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Vibrations and Static Responses of Asymmetric

Bimorph Disks of Piezoelectric Ceramics
Peter C. Y. Lec, Member, IFEE, Rui uang, Studeni Member, IFEE, Xizoping Li, and Wei-Heng Shih

Abstract—In an carlicr article, the flexural vibrations in
himorph disks and extensional vibrations in homogonecous
disks of piozoelectric ceramics were studied, In the present
papor, the coupled flexural and extensional vibrations and
static responses in an asymrnotric himorph disk, which is
formed by bonding together two piozoeleciric ceramic disks
of unegual thickness aud opposite polarization, are investi-
gated.

Governing cquations of coupled motions for asymmot-
ric bimorphs arco deduced from the recently derived 2-D,
firat-ordor aquations for piezoelectric erystal platos with
thickness-graded material properties. Thon, closed form so-
lutions of these equations for eircular disks are obtained for
free vibrations, piezoelectrically forced vibrations, and re-
sponaea undor atatic voltage difference.

Tcsonance frequencies, distribution of displacements and
surface charges, impedances, and static responses are cal-
culated for assymmetric bimorph disks of various thickness
ratios and diameter-to-thickness ratios, Experimontal data
on resonances and impedances are obtained for asymmet-
rie himorph disks of PZT-837 for different thickncess ratios.
Comparisons of predicted and measured results show that
tho agreomonts aro close.

L. INTRODUCTION

HER AN ELRCTRIC fleld is applied in the thickness

direction, which is parallel to the poling dircetion
of the cerarmics, only extensional deformation can be in-
duced in homogeneous plates and flexural deformation in
symmetric bimorphs. Ilowever, in an asymrnctric bimerph,
which is formed by bonding together two piczoclectric ce-
ramic plates of different thicknesses and opposite polariza-
tion, both the exlensional and flexural deformation ean be
oxcited, and they are coupled,

Exact solutions of the 3-1) equations of lincar piezoclec-
tricity for straight-crested waves in symmetric and asym-
metric himorph plates of infinite extent were obtained by
Lee and Yu [1] and Lee and Lin [2], respectively, Dispersion
relations or frequency vs wave number relations compnted
from these solutions are useful for accessing the accuracy
of appreximale 2-D thearies. Exact solutions of the 3-D
equations for the bimorph, symmeoetric or asymmetrie, of
finite extent are extremely difficult to obtain and seem to
he unavailable in published works at present,
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Wig. 1, A circnlar disk of asynunetric bimorph with electrodaos,

Solutiong of the approximate 2-D, first-order equations
for the extensional and thickness-stretch vibrations for ho-
mogeneous disks and flexural and thickness-shear vibra-
tions for symmetric bimorph disks were obtained in [3].
The comparison of computed results with the experimen-
tal measurements shows that the agreciment is close.

In the presenl article, governing equations of coupled
motions for the asymmetric bimorph plates are dedueed
from the recontly derived 2-D, first-order equations for
pezoelectric erystal plates with thickness-graded material
propertios [1]. Then, closed-form solutions of the equations
ave aobtained for asymmetric bimorph disks for free vibra-
tions, piczoclectrically forced vibrations, and responses un-
der static valtage dillerence.

Rosonance frequencies, distribution of displacemonts
and surface charges, hupoedances, and stalic responses are
caleulated for asymmetric bimorph disks of various thick-
ness ratios and diameter-to-thickness ratios. Experimental
data on resonances and impedances are obtained lor asym-
metric himorph disks of PZT-857 for different thielness ra-
tics, Comparisons of predieted and measured results show
that the agreewmoents are close.
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LUE et el ASYMMIETRLC BEMOREN DISKS 0 PIEWORLECTRIC CIRAMICS
I1. 2-D, FIReT-OrDER EQUATIONS

We consider an asymmetric bimorph disk that consists
of Lwo ceramic layers of dillerent thicknesses &) and by and
opposite polarization as shown in Fig. 1. The clastic stifi-
103808 Gy, dicleclric permittivities ¢;;, and mass density g
are the same for both layers; the piezoclectric coollicionts
e;p have the opposite signs:

v ey for b s> b,
ciplws) = {_cép, for b > ay > —h, @
where
1 . b
b= a(bl +ha), b= 5(1’1 —ba)y 1= f’ (2)

o' is the density, and 20 iz the thickness of the identical
electrodes.

