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drying kinetics is observed from these measurements. The early time measurements are interpreted first
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based on both the linear and nonlinear constitutive models yields a consistent calibration of the material

parameters of the models.
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1. Introduction

Hydrogels are soft materials that consist of a polymer network
embedded in a solvent that is predominantly water. The ability
of hydrogels to absorb and retain a large amount of water with-
out disintegrating and still maintaining a solid-like phase makes
hydrogels appealing in a wide range of applications in various
fields, such as contact lenses, drug delivery, tissue engineering, and
agriculture industry (Ullah, 2015). In many of these applications,
it is necessary to consider the coupling of diffusion of the sol-
vent through the network and deformation of the network in as-
sessing their response to changes in the chemical and mechani-
cal environment; this is accomplished within the theory of poroe-
lastcity. The theory of linear poroelasticity was developed based
on the ideas of Gibbs (1878), Biot, (1941) and others; Biot’s the-
ory of linear poroelasticity, combining linear elasticity of the solid
matrix and Darcy’s Law of flow, is often used to describe hydro-
gels as fluid-saturated porous media (Yoon et al., 2010). Nonlinear
models have also been presented (see Flory, 1942; Huggins, 1941,
Hong et al., 2008, 2009; Chester and Anand, 2010; Bouklas and
Huang, 2012; Bouklas et al., 2015 and others) for coupling large
deformation and solvent diffusion in the poroelastic material. In
this work, we will begin with the linear theory of poroelasticity
followed by a nonlinear theory in comparison with experiments.

There are two types of hydrogels — thermo-reversible physical
gels and irreversible chemical gels (see te Nijenhuis, 1997). Both
are formed by dissolving the network forming molecules in a sol-
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vent to form a solution; when cooled below a critical temperature,
a transition to a solid-like structure occurs; the resulting structure
can sustain a shear stress, facilitated by the formation of a perco-
lating network of bonds spanning the system. In the case of the
physical gels, these bonds arise due to entanglements, crystallite
formation, helix formation, phase separation or hydrogen bonds;
the network formed by these mechanisms are thermally reversible
thereby endowing the gel with this property. In the case of chemi-
cal gels, the bonds are typically associated with reactions between
monomers to form a network polymer or simply cross-linking as
in vulcanization reactions in rubber; these bonds are usually not
thermally reversible. The gelatin based hydrogel considered in this
work is usually formed into a physical gel by mixing the protein
collagen in a mixture of glycerol and water. The network structure
is formed as the denatured coiled collagen in the gelatin reforms
its triple-helical structure upon cooling below the critical temper-
ature and acts as “crosslinks”; a schematic of the formation of the
network is shown in Fig. 1 (Harrington and Rao, 1970). It is also
possible to generate a collagen-based chemical gel by crosslink-
ing using glutaraldehyde (Lee and Mooney, 2001); this type of gel
is used in numerous biological applications, but is not considered
here.

Glycerol is not a good solvent for the collagen, but the mixture
of glycerol and water is a marginal solvent (Tice and Moore, 1950,
Sanwlani et al., 2011); Sanwlani et al also indicate that very few
of the glycerol molecules attach to the gelatin chains. Therefore,
glycerol does not participate directly in the gelation process, but
occupies volume, and provides shear resistance that impacts the
viscosity of the resulting gel. Baumberger et al., (2006) used this
gelatin based gel in a water-glycerol mixture to influence the vis-
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Fig. 1. Formation of an entangled helical network in a gelatin gel (Reproduced with permission, Harrington and Rao, 1970).

Table 1

Composition of glycerol-water solvent system and gelatin for specimens used.

Composition #  Weight percent gelatin

Weight percent glycerol

Weight percent water

A 15
B 15

34
51

cous response and studied the fracture behavior of the result-
ing gel. Moreover, glycerol delays bacterial growth on the gelatin
so that long time experiments (more than five days) such as
swelling/drying could be performed without affecting the gelatin-
based gel.

There are several types of mechanical tests designed to ex-
tract linear poroelastic properties, like the indentation (Chan et al.,
2012) and compression (Cai et al., 2010) tests. We note that most
of tests are performed with the specimen fully immersed in the
solvent, while in practical applications, the hydrogel can be ex-
posed to the solvent only through the humidity of the ambient
air. For example in sol-gel processing, such an approach is used
to remove the solvent. The key difference arises from the fact that
while the hydrogel immersed in the water always swells, the hy-
drogel kept in low-humidity air could lose water; such drying ef-
fects are important in many applications. Hence, in this paper, we
examine the poroelastic behavior both under swelling and drying
conditions.

2. Materials and methods
2.1. Specimen preparation

The gelatin-based hydrogel was prepared by dissolving Fisher
gelatin type A (G8-500, derived from porcine collagen) into a sol-
vent with the weight fraction of 15% of gelatin and 85% of a water-
glycerol mixture with the specific mixtures of composition A and
B listed in Table 1. We choose two different compositions to probe

the effect of initial chemical potential on the swelling/drying re-
sponse; complete characterization requires more compositions to
be tested. The solution was heated to a temperature of 80°C with
continuous stirring until the gelatin powder dissolved completely
in the glycerol-water solution. It was then placed in a vacuum oven
at 50 °C and evacuated at less than 6.897 kPa for about thirty min-
utes to remove smaller air bubbles. The solution was then poured
into a mold to form suitable specimens for the different experi-
ments and allowed to cool to room temperature of ~25 °C. Fully
transparent gels were formed, with bubbles, if present, below sizes
where their presence would scatter light. The specimens were re-
moved from the mold, and swelling/drying tests were performed
24 h after preparation.

