A Variational Approach and Finite
Element Implementation for
Swelling of Polymeric Hydrogels
Under Geometric Constraints

A hydrogel consists of a cross-linked polymer network and solvent molecules. Depending
on its chemical and mechanical environment, the polymer network may undergo enor-
mous volume change. The present work develops a general formulation based on a
variational approach, which leads to a set of governing equations coupling mechanical
and chemical equilibrium conditions along with proper boundary conditions. A specific
material model is employed in a finite element implementation, for which the nonlinear
constitutive behavior is derived from a free energy function, with explicit formula for the
true stress and tangent modulus at the current state of deformation and chemical poten-
tial. Such implementation enables numerical simulations of hydrogels swelling under
various constraints. Several examples are presented, with both homogeneous and inho-
mogeneous swelling deformation. In particular, the effect of geometric constraint is em-
phasized for the inhomogeneous swelling of surface-attached hydrogel lines of rectangu-
lar cross sections, which depends on the width-to-height aspect ratio of the line. The
present numerical simulations show that, beyond a critical aspect ratio, creaselike sur-
face instability occurs upon swelling. [DOI: 10.1115/1.4001715]
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1 Introduction

An aggregate of a polymer network and small molecules (e.g.,
water) forms a polymeric hydrogel. In response to various envi-
ronmental stimuli (e.g., temperature, vapor pressure, pH, and elec-
tric field), a hydrogel can swell or shrink dramatically by absorb-
ing or desorbing the solvent molecules. The stimuli-responsive
properties of hydrogels along with their degree of flexibility simi-
lar to natural tissues have led to a wide range of applications in
biotechnology and medicine [1-4], including drug delivery, tissue
engineering, biosensors, as well as other microdevices [5-7].

The complex material behavior of hydrogels with large, revers-
ible deformation, and various instability patterns have been ob-
served in experiments [8—17], which have motivated a large body
of theoretical and numerical studies [18-30]. Recently, following
the classical works by Gibbs [31] and Biot [32,33], Hong et al.
[27] formulated a nonlinear field theory coupling diffusion of sol-
vent molecules and large deformation of polymeric gels. With a
specific material model, such a theory enables analyses of
swelling-induced deformation phenomena in hydrogels under
various physical and geometrical constraints [28-30].

In an effort to study the effects of constraint on the swelling of
polymeric thin films and nanolines [4,9-17], the present paper
reformulates the theory by Hong et al. [30] in a general variational
form and develops an alternative method for a finite element
analysis of equilibrium states of polymeric hydrogels swollen un-
der constraints. The remainder of this paper is organized as fol-
lows. Section 2 presents the general statements of the variational
principle and derives the equilibrium equations along with bound-
ary conditions for the coupled mechanical and chemical fields.
Section 3 develops a finite element method for numerical simula-
tions using the user-defined material (UMAT) feature of the com-
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mercial package ABAQUS. Analytical and numerical solutions are
presented in Sec. 4 for the homogeneous and inhomogeneous
swelling of hydrogels, where the effects of geometric constraints
are emphasized.

2 Theory: A Variational Approach

2.1 General Statements. Consider a hydrogel body (current
state) of volume () enclosed by a surface I', subjected to a dis-
tributed body force b; and surface traction ¢#;. In addition, the hy-
drogel is immersed in a solvent environment of chemical potential
A (per solvent molecule), and the transport of the solvent mol-
ecules occurs within the hydrogel body and across the surface I'.
As illustrated in Fig. 1, part of the surface ' may be mechanically
constrained (e.g., attached to a rigid surface) and/or chemically
isolated from the solvent.

With an infinitesimal variation to the current state in terms of
both mechanical displacement and molecular transport, the total
work done to the hydrogel includes the mechanical work by the
body force and the surface traction and the chemical work via
absorption of solvent molecules, namely,

W= f biﬁxidv+§ ti5xidS —§ ,&nkﬁlkds (1)
O r r

where dx; is the variation of the current position and &i; is the
variation of the molecular flux, defined as the number of solvent
molecules across per unit area of a surface element with the sur-
face normal in the direction x;. The vector product —n;di; gives
the number of solvent molecules entering the gel across per unit
area of its surface, where n; is the unit normal vector on the
surface (positive outwards). We ignore the injection of solvent
molecules by distributed pump that was included in the theory by
Hong et al. [27]. Additional terms may be added in Eq. (1) to
include works done by other fields (e.g., temperature and electric
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Fig. 1 Schematic illustration of the reference state (dry) and
the equilibrium state (swollen) of a hydrogel, along with an aux-
iliary initial state used in numerical simulations

field), which are beyond the scope of the present study.
Assuming a free energy density function for the hydrogel u, the
variation of the total free energy of the hydrogel is

ob= 5( J udV) (2)
Q

The functional form of u determines the constitutive behavior of
the hydrogel, which will be discussed later with a specific material
model.

The variation of the free energy for the thermodynamic system
including the hydrogel and its mechanical/chemical environment
is

6G = 6P — W (3)

For all thermodynamically permissible variations, 6G =0 [34]. If
the current state is a thermodynamically equilibrium state, 6G
=0 for any arbitrary variation. Otherwise, the system evolves to
reduce its free energy (8G <0).

Furthermore, mass conservation of the solvent molecules re-

quires that
5<J Cdv) =- % nk5lde (4)
Q r

where c is the concentration of the solvent molecule in the hydro-
gel (i.e., number of molecules per unit volume at the current
state). Equation (4) simply states that the total number of solvent
molecules in the gel changes only as the molecules enter or leave
the gel through its boundary (I"), assuming no sources or distrib-
uted pumps inside the body ({2). We emphasize that this statement
does not assume incompressibility of the solvent molecules or the
polymer network.

The left-hand side of Eq. (4) can be decomposed into two parts,

namely,
5<f ch)=f 5ch+f coxy  dV (5)
Q Q Q

where the second term on the right-hand side of Eq. (5) represents
the contribution from the volume change in the gel, with dx,
being the linear volumetric strain for an infinitesimal variation
from the current state.