The 2-1), first-order equations for the agymmetric bi-
morph plates are dedueed from the general eguations for
piezooleciric crystal plates with graded material proper-
tios across the thickness in [1]. By using the symmetry of
material eonstants of ceramics and considering only the
mass offeet of oloctrodes, the equations of [1] are redneed
as follows:

()(

uj,(al,tg,mq,.‘,)—u (a,l,xg 1)+ zauy (@), @2, 1),

7=123
45[331,:?32,(1’.‘3,5) = VO

DY+ (1— )¢z, 23, (3)
-I—.’L‘g(;{)“)(:rl;ﬂ;?#z)]:

and [soe (4); top of next page] where [see (B); top of next
page] and

S0 _ "Q'a =0y
Gy = o Gig O 7§§

(@ (07
(0 ) £13¢
’()—P() —“-‘—“‘} (gq):m’i-i'—?—(” :

@

1 D) cwsehy) a3 _ (,( ) _ #1afin
s T 31 e “31 0
A8y eg® A1) -F” gy
(-r — Comy Gy P — Eig G
i cag ! 33 emy 7 (G)
A(0) pretl)’ A(2) 3v?a )
€37 = €s3-1- ——{5‘*;"}-—' Cyy = 633+—‘1“—i‘—5c33‘ s
A(4) g2e®”
E'n = £33z + —.)('33

We note that x4 = k5 has been employed in {4) because
ceramics are lransversely isotropic in the plane perpondic-
ular to the poling axis a;.

In (1), the symmetric and antisymmetric motions with
respect to the middle plane are coupted together. The con-
pling comes from the meodified picroelectric coefficients
ff'!(-;'), which depend on the thickness gradient of e, ().
For an asymmetric biworph plate, as shown in Fig. 1 and
given hy (1), ew(ea) has a dizcontinuity at she interface

of two layers, Le., at 23 = —b. Ihe modilied coellicients
ég":) are delermined in a manuner slightly simpler than that

employed in [1]. By substituting the 3-D stress-strain re-
lations 1}, = ¢pqSy — el inte the definition of the nth
order stress component, we have

b
Tigﬂ) = / w3 (Cpy Sy

—b

e 055 ) iy {7)

707

in which the strain 5; and clectric lield E; for Lhe [irst-

order approximation are given by

8, = 8 . 2y S0, @)
By =B 4 2,5 4 22B@ 4 038,

By inserting (8) into (7), separating the integration into
two intervals, i.e., from —b to —b and from —b to b, and
taking (1) into account, we obtain

I_)ﬁ (2)
35l

T;EU] =2 ((' qb 0} _ %%pr( ) _

2b3 9 52 (1 3! Ed N
e {Qb - h_g)ﬁkpbk + ?(1 - le)(kab;E )](,q)
ity 20" b Bl
LY == [%Sﬁ'] 2,5(1 - _}(”‘b“s ) P‘r”’b( )
3, B SEAp
_.m(l Bl )(’J\.pr}.,z) o "rﬁcﬁ:]‘l F"i(hi)} '

Comparison of the above relatiouships with the 2-D con-
stitntive comatlons (83) of [1], rowrtitten in the following
IMANNCr;

, . o By
1}50) =2b (ﬁ‘pqSé“) - ek?’ﬁ‘?(c : ) i?})bt ))

2 by _ 8 @) @
3 ( i..p F ? ApL

10 =2 (cyas0 B —FDED ()
_%éggj E® 5"; 32 E("))
leads Lo
Ghp = E"kp: "_g,) = %;r:kp, Eﬁ:} = F’chi:
béy, l) = 301 — E)eny, I)e;(m) = 5(1— B)ey,. (11)

We note that (4) s coupled through the cocflicients in
(11}, By letting b= "5 or &= 01in {11}, {4) can be reduced
to the uncoupled cases for the homogeneous plate or sym-
motriec. himorph plate, respectively, as they were studiod
in [1], [3}.

TFor traction-free and charge-froe edge conditions, ac-
cording to (77) of [1], wo roguire

. !{”) = i = n=01 aly=nqn.