2.2. Experimental methods

For the drying/swelling experiments, parallelepipedic speci-
mens that were 30 mm x 10 mm x 3 mm were fabricated as in-
dicated above. All the tests were performed at room temperature
(~25 °C) in humidity controlled chambers with the relative humid-
ity (RH) ranging from 5% to 100%. We note that there are two sol-
vents in this gel - glycerol and water. Controlling the humidity in-
fluences the chemical potential for water and results in either dry-
ing or swelling depending on the chemical potential difference be-
tween the specimen and the environment. Since the hydrogels are
quite weak, the specimens were fabricated with integral gripping
fixtures as illustrated in Fig. 2a. The front surface of the specimen
was decorated by scattering a fine dust of titanium dioxide parti-
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Fig. 2. (a) Geometry of specimens for the drying/swelling experiments; (b) Speckle
pattern used for measurement of strain using digital image correlation.

cles that adhere to the surface of the specimen; this pattern was
viewed with a dark background and the resulting pattern shown
in Fig. 2b was used in the calculation, through digital image cor-
relation (DIC), of the principal in-plane strains on the surface as a
function of time, enabling tracking of the drying/swelling deforma-
tion of the gel. For the drying and swelling experiments, the speci-
mens mounted on the grips were suspended freely from the top of
the environmental chamber at a specified humidity level; this cor-
responds to free drying or free swelling conditions. The stress due
to self-weight of the gel is only on the order of a few Pa and is ne-
glected in the analysis. A Zipscope video microscope was used to
acquire images of the front surface at ten minutes time intervals
for about 160-180 h. The images were then processed using the
ARAMIS DIC software to extract the vertical and horizontal strain
components, &y and &; in order to decrease the noise and improve
the precision of the strain measurements, the strains were aver-
aged over a rectangular patch of approximately 9 mm by 27 mm,
avoiding the edges of the specimen where the DIC measurements
are typically more noisy. Specimens of both compositions A and B
were placed in the chambers at around 15% RH to dry, at around

100% RH to swell, and at around 73% for composition A and 85% for
composition B to maintain equilibrium without swelling or drying.

3. Results

The time variation of the average strain ¢y from the tests is
shown in Fig. 3; the time variation of ¢y is similar and therefore
not shown. There are six sets of curves in this figure, correspond-
ing to two compositions (A and B), and three conditions of humid-
ity (15%, 73% and 100% for composition A; 15%, 85% and 100% for
composition B); the responses appear to be grouped similarly. It
should be remarked that the scatter seen in these measurements
for each group of specimens arises from small differences in the
glycerol-water mixture or weight of gelatin that are introduced
during manufacturing of multiple specimens. Clearly, for both com-
positions, the dry/humid environment results in shrinking/swelling
of the gel by ejecting water to or absorbing water from the envi-
ronment. Composition B, with a higher initial water content, has
a higher drying strain and a lower swelling strain when compared
to Composition A, with a lower initial water content. The diffusive
nature of the strain evolution is evident from these measurements.
Asymmetry between drying and swelling is also noticeable from
these results.

Interpretation of the data from these drying and swelling ex-
periments requires an underlying transient theory based, at a min-
imum, on poroelasticity. We will consider first a linear poroelas-
ticity theory and subsequently a nonlinear theory for a consistent
calibration of the material parameters. The effect of viscoelasticity
is ignored in the present study.

4. Linear poroelasticity

The theory of linear poroelasticity was developed based on
ideas presented by Gibbs (1878), Biot (1941) and others; this was
presented in the context of a continuum thermodynamics frame-
work by Anand (2015). We will follow the notation of the latter
to summarize the equations of linear poroelasticity first, and then
consider its numerical solution to compare with the drying and
swelling experiments.

4.1. Balance laws

Let u(x, t) be the displacement field, e(x, t)=(Vu+(Vu)7)/2
the corresponding infinitesimal strain tensor, o(X, t) the stress
field, and b(x, t) the body force field per unit volume. Balance of
linear momentum requires that

V.o+b=0 (1)

The relationship between o(x, t) and &(x, t) needs to be speci-
fied, but this has to be coupled with the solvent effects as summa-
rized below.

Let ¢y be the number of solvent molecules per unit volume
in the gel as manufactured. Depending on the ambient environ-
ment in which the gel is placed, this may increase (upon swelling)
or decrease (upon drying) and so we set c(x, t) to be the time-
dependent concentration field. This brings a fluid balance equation
into the picture: the rate of flow of the solvent through the bound-
aries of a volume must balance out the rate of change of concen-
tration of the solvent within the volume. Therefore,

/Qédvz—/mj.nav 2)

where the super dot indicates differentiation with respect to time,
j(x, t) is the solvent flux (number of solvent molecules diffusing
per unit area of the boundary per unit time), and n(x, t) is the
outward unit normal to the surface 92 bounding the volume .
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Fig. 3. Time evolution of the strain in the vertical direction for swelling to 100% RH and drying to 15% RH of two different compositions of the gelatin-glycerol-water based
gel. The grey and black lines correspond to environmental chemical potential equal to composition A (humidity 73%) and B (humidity 85%) respectively.

Using the divergence theorem, the flux balance can be rewritten in
the differential form as:

(=-V.j (3)
The fluid flux is assumed to be governed by Fick’s law:
i=-mVu (4)

where m is the diffusion coefficient, and w is the chemical po-
tential of the solvent that is defined as the derivative of the free
energy with respect to the solvent concentration in the nonlin-
ear theory (see later Eq. (31)) and is consistently linearized (see
Bouklas and Huang, 2012, and Anand, 2015).