By substituting Eq. (5) into Eq. (4) and applying the divergence
theorem on the right-hand side, we obtain that

j ((sC + cﬁxk’k)dV= - f 5ik’de (6)
Q O

For Eq. (6) to hold everywhere inside the gel, it necessarily re-
quires that
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oc=— 5ik,k - C'é.xk,k in (7)

Therefore, the general statements of the variational principle for
the hydrogel include one for the variation of free energy (Eq. (3))
and one for the mass conservation (Eq. (4) or Eq. (7)).

2.2 Nominal Quantities. It is often convenient to use nomi-
nal quantities referring to a reference configuration with fixed vol-
ume (), and surface I'j. As illustrated in Fig. 1, a deformation
gradient tensor F maps the reference configuration to the current
state, namely,

&x,«
dx;=F,xdXyx and Fjx=——— (8)
where Xy refers to the fixed coordinates at the reference state.
While the choice of the reference state is arbitrary in general, we
choose the dry state of the hydrogel as the reference state in the
present study. As will be discussed later, such a choice is neces-
sary for the use of a specific free energy function. On the other
hand, it poses a numerical challenge that has to be circumvented
in finite element analyses.
The differential volume and surface area at the current state are
related to those in the reference state by

dV=JdV, and ndS=A,N,dS, 9)

where N, is the unit normal of the surface at the reference state,
and
J=det(F), Ay=3

ei_/’keJKLFjKFkL (10)

Thus, the nominal quantities (in upper cases) can be defined as
follows:

* nominal body force B: B;dVy=b,dV

* nominal surface traction 7: T;dSy=t;dS

* nominal molecular flux I: NgdlgdSy=n;didS

* nominal free energy density U: UdVy=udV

* nominal molecular concentration C: CdVy=cdV

In terms of the nominal quantities, the variational statements in
Egs. (1), (2), and (4) are recast as follows:

W= f Bitsx,-dv()+§ Tiﬁxidso—ﬂg ANSIdS, (11)
I I

0 0

5P = f sUdV, (12)
f 8CdVy=— 3€ Ny SldS, (13)
Q, Ty
Applying the divergence theorem to Eq. (13) leads to
d .
oC=- ﬁXK(ﬁlK) in € (14)

2.3 Equilibrium Equations. At the equilibrium state, 6G
=6D-6W=0, and thus

J SUAV,y = J B,-ax,.dv(,+3g T,-(‘)‘xidSo—jg N STdS,
Qp Qp T Iy
(15)

Assume a general form of the nominal free energy density func-
tion, U(F,C). The variation of the free energy at the left-hand side
of Eq. (15) can be carried out as follows:
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oU oU
f 5UdV0=f _5F,'KdV0+f _5CdVO
Q Q IFix Q aC

0 0 0

U au 3
= f ——(5x)dV0 f —(8l)dV,
o, OFix Xk o, 7€ Xk

(16)

By applying the divergence theorem, we obtain that

U J au
f (sUdVO = % —NKﬁxidSo - f ( ) Ox; dV()

0
&UN Ol xdS J <5U>5I dV,
- +
. gC KPK40 XK ac ) kYo

(17)

Thus, the equilibrium condition in Eq. (15) becomes

20 a [ aU
——Ng—T;|xdS,— — | — | +B; | 6x;dV,
IF o, L Xk \F
- 9 (U
- g E—,U, N OIdS, + o XK 3c OlgdVy=0
o

(18)

For Eq. (18) to hold for any arbitrary variations, it necessarily
requires that

(U _
B 0 in Qo
X\ IF
d (U
< )_0 in QO (19)
X\ aC
and
U
—Ng=T; or ;=0 on T,
aFll(
U
%z,ud or Ngdlg=0 on T, (20)

The governing equations for the equilibrium state of the hydrogel
are thus established in Eq. (19), along with the boundary condi-
tions in Eq. (20). It is noted that, in the variational analysis, the
deformation gradient (F) and the concentration (C) have been
taken as the state variables in the definition of the free energy
function (U), while the mechanical displacement of the polymer
network (dx;) and molecular flux of the solvent (8lg) are the
physical processes that change the current state of the hydrogel.
At the equilibrium state, the free energy G is minimized with
respect to any arbitrary variations in both the displacement and
flux.

Now we may define the nominal stress and chemical potential
as work conjugates of the deformation gradient and solvent con-
centration, respectively, as follows:

aU aU
sig=—— and u=—

21
OF ac @)

The equilibrium equations and the boundary conditions are then
rewritten as

(95,](
Xy

+ B 0 in QO

Journal of Applied Mechanics

d,
20 i (22)
Xk
and
SiKNK= Ti or 5.xi=0 on FO
pu=@ or Ngélg=0 on T, (23)

We note that in addition to the familiar boundary conditions for
the mechanical traction (natural) and displacement (essential), the
chemical boundary condition can be specified either by the chemi-
cal potential of the external solvent or by zero flux (e.g., surface
isolated or blocked from the solvent). It is also possible to have
mixed boundary conditions.

The two field equations in Eq. (22) appear to be uncoupled.
However, both the nominal stress s;x and the chemical potential u
are derived from the same free energy density function U, which
are coupled in general through the constitutive behavior of the
hydrogel. The second equation (chemical equilibrium) dictates
that the chemical potential to be a constant at the equilibrium state
(if it exists). This is only possible when the hydrogel is in contact
with a homogeneous solvent of a constant chemical potential, i.e.,
u=f=const. The constant chemical potential in the hydrogel as
an equilibrium condition is analogous to the constant temperature
as an equilibrium condition for heat transfer.

The chemical potential of the external solvent, either in a liquid
or in a gaseous state, is given by [27]

A_{ (p = po)v if p>p,

B7 kT 1og(pipy) it p<po

where p is the pressure in the solvent, p is the equilibrium vapor
pressure, v is the volume per solvent molecule, T is the absolute
temperature, and kp is the Boltzmann constant. At the equilibrium
vapor pressure (p=p,), the external chemical potential i=0.