(12)

The components of tractions and charges in (12) are

(n)

ralated fo the displacemonts «;™ and clectric poteutials
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EULaR YV . u,_(f,))) 1 e V20 o Kac1s
(o5 — D)1 + L F(ﬂ)

20 5 %E.%) Vp®

=(1+R pufr),

55(,55(V2ﬂ( j +V- um) + ks (Frs — -eﬁ‘i’)vfw(“ +npl (P - iz By g2e()
+L { (U} (1+I|’)pﬂf(;0),
(0
LA Y(Y . u&l )+ casV2ul) — F[E) - Frea(ens -3 “”nwﬂ“
—Fress (Vg ) um +- [((l) %F(;‘]) — ks(el) r‘ ]Vfbm
+m1+:“) (1 ’ilf)pu(ji]), o
r-55V2ug) ﬁm(mv u[ )+P€acs u(l)) - (f(]) e ))V2 pL)
fz fﬁ(('n _Cq )m(l) + (&5 AU 1))V2¢(0) (1)
5 T—g-mam]b - T;MJ]VI @b FP = (1 31?)()%3 N k
K5{€15 — 1Tf“5 (V2uy 01y, u( + 28( )V u ,) 1 -‘;—(eﬁs) - %Eg‘ﬁ))vzu[ )
+2ks (’f]}wg) +2 “ v uEE) - ——(1 ngp(“)
—i—_?—?’gggg)gb(o) . 3(~(1) g (i))qg) _ A(l)Vj =0,
wlel) — 2wl (o8 %éﬁiﬁ?)vzuzﬁ” ~ Al — )V - uf)
el - (5,2%5” + a2y~ 3y — (&) — 2ef)]v - uf
—Z e VG o ((52.) —2¢l? T %%? P
5 {1 A(0) A2} 3V
B — 201 () - A o,
(U) —fu(n)o +uéo)ez, uf = u,( )c +u(21}eg,
F(U) j_‘(ﬂ) +}~2(0)62? F(l) f(')(, + j:(l) 5)
f}”) = 0 [ (B) - (—1)"Tas(—13)], B=0b42,5=1,2, 4 n=0,1,
v:—.(n 32\ +62%, = 2";;’ \
#(™ by the following constitutive eqnations: II1. Frik VIRRATIONS
19 = 2 [qgv ul® + e 25 + rgengil”
() 0 (1) - In this scetion, the ficst-order, 2-1 cquations (4} are
- (’ a1 0@+ (éa1 — " )(P ] + 20 Vi, solvaed for closed-form solutious of free vibrations of asym-
(fJ = e Huf bWl aum)) metric bimorph disks of ceramics,
- ooyt By taking the divergonee of (4)1,a, setting I‘T . F(Tl]
tﬂ-) — zb 2 . a”y- “(O)V u(l) _ g (U) (]) (1)
I VA A Fy', Fy!, ¥y to zevo for Tree vibrations with shorted clec-
+(és1 qé'(ai )‘?5(]) +c "(1) ] tmt}les and using the velation ¢ — e = zﬁ?) —ﬁ.(lg) = 26,
) . Sl ( o wo have
LS}) = %"666 (-—"—;};. - —J— + :a“ ) ' © o) (
) Cllvz{v - W ) —+ fac 1qv21.‘.q (_: : vz 5{0}
77 2 s | S ”m) + e = 5743 s - HVR0 = (1 RV u%”-
@ T (11 3 (3 detD ) (3wl
Q_?;T %(eglc{l %(15))%‘#7} (13) fiy VAV -uy ) — e (vz?‘a tv. “t )
1 o auld g o © 2 [ A0 . _ 150 } 2 _
1) = 2 e T+ (215 — $2)) %% th o [;;r,( ?jl § )(p ()
H@(n) _ gé(lz))JsUJ] [(’fn - r“'u " hs ( “15 rbv )] VIt
18 T 5L T | (1}
(0= _ 1) f auld i = (L +3R)pV iy,
D™ =2 |kg(E15 - 585 ) —3— + Uy
2, (1) dud (03 For axigymmetrie vibrations of a cireular disk, wo lot
+%(e(1{3 % 5)) g? 1R3 £11 ]dr '
. (0 _ W ot
1 apd _| g, {0 3 1 Uy = )
DI = 2 a(e) - 1) (5 + ) [ A
WONNESCNC S P M L
+(Bis — 585 )3 — mENITh | - Ve = ¢ AgJolEr)e™t,
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WY = A Joléryeit,
0 = pAg, /ey (61-)0’5“’*,

#U = Ag }%JU(ET.)EWL.