4.2. Constitutive equations for linear poroelasticity

In classical linear poroelasticity (Biot 1941), the constitutive re-
lation is written as

0 =2Ge + \%tr(e)1 + %(,u — no)l (5)
c=¢Co— %tr(E) + %(M - Ho) (6)

where G is the shear modulus, A% is called the “drained” Lame
modulus, and 8 and A are poroelastic constants, related to the Biot
modulus M, Biot coefficient @ and solvent molecular volume, v, as
follows:

B =—aMv, A =Mv? (7)

The Biot modulus M is related to the undrained bulk modulus,
K, and drained bulk modulus, K¢ as follows:

M=K — K9 (8)

In formulating and solving boundary value problems, it is often
convenient to consider the fluid balance in terms of the chemical
potential rather than concentration. The concentration c(X, t) can
be eliminated between Egs. (3), (4) and (6), in favor of the chemi-
cal potential u; the resulting diffusion equation is:

1 B

K= Ktr(é) +mV32u 9)

The first term on the right hand side represents the rate of
dilation of the gel and plays an important role in the diffusion
of the solvent. Therefore the governing equations for stress in
Eq. (1) are coupled to the diffusion equation for chemical poten-
tial in Eq. (9) through the constitutive relations in Eq. (5). While
the coupling is of interest for general poroelastic materials, for the
hydrogels in particular, we may assume that volume change occurs
only through change in the solvent concentration whereas the sol-
vent molecules are incompressible with a constant molecular vol-
ume v (Hong et al.,, 2009); this will simplify the equations. This
limit is obtained by taking o — 1 and M — oo so that A — oo and
B 1
A7y (10)

Then, the last term of Eq. (6) vanishes, which indicates that the
volume change arises simply from uptake or loss of the solvent:

v(c—cy) =tr(e) (11)
Eq. (9) can now be reduced to the following form:
tr(é) =mvVpu (12)

This can be recast in the form of the standard diffusion equa-
tion by substituting Eq. (5) into Eq. (1), considering zero body
force, and eliminating V u:

tr(¢) = D*V2tr(e) (13)

where D* =mv2(2G+A9") is the effective diffusivity. In addition,
we need to examine the boundary conditions, both for the elas-
tic fields and the chemical potential as discussed in the following
sections.

4.3. Nondimensional form of the governing equations

Prior to consideration of numerical simulations, attention is
paid to the material properties and normalization of the govern-
ing equations. From the constitutive relations described above, it is
clear that four independent material parameters are involved, two
for isotropic linear elasticity, (G, A%"), one for the solvent molecule,
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v, and one for the solvent diffusion, m or D*. The physical parame-
ters of poroelasticity can then be suitably normalized as follows:

X—X t— 7[”1;’2"“

- - N dr

G—)%, b—>%, )»—>% ,

T I A — keT

r— &5 A= (14)

where [ is a length associated with the smallest specimen dimen-
sion, kg Boltzmann constant and T the temperature. The governing
equations can then be written in the following dimensionless form
for use in computations (with the bars removed):

V.o+b=0
tr(¢) = V2pu
o =2e+ Aftr(e)]1 — A — o)1 (15)

Note that we have normalized time by t;=12/(mvkgT), but
could also have used the effective diffusivity, D*, and describe the
characteristic time as 7, =12/D*; the two time scales are related
easily: 7, =11(A/A), assuming A > 2, which we verify from later
parameter extraction results. The coupled stress-diffusion equa-
tions are solved using a finite element method, implemented in the
software FEniCS (Alnaes et al., 2015) as described in Section 4.5.
These equations contain two dimensionless parameters (A, A),
while the molecular volume of the solvent v and the diffusion co-
efficient m are embedded in the normalized time. Determination
of these parameters requires experimental measurements; we will
use measurements of the strains in swelling/drying experiments to
determine some of these material parameters. Calibration of these
parameters is discussed further in Section 4.7.

4.4. Initial and boundary conditions

The initial conditions for displacement field and chemical po-
tential field are described as follows:

u(x,0) =up(x)
1(%,0) = m(x)} on sl o)

where ug(X), (o(X) are prescribed functions. The boundary condi-
tions for the elastic field are the usual displacement or traction
boundary conditions:

ux,t) =u(x,t) on JIR,
t(x,t) =on=t(x.t) on 9 (17)

where 92, and 0% are the displacement and traction boundary
segments, n is the unit outward normal to 02, and u(x,t), t:(X,t)
are prescribed functions. Similarly, for the chemical potential, we
may have Dirichlet or Neumann boundary conditions:

WX, t) = pu(x,t) on 9p

Vi, t)-n=g(x,t) on 0J9Qy (18)

where 0Qp and 0Qy are the Dirichlet and Neumann bound-
ary segments, and wq(x,t), gi(x,t) are prescribed functions. How-
ever, the real boundary condition for the chemical potential is
likely to be more complex; because the drying/swelling experi-
ments considered in this work were performed in an environment
with humid air, the solvent molecules have to diffuse through
the gel, evaporate on the surface, and convect into the air. Hence
it would appear that neither the chemical potential, nor its nor-
mal flux is being controlled; considerations of this type of bound-
ary conditions were discussed in relation to drying of gels by
de Gennes (2002). This is also analogous to boundary conditions
used in heat transfer or the traction-separation law in modeling
cohesive fracture of solids. One way of handling this situation is
to introduce a general Robin boundary condition at all boundaries

where the gel is in contact with the external environment, by tak-
ing the normal flux to be some function of the chemical potential
difference across the boundary. Thus,

Vu-n =f(u—Ue) on 0 (19)

where @ is the chemical potential in the environment, w is
the chemical potential in the gel, and fiit — o) is some arbi-
trary function, yet unspecified. In the absence of detailed mod-
eling of this boundary condition, we assume a simple form,
fli — o) = —ag(t — o) and attempt to identify the parameter
og. Note that the Robin boundary condition tends to a Dirichlet
condition as ag — oo and a Neumann condition as oy — O.