At a nonequilibrium state, the solvent molecules migrate within
the gel and the polymer network deforms to reduce the free energy
G, i.e,, 6G<0. Assuming self-diffusion as the dominant kinetic
process, Hong et al. [27] developed a kinetic model, based on
which a finite element method was developed for a transient
analysis of swelling polymeric gels [30]. The present study fo-
cuses on the analysis of equilibrium states only.

(24)

2.4 A Free Energy Function for Hydrogel. In addition to the
governing equations, a specific functional form of the free energy
density U(F,C) is needed for the analysis of the swelling defor-
mation of hydrogels. Following the approach of Flory [35], we
adopted a free energy function that consists of two parts, one for
elastic deformation of the polymer network and the other for mix-
ing of the solvent molecules with the polymer chains, namely,

U(F,C)=U,F)+ U, (C) (25)

Based on a statistical mechanics model of rubber elasticity, the
elastic free energy density was obtained by Flory [35,36] as fol-
lows:

U,(F) = $NkgTIA] + N3 + A3 = 3 = In(\ Ao\3)] (26)

where N\j, \,, and A5 are the principal stretches in the principal
directions of the deformation gradient tensor F, and N is the ef-
fective number of polymer chains per unit volume of the hydrogel
at the dry state, which is related to the cross-link density of the
polymer network. It is well known that NkgT defines the initial
shear modulus of an elastomer [37]. When the deformation does
not change the volume (i.e., N;\)A3=1), Eq. (26) reduces to the
familiar strain energy density function for incompressible neo-
Hookean materials [38]. For the swelling deformation of a hydro-
gel, however, the volume changes dramatically. The last term in
the bracket of Eq. (26), resulting from the entropy change associ-
ated with the volume change, is, however, problematic from a
mechanic’s consideration [37,39]. To account for the volume
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change in rubber elasticity, many other forms of the free energy
function have been suggested [37,39-42]. In the present study,
following Hong et al. [27], we take the elastic free energy function
as follows:

U(F) = NkgTIN] + N3+ M3 =3 = 2 In(A \ohs)]

= INkyT(FxFix—3~2InJ) (27)
which differs from Eq. (26) by a factor of 2 in the volumetric
term. The same functional form was suggested by others from
mathematical considerations [39] as well as a statistical mechanics
model [43,44]. Note that the principal stretches and deformation
gradient in Eq. (27) are defined with respect to the dry state as the
reference, which is assumed to be isotropic. The functional form
should be modified accordingly if a different reference state is
used.

Based on the Flory—Huggins polymer solution theory [35,45],
the free energy change due to mixing of pure solvent with a poly-
mer network was obtained as

Asz kBT[nl In ¢+ an(l - <p)] (28)

where n; is the number of solvent molecules, ¢ is the volume
fraction of the solvent, and x is a dimensionless quantity that
characterizes the interaction energy between the solvent and the
polymer. The first term on the right-hand side of Eq. (28) comes
from the entropy of mixing, and the second term from the heat of
mixing (enthalpy).

By the assumption of molecular incompressibility, the volume
swelling ratio of the hydrogel is

1%
J=—=1+0C (29)
v,

0

It then follows that n;=V,C and ¢=vC/(1+vC). Thus, the free
energy of mixing per unit volume is as follows:

AF,  kgT c c
U,,,(C):—’”:L(Ucln A ) (30)
Vo v 1+vC 1+0vC

Equation (30) differs slightly from that given by Hong et al. [27]
by a constant, which is insignificant for swelling deformation. At
the dry state, we have C=0 and U,,=0. The tendency to increase
the entropy of mixing (thus to decrease the free energy) drives the
solvent molecules to enter the polymer network. This tendency to
mix may be either opposed (x>0) or enhanced (y<<0) by the
heat of mixing, depending on the sign of y. Furthermore, as the
process of absorption proceeds, the elastic energy of the network
increases as a penalty of swelling. Ultimately, a state of equilib-
rium swelling may be obtained, in which the total free energy
reaches a minimum.

In search for the equilibrium swelling state, the condition of
molecular incompressibility in Eq. (29) can be imposed as a con-
straint that relates the solvent concentration C to the deformation
of the polymer network. In the cases of homogeneous swelling, a
term with a Lagrange multiplier for the constraint can be added to
the free energy function, namely,

UF.C)=U,F)+U,(C) +1I(1 + vC-J) (31)

As defined in Eq. (21), the principal nominal stresses are obtained
as

S1=

ﬂ—NkT()\ i) TIN N
A 2A3

2% 1
Sy = T =NkBT )\2 - )\_ - H)\l)\f)

2 2
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29 1
S3=K=NkBT()\3—)\_) —H>\l>\2 (32)
3

3
In Eq. (32), the Lagrange multiplier IT represents the osmotic
pressure, resulting from the condition of molecular incompress-
ibility. For free, isotropic swelling, we have s;=s,=53=0 and \,
=Np=N\3=\, which lead to an osmotic pressure IT=NkgT(1/\
—(1/\3)). As expected, the osmotic pressure is zero at the unde-
formed dry state (\=1). The predicted osmotic pressure at the dry
state would not vanish if the elastic free energy function in Eq.
(26) instead of Eq. (27) was used.

The chemical potential in the swollen hydrogel is obtained from
Eq. (31) as

U e 1 X 11
pm=—=kgT|In + + 5+Nv| - -
aC 1+vC 1+vC (1+v0) Y

(33)

The last term in the bracket of Eq. (33) represents a modification
to the chemical potential due to the elastic reaction of the polymer
network. A similar formula for the chemical potential was ob-
tained by Flory [35], with a factor of 2 difference in the last term.
The difference results from the different forms of the elastic free
energy function in Egs. (26) and (27).