Upon substituting (158} into (34) and (4)2,4,56, we ob-
tain

(15)

G
ZQif(X; Q)A} = 0? (A :]-'.' 2: T 6 (lﬁ}
=1

where the clements of Lthe matrix are

Qun =i#9% — L x2,
€5
Qoa =1 0% — kEX?,
2 ("(0) .
Gy = Bpf - AL xR g
12 Cns
72 9 2 QCH
(i =13 (RgS] - X ) —,
.I-'J
0
Qsn = 1r( ) iEXJ
36.5‘_1 15 €31
Oss _ﬂ L 2T e o
6 €23 105 €33
Q14 =@ X" = —& 15:1—3152:
9 bl
O =0 X2 = S 2L X7
Ju =51 W
a
Qe =01 X* = ——2=X7, (17)
£53E42
at 2
:__XZ A 2x2
€ s oy R
A

2
T
QF)Q TQQS = 4 m

,NQ bf_.( i} 2

12 \Jcsoﬁds

1]
7’ “5‘”50) + ?1('31) x?

‘1 EVAE ] '

2
) =%st =

2
T2,
Qun :IXJQM =

2 <5} 5)
T 72 b(kslin c“)
Qg =— X2 =~’7
236 7 63 12 N
_f1 2 h i
. N 3 CrECAR '
—(’1) il —(C‘) 2
_ Kal . X
(e =Chgy = — 2008 T 11718
v/ CRREAY
bl
Qs =Qas = — 3 33 3
€37

12 =Qs = Qo1 = Qo = Qaa = Ghaa = Qua = Qaa =1,

i)

and
_ 26b _ 2ub
X jﬂ'r_’ Q - T tnn ?
B=1+R Ry = (1 3R,
&y =am —al),  aly = g — ey,
iy oy 5y _ (1 "3
“(15) Pl %(3(15), (f:) o 55) 51@55)1 (18}
QT Yt B (R 5
BT B T EE e
€53 = €y — plan b G = gy — 20y + Féy

For nontrivial solutions to (16}, we have

dot[Qy (X: ) = ¢, (19)

which gives the dispersion relakions for the free vibrations
of an infinite himarph disk. By lotting X 0 in {19], we
abtain fwo cut-off fregnencios:

1 B = e 2 44
Qor = Koo/ Tra Y2 = K334/ (a8

(20)
where
_ean hf U) _ rig';)
Cag \/Caac 4 A/OBBtaR
el el ) _
A= AT SCy _ Digy (21)
A/ C80E33 Lk L0 ’
F(‘” i ~03] F(U]
+/CBETHE €11 LER]
: e aalDel
B= C'i'i B € >

The correction Factors kg, kg in 2-1) cquations are ob-
Lained by equaling €, and ., respectively, to the fre-
quencies of simple (slow) thickness-shear mode and simple
thickness-stretch mode of the 3-ID equalions given in the
Appendix, The dispersion curves arc calenlated for a bi-
morph disk of PZT-857 with thickness ratio », = 0.127
and plotted in g, 2. The values of material constants of
P#T-857 for calculations were given in [3].

Wo note that (19) is a sixtli-order cquation of X2. Tor
a given value of Q, this cquation has six roots: X; or &,
g=1,-+,06. All of these roots are needed [or the peneral
solutions to satisfy the edge condition (12). Ience, we lot

(“) = Z“]JB Jo( Ej, )(“‘”

i=1
6
’t,:go) s f)anJ]j JU(EJ ) mrt!
i=1
V- u,?) — %Za3jnjejo(€j?’)cim,
3 (22)
1;5‘) — Z"t'flijJn(EjT')ffwt,
det
P(U} = b\/ﬁZ(BGJB [ﬂ(f_; f,w{

;r—l

__ jenn it
= %:: Z(Y(;j B_.','.In (Ej?")r’.w
F=1

qb(")
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Ifig. 2. Dispersion curves of coupled flexural and extensional vibra-
tions for asymmetric bimorph plates of PZT-857 () = 0.100 cm;
by = 0.0127 cm).

where the ratios of the amplitudes, rnyg;, salisly

G
ZQik(Xj;Q)akj 20, i,_j=1,2,-",fj.
k=2

(23)