4.5. The weak form

We write the weak-form of the governing equations by consid-
ering test functions v and q for the displacement vector field and
chemical potential scalar field, respectively. Multiplying the me-
chanical equilibrium equations by the test function v and integrat-
ing over the volume, and using the divergence theorem yields

/(o:Vv)dV:/ (b-v)dV+/ (t-v)dS (20)
Q Q 02

Similarly, multiplying the diffusion equation by the test func-
tion q yields

/Q(VM)~(Vq)dV—i—/ﬂtr(é)qu:/mN (Vi - m)qds (21)

An implicit backward Euler scheme can be used for the time
integration of Eq. (21), to yield an incremental formulation as

/[dt(VpL)A(Vq)-i-(V-u)q]dV:/ (V- u)gdv
Q Q

+dt/m (Vi -m)qdS (22)

where terms without a superscript belong to time t+dt and the
terms from the previous time step at t are indicated with a super-
script t. Combining mechanical equilibrium and mass balance into
one expression, we get

/Q [(0:VVv)+dt(Vu) - (V) + (V- -u)qldV
=/Q[(b~v)+ (V-u)q]dv+/m[ (t-v)dsS

+ dt(Vu -n)qds (23)
%

This variational problem is solved using the general purpose
PDE solver FEniCS. While the backward Euler formulation is im-
plicit and stable, the nearly incompressible mechanical response of
the gel can cause numerical convergence problems. One solution to
this problem is to use mixed Taylor-Hood elements in which the
interpolation function for the scalar chemical potential is taken to
be one order less than that for the displacement field. The domain
is discretized by 3D hexahedral elements with quadratic interpola-
tion for the displacement and linear interpolation for the chemical
potential field.

4.6. Numerical exploration of typical poroelastic swelling and drying
response

We now discuss the swelling and drying response of linear
poroelastic materials with a view of exploring the influence of
the various material parameters. Swelling/drying simulations were
performed on a rectangular parallelepiped of dimensions a x b x ¢
which represents one-eighth symmetry model of the actual spec-
imen. The three back planes corresponding to x; =0 are provided
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Fig. 4. (a) Influence of ok on the time evolution of the swelling strain with o =-0.3124, A=3200, A =2000; the inset shows the result of rescaling by ax. (b) Evolution of
normalized swelling/drying strain A((« — (o)/(3X)with normalized time t/[A/(Aag)]; note that t is already normalized as in Eq. (14). A curve fit to the time variation based
on the sum of three exponentials appears to be adequate: f{t)=1—0.0519e~1441t — 0.1179¢~217t — 0.8302¢-0-7948t,

with symmetry boundary conditions for displacements and zero
flux Neumann conditions for the chemical potential. The three
front planes, x; =10, x, =10/3, x3=1 are subjected to traction free
boundary conditions, and Robin boundary conditions for the chem-
ical potential. After a convergence study, it was found that dis-
cretization of the domain into (20 x 5 x 5) elements provided ac-
ceptable values of the strain variation. In comparing the simulation
results to experimental results, the average strain over the surface
is used, in keeping with the experimental procedure.

Before discussing the influence of all the material parameters,
we examine how oy of the Robin boundary influences strain evo-
lution. Fig. 4a shows the strain as a function of time with all ma-
terial parameters fixed at the values indicated in the figure cap-

tion, while varying a. It is clear that the rate of swelling/drying
increases with ag. When o — oo, as a Dirichlet boundary condi-
tion is approached, there is a sharp jump of strain at the starting
time, which can be reduced by using a finer mesh (Bouklas et al.,
2015). If we rescale time by 1/ap, the strain evolution curves col-
lapse nearly onto one curve for early time as indicated in the in-
set graph in Fig. 4a where time is plotted on log-scale to visualize
early times more clearly; thus, we can use oy to scale time in the
following.

Simulations using this formulation permit the determination of
the spatial and temporal variation of the strain and chemical po-
tential fields during swelling and drying. Such simulations can be
used to extract material parameters of linear poroelasticity through
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Fig. 5. Comparison of the linear poroelastic calculation to the experiments reported in Fig. 3.

comparison to experiments. But before we embark on this, it is in-
structive to identify the influence of the different material param-
eters on the swelling and drying response. Towards this end, let us
examine the equilibrium state corresponding to a gel with an ini-
tial chemical potential o equilibriating in an environment main-
tained at a chemical potential (.. Assuming that at equilibrium
the gel is stress free, the magnitude of the isotropic strain state
can be obtained from Eq. (15) to be

A(:uoo - MO)
=273 (24)
Clearly the strain at equilibrium is proportional to the chemical
potential difference, and in the linear regime, scales with the ratio
of A/A, assuming 3A > 2. By the linear theory of poroelasticity, the
transient solution for the strain on the surface of the specimen is
then expected to be of the form

() = A1) g (25)

with f(t) going from zero to one as t increases from zero to infinity.
As noted earlier, time was normalized by t; =12/mvkgT in Eq. (14),
but the time evolution of the strain is governed by the effective
diffusivity D* or 75, and the parameter az in the Robin boundary
condition in Eq. (19) and hence the time should be rescaled by the
ratio A/(Aag).

Fig. 4b shows the swelling and drying strain on the surface as
a function of the normalized time. It was verified that normalizing
strain by A(i4e — Mo)/(3A) and time by the ratio A/(Aag) resulted
in the collapse of the strain vs time indicated in Eq. (25). It was
found that a sum of three exponentials in time (shown in the cap-
tion to Fig. 4) was adequate to fit the function f(t).

4.7. The chemical potential and calibration of the material
parameters

Unlike in many of the recent experiments on gels where the gel
is fully immersed in an aqueous solvent, the environment in our
swelling/drying experiments is controlled by the relative humidity
in an environmental chamber. In order to determine the boundary
and initial conditions for swelling/drying, we need to determine

the chemical potential of water both in the specimen (as prepared)
and in the environmental chamber. The chemical potential for wa-
ter vapor in air is defined as follows:

u — ps = kgT log (RH) (26)

where us=0 is the saturation chemical potential, and RH is the
relative humidity. At room temperature, we take kgT=4 x 10721 ].
Initially, we used two states for the environment in which swelling
and drying are examined: RH = 100% and 15% corresponding
to two chemical potentials,itsyen/(kgT) =0 and gy /(kpT)=—1.897,
respectively.