By setting w=4 as the external chemical potential defined in
Eq. (24) and noting vC=\3~1 by molecular incompressibility, the
isotropic, homogeneous equilibrium swelling ratio can be solved
from Eq. (33) as

K=X(£;Nv,x> (34)

where the two dimensionless quantities (Nv and y) characterize
the material system, with N for the polymer network structure, v
for the solvent molecules, and y for the solvent-polymer interac-
tion. The effect of the external environment (e.g., temperature and
vapor pressure) is accounted for in Eq. (34) via the normalized
chemical potential. As an example, at the equilibrium vapor pres-
sure, we have =0 and A=3.390 for a hydrogel with y=0.1 and
vN=1073; the corresponding volume ratio of swelling is J=\3
=38.96.

It is noted that the first term in the bracket of Eq. (33) is un-
bounded at the dry state (when C=0). This is consistent with the
definition of the external chemical potential in Eq. (24), which
approaches negative infinity as the vapor pressure approaches zero
(i.e., vacuum). However, the negative infinite chemical potential
at the dry state poses a challenge for numerical simulations of
swelling deformation under constraints from the dry state, as will
be discussed in Sec. 3.

3 Formulation of a Finite Element Method

Simple, analytical solutions can be obtained for the homoge-
neous swelling of hydrogels from the above theoretical framework
[27]. For inhomogeneous swelling with complex geometric and
physical constraints, however, numerical approaches are often
necessary [27-30]. With the variational form of the present theory,
a finite element method may be developed to solve the coupled
field equations in Eq. (22). Alternatively, following Hong et al.
[29], a Legendre transformation of the free energy density func-
tion leads to

U(F, ) = U(F,C) - uC (35)

which can then be used to solve for the equilibrium swelling de-
formation with a prescribed chemical potential u. Since the
chemical potential must be a constant at the equilibrium state
(u=4), a standard nonlinear finite element method for hyperelas-
ticity [46] can be employed to solve for the equilibrium swelling
deformation field (F). The concentration field (C), which is inho-
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mogeneous in general, can then be obtained from the condition of
molecular incompressibility, i.e., C=(J—1)/v.

Substituting Egs. (27) and (30) into the free energy function in
Eq. (25) and then into Eq. (35) and replacing vC with J—1, we
obtain that
J-1 J-1

L2t
X7y

. 1 ksT
U(F, ) = ENkBT(I— 3-2InJ)+-2~{(J-Dn
14

~“Eu-n (36)
14

where [=F;xF;x. At the undeformed dry state, we have /=1 and

=3 so that U=0. However, the chemical potential at the dry state
is singular (u=-°), which cannot be accurately specified for nu-
merical simulations. To circumvent this inconvenience, an auxil-
iary configuration with a finite value of the chemical potential is
used as the initial state in numerical simulations, as illustrated in
Fig. 1. The choice of the initial state should be such that (a) the
corresponding swelling deformation is homogeneous and (b) the
essential boundary conditions at the dry state are satisfied. Condi-
tion (a) allows the chemical potential at the initial state to be
obtained analytically and condition (b) ensures that the effect of
constraints on swelling by the essential boundary conditions is
maintained at the initial state and throughout the subsequent
swelling process. In a previous study [29], a free, isotropic swell-
ing deformation is assumed for the initial state, which does not
necessarily satisfy condition (b) for the swelling of hydrogels un-
der geometric constraints. In the present study, we choose an ini-
tial state with swelling deformation in form of

AY o0
FU=[ 0 AP o (37)
0 0 Ay

The three principal stretches at the initial state and the correspond-
ing chemical potential (w=pu,) depend on specific constraints im-
posed by the essential boundary conditions, as will be discussed in
Sec. 4.

As illustrated in Fig. 1, the total swelling deformation from the
dry state is decomposed into two parts as:

F=F®F® (38)

where F@ is the deformation gradient from the initial state (u
=) to the final state of equilibrium (u=4) and is to be solved
numerically by the finite element method.

The nonlinear constitutive behavior of a hydrogel can be speci-
fied as a user-defined material in a standard finite element package
such as ABAQUS [47]. In particular, ABAQUS offers two options for
such implementation, with the user subroutine UHYPER Or UMAT.
The former (UHYPER) is specialized for hyperelastic materials, but
with the restriction that the initial state must be isotropic. Assum-
ing isotropic swelling at the initial state, a user subroutine with
UHYPER was developed previously [29]. In the present study, with
a generally anisotropic initial state as given in Eq. (37), we de-
velop an alternative implementation for swelling of hydrogels un-
der constraints using a UMAT subroutine in ABAQUS. As a general
material subroutine, the procedures for UMAT implementation are
quite different from those for UHYPER. In the UHYPER subroutine,
the free energy function and its derivatives with respect to the
deviatoric strain invariants are coded [29]. The restriction of such
an implementation to an isotropic initial state results from the
decomposition of the deformation gradient into a volumetric part
and a deviatoric part. The present implementation using UMAT
removes this restriction but requires a lengthy derivation of ex-
plicit formula for the true (Cauchy) stress and its variation with
respect to the current state in terms of a fourth-order tangent
modulus tensor.

First, the nominal stress is obtained as

Journal of Applied Mechanics

U U al aU 28
S= = (39)
OFy ol 3F,K o &F,K
By definition, the Kirchoff stress is
U ol aU o]
Joi;=siF ik - Tt 7 Fix (40)
ol OF 3] OF

where o;; is the true stress at the current state. Using the free
energy function in Eq. (36), we obtain that

@ = lNk T (41)
ar 2"
au 1 1({ J-1 1
—=NkBT[——+—(1n—+—+12—L)] (42)
aJ J Nv J J J kgT
Furthermore, it can be shown that
al af 1
aFK_ZFlK and aFK_ zeijkeKQRF QFkR (43)