For axisymmetrie vibrations of a eircular disk, woe have
Vzug:l) =V (V . ug?)) for o = 0, L. Thus, by solving (4} 3

and, again, noling that ¢j) — ¢ = EE(]') — cgz) = 2c65, WO
obtain the components of the radial displacement:
U A
T T wE(I-RYGE
) st
ey g0 4 g g (D 280 6000 | 8V 40)
Cssv Uy + hs 'rﬁu -3555()5 f'sr.q'}
&Y 1
w! = [3"’2 V- SRVl (24)
REL IR (0) _ BN st i)
<5 H ! £i5n
whore
q 12 4 or
A= (14 30)0% — —ns. {25)
?
Substituting (22) into {24), we have
0 : =6 ;
) = ﬁf oo Brs X By T (€5r)e,
1
'H.'E- ) = )\ Z 1,0’ng B J] (gj )l”twt (26)
whore
.'8] i=
apaly Al
('rr al.? + ﬁj 055 lf'tzlj - 3./cpreag (}Il",J‘I— N o7,
Bo; =
' O 2l0)g,. (4} (8)_, =5) (27)
0,2 ! 203 3 kg G b(s- —i5Er. ) »
3ﬁ5a23+ g 34 \1/6556:!:31 Bj :/lr'n,e;gu Qgj

The requirement of (22) and (26) to satisfy the froe odgoe
condition {12) leads to

g

> MyB; =0,

=1

i=1--,6 (28)
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Iig. 4, Comparison of computod resenance [requencies (dashed lines)
of couplad flexaral and extensional vibrations with the measured
phase angle of impedance (solid lines) for the asyminetric bimorph
disk of PZT-857 with & = 1.27 em, and b = 0100 cm, b =
0.0127 cr.

where the coeflicients are defined by

_ e | ‘ 053 2X} .
Mg ~ess 2oy ¥ ( * (1 —|—j?}ﬂ2) ﬁl:’l Jof&50)
Cegs 2X7By (g
o5 (LT RS2 Ea
Yoo 2. AV 26 by
My; = ;X e s
. [ [2“1 055 P Ny } \/CE5E33 etz
200 Jilta )
Jolg;a) — 'rﬁzsf X 15(1::} ! (29)
€53 Nk

4 ;
My = (_/\0523 )@29) Xjh (E_’r'a‘):
My =y X fl(fj al,
Me; =5 X;.1(€50),
Mg =0g; X1 (€50).

The vanishing of the detorniinant of the cocflicient ma-
irix of (28} gives the frequency equation for thoe free vibra-
tions of the asymmetric bimorph disks.

Experimental measurements are made on agymmetric
bimorph disks of PZT-857 with different thickness ratios
7y = bp/b. The measured phase angle of impedance va
foreing frequency lor the bimorph disk with d = 2.54 cm,
By = 0.100 cm, by = 0.0127 com, and y, = 0.127 is shown
Ly a golid line in Fig. 3. Tho computed rosonance frequen-
cles from [28) for the coupled vibrations are also shown
in Fig, 3 by the vertieal dashed lines for comparison,

Distributions of displacements and surface charge at the
firgt, sccond, and fourth resonances in Mg, 3 are computed
from (28}, (26}, and {22); they are shown in Fig, 4, Fig, 5,
and Fig. 6, respectively, I3y examining the relative magni-
tndes and distributions of the vertical and radial displace-
ments, u(o) andl uE"), these resonanees ave identified a8 the
Eundamental and sccond flexural modes (F) and 17y) and
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Irig. 4. Distribuiions of displacoments and olectric chaweo of the fissk
imode I"y (fundamental llexural mode, f = 11 k) of the asymmetric
bimorph disk of PELT-857 with e = 1.27 an, and & = 0,100 o,
by = 0.0127 ¢,

fundarmontal radial mode (IR}, respectively, as they are
denoted in Fig. 3.

1V, PIZovLECTRICATLY TORCED VIBRATTONS

Congider an alternating voltage impressed across the
cloetrodes, Lo, ézy = £b) = Hige!™t According to the
series expansion of the clectric potential in (3), we have

Vi = dige™?, {30}

T
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Fig, B, Distributions of displacements and clectrie charge of the see-
ond made Iz {prodominantly flexural, f = 43 kIl of the asymmel-
ri¢ bimorph disk of PAT-B5T with o = 1.27 ain, and fi; = 0,100 o,
by = 0.0127 em.