The gel, as-manufactured, contains an initial concentration of
water; the rate of swelling/drying that is observed in the experi-
ments will depend on the initial chemical potential of water in the
gel in comparison to the chemical potential of water in the envi-
ronment. We considered three different environments in order to
determine the initial chemical potential. When the gel specimens
of composition A or B are (i) fully immersed in pure water, (ii)
fully immersed in water/glycerol mixture of the same ratio as in
compositions A or B, and (iii) placed in a chamber with controlled
humidity. In condition 1, the water diffuses into the gel while the
glycerol diffuses out of the gel and dissolves into the environment;
since this changes the composition continuously, this case is not
considered further in the present work. In condition 2, due to the
mobility of both the water and glycerol, the gelatin network might
expand but preferential migration of glycerol and/or water might
occur and therefore this is also not considered here. Condition 3
is the most appropriate since in this case, water may diffuse in or
out of the gel depending on the RH of the environment, but there
is no driving force for migration of glycerol.

Let us denote the chemical potential of water in the as-
manufactured gel of the two different compositions as (s and ug
respectively; we use two methods to determine these values. First,
we use the experimentally measured initial swelling and drying
rates, ey and éq;y respectively, to determine the initial chemi-
cal potential in the gel. In the linear poroelastic regime, the initial
swelling and drying rates are expected to be proportional to the
chemical potential difference and hence,

éswell _ Mswell — MA (27)
édry Mdry — MA
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A similar expression holds for composition B. Based on the
measured rates from the early time data in Fig. 3, we deter-
mined the initial chemical potential in the two compositions as:
Mma=-03124 and pg=-0.1638. These values of the chemical po-
tential were confirmed by a second method, in which the gels of
composition A and B were kept at RH (73% and 85%) corresponding
to the estimated w4 and wp so that they were at chemical equi-
librium and showed no swelling or drying; these results are also
shown in Fig. 3 by the gray and black lines.

Next, we turn attention to the determination of the poroelastic
parameters. According to Sections 4.3 and 4.4, there are five pa-
rameters (AY,G, v, D*, ag) that need to be determined. We denote
ge(t) and &(t), respectively, as the strains from the experiment and
the corresponding simulation. Based on the discussion in Session
4.6 about the scaling of the strain, we can write:

£ A A(Moo - MO) £
&s (t, )\) = Tf(t) (28)
We note that the real time t and the scaled time f are
related through: f= %: for water as the solvent, we take

L)
V=3 x 102 m3. Therefore, we seek two parameters (T,/ag, A/A)
by minimizing the difference between the simulated strain evolu-
tion and the measured strain:

ge(t) A (a,ﬂ)‘

— -

Moo — Mo 3A (29)

ez‘

The experimental data is shown in Fig. 5 with the strain
rescaled by (. —Mg) and it is seen to collapse into a single
curve as predicted by the linear theory for about the first 2.5 h.
The minimization process is equivalent to fitting the measured
data ee(t)/(oo — o) for first 2.5 h to a function af(t/b), where
a=A/(3A) and b=[/(agD*)=1,/ag. The best fit curve is shown
in Fig. 5 and is seen to be a good representation of the experi-
mental data for the first 2.5 h. From the fitting process, we obtain
a=0.8558 and b=58.92 hours. Using a modulus G=33 kPa ob-
tained from a uniaxial tensile test, and setting D* = 1.6 x 1011 m?/s
from Baumberger et al., (2006), we obtain A ~ 4000, A = 1558, and
og~0.66 with the length scale [=0.0015 m. It should be noted,
however, that beyond about 2.5 h, there is a marked departure
between the measured and calculated responses both for swelling
and for drying. It appears that a fully nonlinear poroelastic model-
ing is necessary for adequately representing the material behavior
beyond the early stage; such models have been presented over the
past decade (see Hong et al., 2008, 2009; Chester and Anand 2010;
Bouklas and Huang 2012; Bouklas et al., 2015 and others). We will
explore this in the next section.

5. Nonlinear poroelasticity

We now describe the nonlinear poroelastic theory that will
be used to interpret the swelling/drying data obtained in
Section 3 beyond the linear regime. The model description follows
the work of Hong et al., (2008, 2009), Chester and Anand (2010),
Bouklas and Huang (2012) and Bouklas et al., (2015). Standard non-
linear continuum mechanics notation is used. Briefly, the problem
is formulated in the reference configuration which is taken to be
the dry network condition; material points which occupy the posi-
tion X in the reference state are deformed to x(X) due to swelling,
drying, or mechanical loading. The deformation gradient tensor is
defined as F= Vx(X), or in component form Fj = dx;/0Xy, with (i,
K) taking the range (1, 2, 3). In the Flory-Rehner nonlinear theory,
the free energy of the system is taken to be a function of both the
concentration of the solvent in the gel and the deformation gradi-
ent tensor as discussed below.