Substituting Eqgs. (41)—(43) into Eq. (40), we obtain an explicit
formula for the true stress

o;; = NkgT| J‘”3Ei-+é‘1<1nj_—l+ﬂ+i—i>
J /" Nv J J P kT

(44)
where E,-J:J‘ZBF ixFjk is the deviatoric stretch tensor and J;; is

the Kronecker delta.
Next, the variation of the Kirchoff stress gives that

2 - _ & J-1 1y
o) = NkBT[ 3 3B, o] + P 6B + Ni(lnT g
- L) 51} (45)
kT
It can be shown that
5] = JaDkk (46)
5B, H,]k,( 8D, — 5Dmm) + By oWy — ByoWy,  (47)
where
8D;;=5(L;+ Lj) (48)
SW,;=5(8L,;— oLj) (49)
J
oL = ——(Juy) (50)
ﬁxj
Hijy _%(E 5k+1§ik‘5j1+l§jk5ﬂ+éiz5jk> (51)

In the above equation, du; is the variation displacement, éD;; is
the symmetric part of the deformation gradient, and W;; is the
antisymmetric part (spin), all of which are variational quantities

with respect to the current state.
By substituting Egs. (46) and (47) into Eq. (45), we obtain that
5(.]0'”) = JCijk,5Dk, + J(U'kjéwik -

where an explicit formula for the tangent modulus tensor at the
current state is obtained as follows:
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Fig. 2 Comparison between numerical results and analytical
solution for free, isotropic swelling of a hydrogel

M
-2 s.s
J J-1 P kBT) Y "’}
(53)

The second term on the right-hand side of Eq. (52) results from
the rotation of the local coordinates, which is not needed in the
material subroutine [47]. The first term on the right-hand side of
Eq. (53) gives the tangent modulus for an incompressible, neo-
Hookean material.

With Egs. (44) and (53) for the true stress and tangent modulus,
a user subroutine is coded in the format of UMAT in ABAQUS.
Following Hong et al. [29], the chemical potential is mimicked by
a temperaturelike quantity in the user subroutine, which is set to
be a constant in the hydrogel at the equilibrium state. Analogous
to thermally induced deformation, a change in the chemical po-
tential leads to swelling deformation of the hydrogel, and stress is
induced if it is subject to any constraint. Several examples are
presented in Sec. 4 for homogeneous and inhomogeneous swell-
ing of hydrogels under constraints. For convenience, we normal-
ized the key quantities as follows:

C, = NkgT| J7'PH, € 1 d
ijkl = IVKp ijkl+NV n

U
NkT~ Y

M
kyT

U= Ny (54)

4 Analytical Solutions and Numerical Examples

In Sec. 4, we first consider three simple examples of homoge-
neous swelling of a hydrogel; one, without constraint and, two,
with constraint. Numerical results are compared with the corre-
sponding analytical solutions as benchmarks for the finite element
implementation. Next, inhomogeneous swelling of surface-
attached hydrogel lines is considered to further emphasize the
effect of geometric constraint.

4.1 Free, Isotropic Swelling. As discussed in Sec. 2, under
no constraint a hydrogel swells isotropically, for which the equi-
librium swelling ratio A can be solved analytically by setting the
chemical potential u=/ in Eq. (33). Figure 2 plots the equilib-
rium swelling ratio as a function of the external chemical potential
for a hydrogel with y=0.1 and »N=10"3,

For numerical analysis by the finite element method, an isotro-
pic initial state is used for this case with an arbitrary swelling ratio
)\(ll)z)\(zl)z)\gl)z 1.5. The chemical potential at the initial state is
calculated analytically from Eq. (33). Then, the chemical potential
of the hydrogel is increased gradually as the loading parameter in
the finite element analysis until u=0, and the swelling ratio is
calculated at each increment. A single three-dimensional eight-
node brick element is used to model the hydrogel with all bound-
aries free of traction. The numerical results are compared with the
analytical solution in Fig. 2, showing excellent agreement. Since
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the initial state is isotropic in this case, both the UHYPER and UMAT
subroutines in ABAQUS can be used, and they produce identical
results.

4.2 Anisotropic, Homogeneous Swelling of a Hydrogel
Thin Film. Next, we consider a hydrogel thin film bonded to a
rigid substrate, which swells preferably in the thickness direction
due to the constraint in the lateral direction. For a thin film with its
thickness dimension much smaller than its lateral dimensions, the
swelling deformation is homogeneous, but anisotropic. Let 1 and
3 be the in-plane coordinates and 2 the out-of-plane coordinate.
Under the lateral constraint, the principal stretches of the hydrogel
thin film are Ny=N3=1 and N\, > 1. The lateral constraint induces a
biaxial compressive stress in the film, i.e., s;=s3=5<<0, while the
other principal stress is zero, i.e., s,=0, as the top surface of the
film is assumed to be traction-free. The osmotic pressure in the
hydrogel thin film is obtained from the second equation of Eq.
(32) as

o3
I =NkgT|{ N\, — — (55)
Ay

The chemical potential is then obtained from Eq. (31) as

U 1y 1 x 1
p=——=kgT|In{1-— |+ —+ 5 +No| \y—— | | (56)

where the condition of molecular incompressibility yC=\,—1 has
been incorporated. Thus, by setting u=4 in Eq. (56), we can
solve for the equilibrium swelling ratio A, for the hydrogel film as
a function of the external chemical potential. The swelling-
induced stress in the hydrogel film is then obtained from the first
and third equations of Eq. (32) as

sy =83=5=—NkzyT(\3— 1) (57)

The analytical solutions for the swelling ratio and the true stress
(o=s/\,) are plotted in Fig. 3 for a hydrogel film with y=0.1 and
Nv=1073. The equilibrium swelling ratio at w=/@=0 is \,
=7.696. Compared with the isotropic, free swelling (A\=3.390 and
J=\3=38.96), while the linear stretch in the thickness direction of
the film is larger, the volume ratio of swelling is much smaller for
the hydrogel film (J=N,=7.696) as a result of the lateral
constraint.