To find the particular solution, we assume

(1 _ f.l‘;_ta

. Eqy £t S
Uy a0l et

(154
PO _: uGae™,
4O - Barygio

v l.].(([?) =V u,(;} = ugﬂ) =

(31)

By subslituting (31) into (1) and (14) and sotting
Fg[.}),F.(#),Fs(m,fé” Lo zero, we have

3

3 Quropen (X =5NG =, i=1,23

pact (32)
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Ifig, 6. Distributions of displacemoents and clectrie charge of the
fourth mede Ry (fundamental exiensional mode, f — 93 kblw) of
the ssymmetric bimorph disk of PZT-857 with ¢ = 1.27 cm, and
b1 = 0.100 ¢, by = L0127 cm.

where ¢}, are given in {(17) and

(33)

The complete solution consisis of particular solntion
{31) and complementary solution, which is identical to the
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Eig. 7. Comparison of compuled reactance (solid line) with the mea-
sured values (dedtod lined for the asymumoetrie bimorph disk of PZT-
857 with a = L.27 an, and & = 0.100 cm, by — 0.0127 cm,

solution (22} for free vibrations. Henee, we have

6
V- u,E,EJ) = Z(.E]_‘j.ffjljJo(gj'f’)ﬂiwt’
=
6
W =Y ol y(Gr)et,
P
i |
V. 111(‘,}] = %ka;;j}__)’j.fn (fjf')(.’.?wi,
=1 5
6
uf? = |8 /EG 1 e Byl | e, (34)
i=1 ]
[ g
O = |daGa+ b.\/%Lr’}:BijJO(EjT‘) et
=1
B A ;
p = %,—HGB - /%Z(IGJBJ'JD(@’P) et
} i ]

We note that the radial components of the displacement
in (26} romain the same bocause the partienlar solution in
{31) is indepondent ol the space variable r. By substituting
(34) and {26) into the edpge couditions {12}, we obtaiu

6
S OMyBE=Cyy i=1,-,6 (33)
i=1
where the cocflicients My; arve given in (29) and
b fews =1 ...
B.'f Sway et 17 L 6,
€1 = 7'%3%5%(;' + : - VLZ,GLF%’
T 25-(3] Pl b(&; F-.(g)) ¥ _111 (36)
Cy = Veunean 2 Cantan Gy -~ Veaacan ?
Cj:(]: j:3:"'16-

Woe note that B;. in (35) is independent of the applied
vollage ¢p because My and C; are voltage independent.
Therefore, from (36),, wo sce that By s linearly depen-
dent on ¢g. Thus, from (34), the complete solution is also
linearly dependent on ¢y.
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The total surtace charge on the clectroded swrlaces of
the disk is

g=-2 / Dy (37)
b Jy

where Dgo) is the rero-order 2-13 charge density. From the
2-I) equakion (83} of [1], we have

(U) =2 ey V- urj.J f- .JHUH’M(]) (6.([,))-'?(2)%5(')

L [FE?V uf) 1 &é ”wm)] (38)

Substitution of the sotution {31} into (38), and then lnto
{37) leads to

53 ‘Q) (iiwn‘
£ (39)

)
Q= ot r;dq!‘—u H—QZ" ;’?"

i=l

whaore

bE; Ky .
3.\/&5)5533 g4 + T (43

ST _ o2 2 (40}
. Gam Tfan S )
2 | £ Giat e

By using { . - (), we obtain the impedance

.l

2= B . QZ B’Jl ‘EJ”
o

wrnleg;

(41)

and the molional capacitance

szi CHJL{LQ J‘—ZL B; .)Tl EJ“
£ (42)
We note ihat the hnpedanee in (41) is purely imagi-
nary hecause no dissipation is taken into consideration.
Trom {41), we alse sce the reactance {imaginary part of
the impedanee) is approximately inversoly proportional Lo
the frequencey, belawving like a capacitor in clectric circuits.
The reactance as a function of loreing fregneney is com-
puted from (41) and plotted as the solid line in Mg, 7 for
an agymimetric bimorph digk of PZL-857 with a = 1.27 cm
and ry -2 0,127, The moeasured reaclance is also prescented
in the same {igire as the dashed line for comparison. It is
soon from g, 7 that the predicted result agrees closely
with the measurenient.