5.1. Flory—Rehner nonlinear constitutive models

The free-energy function is taken to be the Flory-Rehner model
for the gel. This is written as

UF.C) 1 1 1+vC X
VT _5[1673721n(l)]7m[vC1n< - )+7]+vc] (30)

Here, the free energy normalized by NkgT, is written as a func-
tion of F, the deformation gradient tensor and C, the nominal con-
centration of the solvent in the gel. In addition, N is the num-
ber of polymer chains per unit reference volume, v is the vol-
ume of the solvent molecule, kg is the Boltzmann constant, T is
the temperature, I. = Fi¢Fix, and J = det(F), the determinant of the
deformation gradient tensor. The first term on the right hand side
corresponds to the stretching response of the network. The sec-
ond term arises from the entropy and enthalpy of mixing, with
X ~ 0—1.2. At equilibrium, one can define the nominal stress and
chemical potential as follows:

~_30(F.0) U0
=9 M7 Tac

(31)

Alternatively, the deformation gradient and chemical poten-
tial may be taken as the independent variables, once the volume
change in the gel is attributed entirely to changes in concentra-
tion of the solvent. If we take 1+ vC=] to insist that any volume
change is only due to change in the solvent concentration, and de-
fine U(F, u) = U(F,C) — uC, the free-energy may be re-written in
terms of the deformation gradient and the chemical potential:

YR ds-amo- g [0- (L) + ]

w/ (ksT)
- (-1 2
=1 (32)
The normalized free energy function depends on F and ju/kgT
and contains only two dimensionless material constants: Nv ~
104-10""and x ~0—1.2.
The nominal stress is then obtained as

Sy 1 J-1 X %%

where Hy = }adT],] The gel is typically formed from a heated mix-
ture of the solvent and polymer chains as the mixture cools be-
low the gelation temperature. Hence, at the gelated state, the gel
is isotropically swollen by Aq relative to the dry state, and con-
tains a certain concentration of solvent, Cy or equivalently is at
equilibrium with a chemical potential, . And, at this state we
have s;=0; hence setting the nominal stress to zero in Eq. (33),
we obtain the relationship between the initial stretch and chemi-
cal potential:

Moyl L1 S &
kBT_NV[Xo Ag}ﬂn(l pE; UgHg (34)

Hence, the gels of composition A and B are at initial stretches
)L‘g and Ag, respectively. We note that the stress and chemical po-
tential are already in a non-dimensional form.

5.2. Mechanical equilibrium

Swelling and drying are time-dependent processes, governed by
diffusion of the solvent molecules through the gel. This diffusive
process is rather slow in comparison to stress-wave propagation
within the gel so that mechanical equilibrium equations could be
imposed on the gel. It is not readily apparent, however, whether
the viscoelastic processes could be neglected.
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Hence, mechanical equilibrium requires that

syy+fi=0  for XeQ
syNy=T;  for Xe o

where f; are the nominal body force components (per unit refer-
ence volume), 2 is the volume in the reference configuration, 02
is the surface (with unit normal N) over which nominal tractions
are prescribed to be T;. Note that displacement boundary condi-
tions may be prescribed on the complementary boundary 9€2,.

(35)

5.3. Fluid flux

The fluid flow is commonly modeled using Darcy’s law in lin-
ear poroelasticity. Hong et al., (2008) provided a detailed discus-
sion of the calculations for a finitely deforming gel. The essential
ingredient is in adopting a diffusion model for the true flux in the
deformed configuration and rewriting it in terms of nominal quan-
tities in the reference configuration. The starting point is the as-
sumption that the true flux, jj, is proportional to the gradient of
the chemical potential in the current state:

__ Do
Je= kBT 8xk

Here, c is the concentration in the current configuration, and
related to the nominal concentration by C=cJ; D is the solvent dif-
fusivity, assumed to be a constant. The true flux and nominal flux
are related by j,n,dS=]JxNgdSy, where the differential areas in the
current and reference configurations are related by Nansen’s for-
mula: Fn;dS=JNgdSy. The nominal flux can then be calculated to

be
CD 8XK E)XL E),u
‘m(axk ak)ax 5

(36)

Jk=

The term multiplying the gradient of the chemical potential is
defined as the mobility tensor, M:

_CD (0%¢ 0%,
My = T <8xk E)xk) (38)

Mass conservation then provides the governing equation for
solvent diffusion:

g{+§%=o for XeQ

JkNg = -8 fOT Xe aﬂf (39)

where 9€2 is the surface (with unit normal N) over which nor-
mal flux of the solvent into the solid is prescribed to be g. Similar
to the displacement boundary conditions for the mechanical prob-
lem, chemical potential may be prescribed on the complementary
boundary 9€2,. Note that a Robin boundary condition, similar to
that discussed for the linear problem could also be used.

5.4. Normalized form

As indicated in Section 5.1, free energy and chemical potential
are normalized as:

UF ) - K

J = = 4

U= Negr = #= T (40)

and concentration, time, and length are scaled as:

_ - D S X

C:Cv,t:l—ztandXK:TK (41)
Normalizing the flux as Jx = YWJjx=—( - 1)(%%)%’ the

conservation equation in non-dimensional form may be written as:

aJ | Ak

/
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Fig. 6. Schematic illustration of swelling of a finite hydrogel layer of thickness hg
with isotropic swollen stretch A, attached to a rigid substrate.
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Fig. 7. A unit cube of the hydrogel layer. Four kinds of boundary conditions (Si, S,,
S3, S4) are indicated.

where the bars have been removed from all normalized quantities
in Eq. (42) and thereafter.

As discussed in Section 4.4, neither the Dirichlet nor the Neu-
mann boundary condition will be used for the boundaries exposed
to the environment of controlled humidity in the present study.
Instead, we use the Robin condition, now expressed in the current
(deformed) configuration as:

Jkle = otr (K — o) (43)

where o is a constant. In order to relate this to the linear the-

ory, which was calibrated in the vicinity of the initial state with

an initial stretch Aq, the flux is approximately:
Gon _ Jo—10dpn

Tl o
Substituting for the chemical potential gradient from the Robin
boundary used in the linear theory, we obtain

(44)

. Jo—10u Jo—1
n = - a1 = o — Moo 45
T o ax To R(U — Uoo) (45)
Comparing Eqgs. (43) and (45), we get
o = Jo— 101R (46)
Jo

The true flux and nominal flux are related by j.n,dS=JxNgdSo;
substituting this into Eq. (45), and using the fact that AndS=]dS,,
where Ay = VFTFN - N is the stretch perpendicular to the surface,
we get the normal component of the nominal flux:

. -1
JkNk = ]knkkij = UOTJOHOZR(M — Meo) (47)

which can be used in the weak form described in the next section.
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Fig. 8. Normalized thickness change during constrained swelling versus the normalized time, comparing the 3D FEniCS model with the 2D finite element model and the

self-similar solution in Bouklas et al., (2015).