To apply the finite element method for the anisotropic swelling
of a hydrogel film, an anisotropic initial state is used with )\(11)
=)\;])= 1 and )\(Zl)z 1.5. The chemical potential at the initial state is
calculated analytically from Eq. (56). In addition, the swelling-
induced stress at the initial state is obtained from Eq. (57) and
specified by a user subroutine SIGNI in ABAQUS [47]. Either three-
dimensional brick elements or two-dimensional plane-strain ele-
ments can be used to model the hydrogel film. The lateral con-
straint on swelling is enforced by the boundary conditions. The
numerical results are compared with the analytical solutions in
Fig. 3, with excellent agreements for both the swelling ratios and
the induced stresses as the chemical potential increases.

A similar problem was considered by Hong et al. [29] using a
UHYPER material subroutine. There, an isotropic initial state with
)\(11)2)\(20:)\(%1): 1.5 was used, which relaxed the effect of the lat-
eral constraint. The corresponding chemical potential at the iso-
tropic initial state was obtained from Eq. (33) instead of Eq. (56),
and no initial stress was induced. While the subsequent swelling
was constrained in the lateral directions, their results are different
from the present ones, as shown in Fig. 3. In particular, with the
use of an isotropic initial state, the results (both swelling ratio and
induced stress) for the subsequent swelling under the lateral con-
straint would depend on the choice of the initial state, and the
corresponding analytical solution is different from that in Eqgs.
(55)—(57). With the UMAT implementation and an anisotropic ini-
tial state, the present results are independent of the initial state.

Experimental observations of the swelling behavior of hydrogel
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Fig. 3 Anisotropic swelling of a hydrogel film under lateral
constraint: (a) the swelling ratio in the thickness direction and
(b) the swelling-induced true stress in the lateral direction. Nu-
merical results from two different implementations (umat and
UHYPER) are compared with the analytical solution in Eqgs. (56)
and (57). Note that the results from uHYPER correspond to a
different analytical solution with an isotropic initial swelling
[29].

thin films have shown good agreement with the theoretical predic-
tions [4,9]. However, at high degrees of swelling, the homoge-
neous deformation becomes unstable and gives way to inhomoge-
neous deformation in form of surface wrinkles or creases
[9,10,12,15,16]. In the present study, a similar surface instability
is observed in numerical simulations for inhomogeneous swelling
of surface-attached hydrogel lines in Sec. 4.4.

4.3 Anisotropic, Homogeneous Swelling of a Hydrogel
Line. As another example, we consider the swelling of a hydrogel
line. Assume that the longitudinal dimension of the line is much
larger than its lateral dimensions. The swelling of such a long line
is constrained in the longitudinal direction, and thus A3=1. On the
other hand, the swelling in the lateral directions is unconstrained
and isotropic, with A;=N,=N>1. Such a constrained swelling
induces a compressive longitudinal stress in the line s3<<0,
whereas s;=s,=0. From the first and second equations of Eq.
(32), the osmotic pressure in the hydrogel line is

1
H:NkBT(l _P) (58)
The chemical potential in the hydrogel line is obtained from Eq.
(31) as

204 1 1 x 1
/.L:E=kBT In 1—; +P+F+NU 1—% (59)

where the condition of molecular incompressibility vC=\%>-1 has
been applied. Thus, by setting u= 4 in Eq. (59), we can solve for
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Fig. 4 Anisotropic swelling of a hydrogel line under longitudi-
nal constraint: (a) the swelling ratio in the lateral direction and
(b) the swelling-induced true stress in the longitudinal
direction

the equilibrium swelling ratio A in the lateral direction for the
hydrogel line as a function of the external chemical potential. The
swelling-induced longitudinal stress in the hydrogel line is then
obtained from the third equation of Eq. (32) as

53=—NkzgT(\>=1) (60)

The analytical solutions for the swelling ratio and the true stress
(o3=53/\?) are plotted in Fig. 4 for a hydrogel line with x=0.1
and Nv =103, The equilibrium swelling ratio of the hydrogel line
at u=4=0 is A=4.573, and the volume swelling ratio is J=\>
=20.92. Since the longitudinal constraint (1D) in the hydrogel line
is weaker than the lateral constraint (2D) in the hydrogel film, the
volume ratio of the line is greater than that of the film (J=X\,
=7.696), but still smaller than that of the unconstrained, isotropic
swelling (J=\3=38.96).

For numerical simulations, we assume an anisotropic initial
state with A\\"=1 and an arbitrary swelling ratio in the lateral
directions )\(1 =)\(2])= 1.5. The chemical potential at the initial state
is calculated analytically from Eq. (59), and the swelling-induced
stress at the initial state, obtained from Eq. (60), is specified by a
user subroutine SIGNI in ABAQUS. The longitudinal constraint on
the swelling of the line is conveniently imposed by the plane-
strain condition in the finite element analysis using the two-
dimensional four-node plane-strain elements with traction-free
boundary conditions on the side faces. As shown in Fig. 4, the
numerical results closely agree with the analytical solutions for
both the swelling ratios and the longitudinal stresses, independent
of the choice of the auxiliary initial state.

4.4 Inhomogeneous Swelling of Surface-Attached Hydro-
gel Lines. In Sec. 4.4, we consider the swelling of hydrogel lines
that are bonded to a rigid substrate. Polymer lines of this type are
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Fig. 5 Numerical steps to simulate inhomogeneous swelling
of a hydrogel line (W/H=1) attached to a rigid substrate: (a) the
dry state, (b) the initial state, (c) deformation after releasing the
side pressure in (b), and (d) equilibrium swelling at «=0, with
the dashed box as the scaled dry state

commonly used in lithography and imprinting processes for
micro-/nanofabrication [13,48], where large swelling deformation
can be detrimental. Similar to Sec. 4.3, the longitudinal dimension
of the line is assumed to be much larger than its lateral dimensions
so that swelling is constrained in the longitudinal direction with
A3=1. In addition, the line has a rectangular cross section at the
dry state, with one of the side faces bonded to the substrate, as
shown in Fig. 5(a). The bonding imposes an additional constraint
on the lateral swelling of the line, and the effect of the constraint
varies with the width-to-height aspect ratio (W/H) of its cross
section. The swelling deformation of such a surface-attached hy-
drogel line is typically inhomogeneous, which offers a model sys-
tem for the study of the constraint effect between two homoge-
neous limits: (i) When W/H—o, the swelling becomes
homogenous, as discussed in Sec. 4.2, for a hydrogel thin film. (ii)
When W/H— 0, the lateral constraint by the substrate becomes
negligible, and the swelling becomes homogeneous and laterally
isotropic, as discussed in Sec. 4.3, for an unattached hydrogel line.