V. STATIC RESUPONSS

TIn this section, we eonsider responses nndoer static volt-
age dilforence, i.c., when the frequency of the impressed
alternating voltage v (30) approaches »oro.

lrvonn the dispersion cinves in Fig, 2, we see that, at
2 = 0, thore are three disiinct nou-zero wave munbors

713

that are denoted by Xy, Xy, and Xy and a triple zero wave
numher denoted by Xy = 0.

"The complemeutary solutions corresponding to X, f - -
1,2,3 are the game as these given in (22) and (23), ox-
cepl that w < 0. The three linearly independeni solutions
covresponding to thoe triple root Xy = 0 ave glven holow:

V u( ) = ]}4, 0’ 0.
(n) —0, b, bl ()

V u(l) = U 0, —%B{;,
”'1[51) = T}LlBii [} ”121’;&':

0 {43)
SO = by 4\/ g

ALY , ﬁ:}z-’jf‘r\f F

where 9y, k= 1,2,3; 7 = 1,2 satisly

0
500, bﬁzzﬂr\/
Vi 0

3

> Qarpeon(X =02 =0y = Ay, 1=1,2,3
h=1 {44)

with J;; given in (17) and

R
h;_'l,c—;: f]
Qnr_-‘f} 2} .
[Aigl == | 2Jmmen Ay (45)
_3_'1) fJ(h.r-"LoJ "(”_}
e ENCITTET

The partienlar solution for static case is obtained frow
(31) and (32) by sctting w = 0. Henee, the complete solu-
tion for the static response of an asynmetric himorph disk
is

voul = Zm?}fj Jo(€r) + B,
i=1
3 2
e ;ao;n 3060} + Ts-1- B (57
V-ul Lm; Bydo(&r) - '
| W £34: 4 i
'”,:(5[) - [—1 i G1 + Z(Ian ‘J{](fj?') -t '?}[LB:[ +'T}12]}ﬁ,
3 CRG =
~ p 3
(ﬁm) =W Go--b (;Ii Z(.l‘r,j J‘))J .J-r(_](gj'?') + '-’)21-84 |- ?fQ‘)JU(i
33 .
F7

B
Zaﬁj B, JO(gj T‘) + Hal Bd + '3}32}36

(.b( 1. ﬂ(;s
b -
41

TFor axisymmetric deformation, (46} 3 ean he intograted

casily to obtain u( Y and u( )
W0 Z B, Jl(‘fa ) o
\ (47
Ji{ 1
it Z vy, I35 ! ;ﬂj : -2-..’3’37’
=1

(46)
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Fig. 8. Effect of thickness ralio vy on the center deflection ., odlge
raclial displacament #., and capacitaneo ratio Oy of asymmotric bi-
morph disks of PZT-857 undor static voltage dilference,

Substitution of (46) and (47) into the free cdge condi-
tions {12) vesults in

JJ"_B’~B’_0

Hyy Hu (48)
Hoq flay
where
P j =
By=%. fasn, j=1. 06,
— @ Qh‘(L) ’5(4)
T = ‘%4"‘ TRIZIMI ~ i T T L
N b-m i (1J
Hiz = #3 —l_??u - ‘\/Eﬁat.s.s 22 + \/C"'ﬂ 2
25(”’ 2k (49)
i = \/mnzl \fff.',r,t':iu a1,
H0Y " m 23" bel®
o= P Ay Efa L T
Il = 2css Troneas 122 1 s e

and C7 and Cy arve defined in (36).

From (d8), we see that Bj, and f3; are independent
of ¥, a and b. Henee, by (49);, the non-zero amplitudes
By and By are linearly dopendent on the applied voltage
and their dependence on thickness ratio 4 is through the
medified piezoelectric coofficients given in (113,

We note that the amplitude By contained in -u‘g”) of
{48); corrosponds to a rigid-body displacement of the disk
and does not affect the straing or stresses. To compute
the transverse displacement u( ) al the conter of the disk
relative to the digplacement ay the edge, we lot ugﬂ)h:u =
0, then

2
Bs =D (5} - 50
CR (50}
Therefare, the center deflection of the disk is

(n) €43 .

l‘i—[)"_ ﬁivl Bﬂa (‘)1)
and the radial displacemont at the u(lgc of tho disk is

1 |y ma= Vi 2 D (52)

2h

IELE TRANSACTIIONS ON ULPRASONICS, PEIROELEOTRICE, AND FREQUENCY CONTHROL,

vaL, 47, N0, 3, May 2000

Fram those equations, we sce that the center deflection
of the himorph digk is proportional to {a/0)?, and the ra-
dial displacemont is proportional to «/b; both of them are
linearly dependent on the impressed voltage.

