model and numerical simulations
are employed to study formation of intriguing telephone-cord blis-
ters often observed on relatively stiff substrates. Together, the
capability of the present model for simulating complex buckling
morphology of elastic thin films is demonstrated.
5. Conclusions

In summary, we have developed a nonlinear continuum model
and numerical simulations to investigate the buckling morpholog-
ical transition from wrinkling to buckle-delamination in thin film
structures. The roles of pre-strain, film/substrate modulus ratio,
and interfacial toughness are elucidated in the phase diagrams
for uniaxial and equi-biaxial compression. In the case of uniaxial
compression, parallel wrinkles may develop into straight buckle-
delamination blisters through wrinkling-induced delamination.
The equilibrium profiles of the buckle-delamination blisters
obtained by numerical simulations agree with a set of power laws
predicted by a scaling analysis, when the film/substrate modulus
ratio is very large or small corresponding to the cases of very soft
or rigid substrate, respectively. For the case of equi-biaxial com-
pression, a rich variety of post-buckling patterns are possible.
The present model offers a unified approach to study wrinkling
and buckle-delamination for diverse thin-film material systems,
where the interfacial properties are taken into account explicitly.
The numerical method enables simulation of complex buckling
patterns comparable to experimental observations. We believe
that the unified approach could provide a computational tool for
better understanding of diverse buckling patterns in layered mate-
rial systems, and it could also provide the potential control param-
eters for manipulating the buckled surface patterns to elaborate
the applications wherein tunable surface morphology is favorable.
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