Except for the two limiting cases, no analytical solution is
available for the inhomogeneous swelling of the surface-attached
hydrogel lines. To apply the finite element method, we start from
an anisotropic initial state of homogeneous swelling with )\(11)
=)\(31) =1 and an arbitrarily selected swelling ratio in the height
direction of the line, e.g., )\(21)=2, as shown in Fig. 5(b). Such an
initial state is identical to that of the homogeneous swelling of a
hydrogel thin film in Sec. 4.2, for which the chemical potential
(u=p;) can be analytically calculated from Eq. (56). With )\(ll)

=)\(31)= 1, the longitudinal constraint is maintained and the essen-
tial boundary condition at the bottom face of the line is satisfied at
the initial state. However, the lateral constraint (7\(]1)= 1) imposes a
compressive stress (or pressure p) onto the side faces of the line,
as given in Eq. (57), which apparently violates the traction-free
(natural) boundary condition of the intended problem. To recover
the traction-free condition on the side faces of the line, we gradu-
ally release the imposed side pressure in Fig. 5(b) during the first
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Fig. 6 Inhomogeneous swelling of surface-attached hydrogel
lines: (a) average longitudinal stress and (b) volume ratio of
swelling. The solid and dashed lines are analytical solutions for
the homogeneous limits with W/H—« and W/H—O0,
respectively.

step of numerical simulation while keeping the chemical potential
in the hydrogel unchanged. As illustrated in Fig. 5(c), the release
of the side pressure leads to an inhomogeneous deformation of the
hydrogel line at the initial chemical potential (uw=pu;). Subse-
quently, further swelling of the hydrogel line is simulated by
gradually increasing the chemical potential until x=0, as shown
in Fig. 5(d). We emphasize that the current implementation re-
quires a homogeneously swollen initial state, while the mechani-
cal boundary conditions may be controlled to facilitate the imple-
mentation. Due to the singularity in the chemical potential at the
dry state, a direct simulation from Fig. 5(a) to Fig. 5(d) is numeri-
cally intractable.

In all simulations of the present study, the dimensionless mate-
rial parameters, Nv and y, are set to be 0.001 and 0.1, respec-
tively. The dry-state width-to-height aspect ratio (W/H) is varied
between 0.1 and 12. A relatively fine finite-element mesh is re-
quired for simulating inhomogeneous swelling deformation, espe-
cially at locations such as the lower corners where a high strain
gradient is expected. The use of two-dimensional plane-strain el-
ements is thus warranted by both the computational efficiency and
the longitudinal constraint (A3=1). For each model, the finite el-
ement mesh is refined until the result converges satisfactorily. The
bonding of the bottom face of the hydrogel line to the rigid sub-
strate is mimicked by applying a zero-displacement (essential)
boundary condition; debonding of the line is possible but not con-
sidered in the present study. Furthermore, the large deformation
due to swelling often results in contact of the side faces of the
hydrogel line with the substrate surface, for which hard and fric-
tionless contact properties are assumed in the numerical
simulations.

Figure 6(a) plots the average longitudinal stress as a function of
the chemical potential for two hydrogel lines with W/H=1 and

Transactions of the ASME

Downloaded 17 Aug 2010 to 146.6.102.199. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



5,833

lAvg: 75%|
-7.297e-D1
-1.093e+00
-L.456e+00
-1.820e+00
-2.183e+00
-2.547e+00
-2.910e+00
-3.273e400
-3637e+00
-4.000e+00
-4 363e+00
-4.727400
-5.090e+00

@

5,533

[fvg: 75%)
-3916e-01
-15590e+00
-2.287e+00
-2.985e+00
-3.663e+00
-1.38le+00
-5.079e+00
-5.777e+00
-6.475e+00
-7.173e+00
-7.871e+00

-356%e4+00
-9.267e+00

S, 533

(Aug: 75%)
-1.100a+400
-1.706e+00
-2.311e+00
-1.917e+00
-3.523e+00
-4.128e+00
-4 .734e+00
-3.339e+00
-5.945e+00
-6.551e+00
-7 156e+00
-7.762e+00
-3.368e+00

©

Fig. 7 Simulated swelling deformation and longitudinal stress distribution in surface-attached hy-
drogel lines of different aspect ratios: (a) W/H=1, (b) W/H=5, and (¢) W/H=10. The rectangular

boxes outline the cross sections at the dry state.

10. The analytical solutions at the two limiting cases are also
plotted as the upper and lower bounds. At the initial state, we have
)\(21)=1.2 and the corresponding chemical potential ;=-0.8886.
The initial longitudinal stress is identical to that in a hydrogel film
(W/H— ), which can be obtained from Eq. (57) and lies on the
solid line in Fig. 6(a). Upon release of the side pressure at the
initial state, the magnitude of the average longitudinal stress is
reduced, while the chemical potential remains at the initial value.
From the same initial state, the reduced stress magnitudes are
different for the two hydrogel lines, higher in the line with W/ H
=10 than that in the line with W/H=1, due to a stronger constraint
in the line with the larger aspect ratio. Subsequently, as the chemi-
cal potential increases, the magnitudes of the average longitudinal
stress in both the hydrogel lines increase. All the numerical results
lie between the two homogeneous limits, while the stress magni-
tude increases with the aspect ratio W/H at the same chemical
potential.

Figure 6(b) plots the volume ratios of swelling for the two
hydrogel lines as the chemical potential approaches w=0. The
volume ratios increase as the chemical potential increases. The

Journal of Applied Mechanics

difference in the volume ratios of the two lines is less appreciable
until the chemical potential is close to zero. Again, the two ana-
lytical limits set the upper and lower bounds for the volume swell-
ing ratios of the surface-attached hydrogel lines. The larger the
aspect ratio W/ H, the stronger the constraint effect, and thus the
smaller the volume ratio of swelling at the same chemical
potential.