5.5. The weak form

The weak-form of the governing equations are obtained by con-
sidering test functions v and q for the displacement vector field
and chemical potential scalar field, respectively.

Similarly, the mass balance equation yields

d
/ Jq —Jkqx [dV = —/ JkNkqdS
Q| dt 99,

Using a backward Euler scheme for the time derivative term in
the above, an incremental formulation is written as

[ L0-1)a- ataav = ac |  Jetias

(48)

(49)

The weak form for the displacement vector field is equivalent
to potential energy minimization; when the stored strain energy
is provided explicitly, an alternative formulation may be adopted
without calculation of the stress. Consider the total potential en-
ergy:

M= Him+l'[ex[:/QU(F(u),M)dV+/Q[b-u]dV+/BQ [T u]dS
(50)

The solution displacement vector field should minimize the
total potential energy above, which means that the directional
derivative of energy will be zero for all possible variations of u:
thus,

dll(u+ev, )

P(u,v, u) = 9

=0 (51)
=0

Combining potential energy minimization and mass balance
into one expression, we get

/S; [(J _Jt)q — AtJKqYK]dV =+ P(u, Vv, [L) — At ./Z;QgJ[(NquS =0
(52)

This form can be implemented directly in FEniCS, and is used
in the following. Once again, mixed Taylor-Hood elements in which
the interpolation function for the scalar chemical potential is taken
to be one order less than that for the displacement field will be
used.

5.6. Verification of the finite element simulation

To verify the accuracy of the FEniCS formulation of the non-
linear model, we compare the simulation results for the problem
of swelling of a constrained hydrogel layer to the analytic and
numerical results in Bouklas et al., (2015). We consider an infi-
nite hydrogel layer of thickness hg, with the bottom surface at-
tached to a rigid, impermeable substrate and the top surface ex-
posed to the solvent at fixed chemical potential. We note that
Bouklas et al., (2015) considered a nearly incompressible hydrogel
in their numerical simulation, but they show little difference from
the analytical incompressible limit.

We consider a rectangular parallelopiped of dimension
(lp x wg x hg)[Ag swollen isotropically to a chemical potential
o and initial stretch Aq, resulting in the initial gel of dimension
(lp x wg x hg), see Fig. 6. The gel is then subject to constrained
swelling boundary conditions. We implement a 3D model in FEn-
iCS with the following boundary conditions imposed, see Fig. 7.
The top surface (S;, x3=1) is traction free and its chemical po-
tential is fixed at O; the bottom surface (S, x3=0) is at fixed dis-
placement (u = ip) and its flux is zero; the left and right surfaces
(S3, X, =0, 1) are subject to symmetry condition with u; =15,
T>1 =T>3=0 and J, =0; the front and back surface (S4, x; =0, 1)
are also subject to symmetry condition uq =uqg, T2 =T;3=0 and
J1=0. The initial chemical potential is taken to be g, and the
corresponding initial stretch Ay can be calculated from Eq. (31);
the initial displacement is then iy = {uxo. tyo. U0} = (Ao — DX
The following parameters were used in the simulations: Aq=14,
x =0.4, and Nv=0.001. We use twenty elements along thickness
as used in Bouklas et al., (2015). We noted that Bouklas et al used
a 2D-FE model in their simulations, but the result should be com-
parable to the 3D simulations. The self-similar solution, obtained
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Fig. 9. (a) Variation of the chemical potential along thickness at time 0.0015. (b) Variation of the chemical potential at the point (0,1,0) as a function of time.

from the linearized diffusion equation, predicts that the thickness
changes at early time should be proportional to square root of
time (Bouklas and Huang, 2012). The change of thickness with
time, calculated with the 3D model is compared with the numeri-
cal results and the self-similar solution of Bouklas et al., (2015) in
Fig. 8. The 3D result (red solid line) and the 2D result (black dash
line) are nearly on top of each other; and both simulations exhibit
a small difference from the analytical self-similar solution (blue
solid line) for the early time, probably caused by the coarse mesh,
as discussed by Bouklas et al., (2015). We take this as verification
of FE formulation in FEniCS.

5.7. Simulation of free swelling and comparison to experimental data

For the nonlinear theory, there are five parameters that need
to be determined: (N, x, D, og) and the initial swelling ratio, Ag.
We will determine the three parameters (N, x, Ag) in the follow-
ing. First, the initial swollen stretch Ay and the chemical potential
o are related by Eq. (34). Second, from the experimental data,
though the swelling process was still in progress, the drying pro-
cess reached equilibrium stage at about 100 hours; therefore, the
final drying stretch, Ay =(1+&4)Xo, where ¢4 is determined from
strain measurement, is related to the drying chemical potential
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Hary as:

1 1 1 1 X
Mdry _Nv[)»d )\3] +1In <1 )»3) + )»?, + )Lg
Finally, the normalized shear modulus is related to the initial
stretch as
c_ 1 _33kPa_ 2475x 1074
T do NkgT — Nv
where the dimensional shear modulus is taken to be 33 kPa based
on a uniaxial tension test. Hence, for each gel composition, we
can determine the three parameters (N, x, Ag), by solving the
three Egs. (34), (53) and (54). As indicated in Section 4, we have
determined po=-0.3124, gy =-1897 and &;=-0.14 for spec-
imen with composition A, and pg=-0.1638, gy =-1897 and

(53)

(54)

&4=—0.18 for specimen with composition B. Then, from Egs. (34),
(53) and (54) we obtain: N ~ 102°, x ~ 0.007, and Aq~ 1.186 for
composition A and, N ~ 1025, ¥ ~ 0.2007, and Aq ~ 1.240 for com-
position B.