The inhomogeneous swelling deformation along with the distri-
bution of the longitudinal stress at the equilibrium chemical po-
tential =0 is plotted in Fig. 7 for three hydrogel lines with
W/H=1, 5, and 10. For each line, the cross section at the dry state
is outlined by a small rectangular box. The large swelling defor-
mation pushes the side faces of the hydrogel lines to form contact
with the rigid substrate surface. The contact length increases as
the aspect ratio increases, reaching a full contact of the side faces
for the hydrogel line with W/H=10. The stress contours show
stress concentration at the bottom corners where debonding may
occur. We note that the magnitude of the stress in Fig. 7 is nor-
malized by NkgT, which is typically in the range of 10*~107 Pa
for polymeric hydrogels at the room temperature.
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Fig. 8 Equilibrium volume ratio as a function of the dry-state
width-to-height aspect ratio for inhomogeneous swelling of
surface-attached hydrogel lines

To further illustrate the effect of geometric constraint on swell-
ing, Fig. 8 plots the equilibrium swelling ratio at =0 as a func-
tion of the dry-state width-to-height aspect ratio (W/H) of the
hydrogel lines. The two analytical limits are plotted as dashed
lines. As the aspect ratio decreases, the effect of constraint by the
substrate diminishes, and the volume ratio approaches that for the
homogeneous swelling of a hydrogel line without any lateral con-

L

©

straint (upper bound). On the other hand, as the aspect ratio in-
creases, the volume ratio decreases due to increasing constraint by
the substrate, approaching the other limit for the homogeneous
swelling of a hydrogel film (lower bound). Therefore, the degree
of swelling can be tuned between the two homogeneous limits by
varying the geometric aspect ratio of the surface-attached hydro-
gel lines.

As the aspect ratio W/H increases beyond 10, the swelling
deformation of the hydrogel line becomes highly constrained and
induces an increasingly large compressive stress at the top sur-
face. It is found that, at a critical aspect ratio, a surface instability
develops, as shown in Fig. 9, for W/H=12. As the chemical po-
tential increases, the top surface of the hydrogel line evolves from
nearly flat to slightly undulated, and eventually forms two crease-
like foldings with self-contact. The stress contours show stress
concentration at the tip of the creases. More creases are observed
in the simulation for a hydrogel line with the aspect ratio W/H
=13. However, the numerical simulation becomes increasingly
unstable with the formation of the surface creases, posing a nu-
merical challenge for simulations of hydrogel lines with higher
aspect ratios. It is also noted that the contact of the side faces of
the hydrogel line with the substrate surface plays an important
role, giving rise to the compressive stresses in the hydrogel. In
simulations without enforcing the contact, the hydrogel line
swelled more significantly and wrapped around the bottom surface
until penetration or self-contact, while surface creases were not
observed.
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Fig. 9 Formation of surface creases in a surface-attached hydrogel line with W/H=12 as the chemi-
cal potential increases: (a) £=-0.00075, (b) £=-0.0003, and (c) x=0
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The formation of surface creases has been observed experimen-
tally in swelling gels [9,10,12,16] as well as in rubbers under
mechanical compression [49,50]. A linear perturbation analysis by
Biot [51] showed that the homogeneous deformation of a rubber
under compression becomes unstable at a critical strain, which is
about 0.46 under plane-strain compression and about 0.33 under
equibiaxial compression. However, the theoretical prediction for
the plane-strain compression was found to exceed the experimen-
tally determined critical strain (~0.35) for rubbers [49]. In a re-
cent experimental study of surface-attached hydrogel thin films
[16], an effective linear compressive strain of ~0.33 was obtained
for the onset of creasing in laterally constrained hydrogels. While
this effective critical strain is remarkably close to Biot’s prediction
for rubbers under equibiaxial compression, the critical condition
for the onset of swell-induced creasing in hydrogels has not been
established theoretically. A few recent efforts are noted [52,53].
The present study of the surface-attached hydrogel lines offers an
alternative approach. Typically for theoretical and numerical stud-
ies of surface instability, it is necessary to introduce perturbations
to the reference homogeneous solution to trigger the instability. In
the present study, surface creases form automatically in the nu-
merical simulations for hydrogel lines beyond the critical aspect
ratio without any perturbation. Our numerical simulations show
that the critical aspect ratio for the onset of surface instability
depends on the external chemical potential and the material pa-
rameters of the hydrogel, i.e., (W/H),=f(@,Nv, x). Therefore, the
critical condition for surface instability in a laterally constrained
hydrogel film (W/H — ) can be expressed in terms of the same
parameters: If f(z,Nv, x) <oo, the film surface is unstable; other-
wise, the film surface is stable. A detailed stability analysis will be
presented elsewhere.

5 Summary

We have formulated a general variational approach for the equi-
librium analysis of swelling deformation of hydrogels. The gov-
erning equations for mechanical and chemical equilibria are ob-
tained along with the boundary conditions. A specific material
model is adopted based on a free energy density function. A finite
element method for numerical analysis is developed, which allows
anisotropic initial states for the study of swelling of hydrogels
under constraints. Numerical results by the finite element method
are compared with analytical solutions for homogeneous swelling
of hydrogels, both without and with constraint. The close agree-
ment demonstrate the robustness of the present approach. The
inhomogeneous swelling of hydrogel lines attached to a rigid sub-
strate is simulated, illustrating the effect of geometric constraint
with different width-to-height aspect ratios. Of particular interest
is the formation of swelling-induced surface creases in the hydro-
gel lines beyond a critical aspect ratio. The present theoretical and
numerical methods can be used to study the complex swelling
behavior of polymeric hydrogels under various geometric con-
straints, including buckling and creasing instabilities, as observed
in experiments [9-17].
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