For the determination of the diffusivity and ak, we compare
the free swelling/drying experiments to numerical simulations of
the same problem with the nonlinear finite element method. The
Taylor-Hood hexahedral elements are used with quadratic inter-
polation for the displacement vector field and linear interpolation
for the chemical potential field. Since the gradient of chemical po-
tential is much larger in the thickness direction, a coarse mesh
will cause large oscillation near boundary with small time steps;
this was explored as shown in Fig. 9. Fig. 9a shows the chemi-
cal potential variation across the thickness for different mesh sizes
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Table 2

(a) Material parameters of linear poroelasticity

AdrG G/kPa v/m3
1.6 x 103 33 3 x10°29

D*[(m2s7T1) ag
1.6 x10°11  0.66

(b) Material parameters of nonlinear poroelasticity

Specimen N/m~3 v/m3 ar  D[(m?s71) X Ao

A 1025 3x 1029 15 82 x 107" 0.007 1.186

B 7.4 x 10711 0.201 1.240
Table 3

Parameters of the linear poroelasticity calculated from the nonlinear
poroelasticity

Specimen  G/kPa v/m? ap AY/G D*[(m?s~1)
A 33 3 x10729.5 3.5 x10° 3.5 x10°1
B 1.9 x10° 2.0 x10~1

while Fig. 9b shows the chemical potential at the point (0,1,0) as a
function of time. This convergence study indicated that the 3D do-
main discretized by a (6 x 3 x 40) mesh was adequate. Adaptive
time stepping was used with an initial time step of 0.00005 nor-
malized time units, decreasing by a half when the solver failed to
converge after eight iterations and doubling when the solver con-
verges within five iterations. The largest time step was constraint
to not exceed 0.2 in order to maintain accuracy of the solution.

In order to determine oy for both compositions, simulations of
different set parameters are calculated for both composition A and
B for drying case. Fig. 10a shows that oy will influence the shape
of the strain versus real time curves. Through a parameter sweep
process, we found that agp=1.5 was the most suitable for fitting
the experimental curves for both compositions. The comparison of
strain versus time curves between the experimental results and the
nonlinear simulations using oy obtained is shown in Fig. 10b. The
nonlinear simulations predict nearly same strain evolution as ex-
periments and capture the asymmetry between the swelling and
drying process. There is a small disagreement between the simu-
lations and experiments that arises at the later stages of swelling
test; this may be due to departure from the neo-Hookean model
at larger stretch levels and needs to be explored further. The dif-
fusion coefficient D was estimated by assessing a time constant of
about 7.6 h for composition A and 8.4 h for composition B; this
yields an estimate of the diffusion coefficient: D=8.2 x 10~ "'m?2/s
for composition A and D=7.4 x 10-"m?2/s for composition B.

5.8. Linear and nonlinear parameters comparison and summary

Parameters of linear and nonlinear theory extracted as indi-
cated above are listed in Table 2. We can compare these calibra-
tions by linearizing the nonlinear theory; the parameters are re-
lated by (Bouklas and Huang, 2012):

G:NﬁT (55)
-1
1-« 1 Nv 2v
Ar=¢ k=Ny| ——— 4+ — - (56)
WBOI-1) A5 A
Adr>x3—1
D*=DNv|( 2+ = | =2 (57)
(+76)%

We calculate the parameters of the linear poroelasticity from
the nonlinear theory, listed in Table 3, which are comparable to
the value we determined from the linear simulation. From the pa-
rameters determination procedure, we conclude that: (i) the shear

modulus needs to be determined elsewhere, such as from a ten-
sion test. (ii) ag from the Robin boundary condition and the dif-
fusivity D or effective diffusivity D* both influence diffusion time,
and could not be determined separately for the linear theory. But
in the nonlinear theory, since oy also influences the shape of the
drying curve, both «g and D can be estimated by fitting to the dry-
ing data. Thus all parameters of the nonlinear theory except for the
shear modulus can be determined from the swelling/drying exper-
iments.

6. Summary

The main goal of this work is to explore the poroelastic swelling
and drying behavior of gelatin-glycerol-water hydrogel experimen-
tally, and to interpret the results in the framework of linear and
nonlinear poroelastic theories. Towards this end gelatin gels were
prepared by mixing pig-skin derived collagen in different mix-
tures of glycerol and water. The resulting gels exhibited significant
poroelastic swelling and drying when exposed to environmental
conditions of 100% RH and 15% RH, respectively. A significant time
asymmetry in the swelling/drying responses was observed.

A linear poroelastic model was formulated for finite element
simulations using FEniCS. Special attention was paid to the bound-
ary condition between the gel and the environment; in particular,
the use of a Robin boundary condition relating the flux to the dif-
ference in the chemical potential was found to be important. While
the linear poroelastic model was found to be suitable for captur-
ing swelling and drying for the first few hours, it was not suitable
for determining the long time behavior, suggesting the need for a
nonlinear theory accounting for large stretches that occur at longer
times. In particular, the time asymmetry between the swelling and
drying responses could not be captured by the linear poroelastic
formulation.

The shortcomings of the linear theory are addressed with a
nonlinear theory based on Flory-Rehner model. This model was
also formulated for numerical solutions with the software FEniCS
to simulate free swelling and drying processes. The nonlinear the-
ory was found not only to capture the time asymmetry behav-
ior between drying and swelling, but also to reproduce the long-
term strain versus time evolution observed in the experiments,
thereby permitting calibration of the material parameters of the
gel through swelling/drying experiments. However, deviations from
the nonlinear theory was still observed at large swelling strains;
this may require the use of a non neo-Hookean constitutive model,
such as the Gent model; this will be explored in future work.
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