The static surface charge density is

{0 - . .
DI = 2¥hess [~ T+ By 1 o134 {53)
where IT is the same ns that defined in (40)2 and
—
_taéiaa A(%lz) ﬁEiU%) AE}?
= T Vrséan M1 T e T "1
bﬁg“ fadian 211‘(1 ..([]) ;) (ﬁd}
73«:.;5533 + Trs€as s 3*33 “egg W27 82

Substitution of (33) into (37) gives the total suvface
chargoe

Q= fl.i.ﬂV1 T [H - "lei - ’}2]36] {55)

Hence, the motional capacitance as w — ) hecomes

@

Ch=—F=
0 2

63‘5 [II - B" ’}fg}gé] . (56)

51), (')2) and (56) by factors H—Q €as

oqR

By dividing (

e 3% \/j , and €34 52 % , tespeetively, we obtain the conter

deficction 4., cdeo radial displacement 4, and capacitance
(44 [=} I 2y I
Ch in dimensionloss form:
ﬂ(, = _Bés e = Bﬁl?

(j() =Jl— ’}(1_831 - ‘)ﬂgb’é

(57)

We note that they are independent of ¥y and o/b but
dependent o b/b or v, = by /by through (11). The dimen-
sionless quantities in (37) ave computed as functions of
thickness ratio 7 for asymmegric bimorph disks of PZ1-
857 and are shown in Fig. 8. It is scen in Fig, 8, i, in-
creases from zoro to a maximom, and @, decreases from
a maximnm te Zero, ag r; varics from 0 (for homogencous
plates) to 1 {for symmetric bimorphs). The capacitance Cy
ab vy = 1 is about 70% of the maximnm value at r, = 0,
and it has a minimum value at »; = 0.25, which ig about
50% of the maximnum value.

V1. CONCLUSIONS

Governing equations of coupled Hexural and extensional
vibrations for asymmeiric bimorph plates of piezcelectric
coramies are deduced. Closed-form solutions of these 2-13,
fivst-order equations for eircular disks with free edges are
obtained for free vibrations, piezocleetrically forced vibra-
tions, sud respouges induced by slatic voltage difference,

Resonance [requencics, distributions of displacemnents
and surface charge, impedances, and statie rosponses are
computed and examined with the thickness ratio r; =
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—pghainnb— R,  #beosnbd— R, 0 n a0
0 b nbsinnh-- 1, gheosnh — I, 0 #ag
cos i —sin 7;b —cosnb sin ?}h n 0 (A7)
— £
cosnb — cosplr —sin 'r}b HITI b cosnb—cosnb  —sinnh —|— s sinah _bT: %2-
nhsinnh  nbeosnb - f’s.s sinnh  -gphgingh  —pheoswb + (u” sinpb 83, —@3,
0 sin 0 sin 7 -1 -1
ba/by and radius-thicknoss ralic a/b as the varying param-  where
ebors. Tixperimental data on resonances and impedances R
for eivenlar disks of asymmetric himorph of PZ1-85T wre W= ;:3 o fag =g ?ﬁ (A5)
obtained, Comparisous of predicted and measuved rosnits )
show that the agreements arvo close, The frequency equation is
det[t);;] =0 {AB)

APPENDIX A

Solutions and [requency equations of simple thickness
vibrations of an infinite asymmefric bimorph plate of
plezoelectric ceramics arc obtained [rom the 3-T) equations
of linear piezoeloctricity in a manner similar to that of [1].
Field cquations, surface conditions, and continuity condi-
tions are the same as those i (13} (16) of [1], except that
we considor only the simple modes, Lo,

U = 1"”&(3:3: f‘)) = rg‘)(:l:g,t}, 121,24,

(A1)

and the continuity condition, equation {15) of [i], is re-
quired at 3 = —h for agymmetric bimorph plaLch,
A, Stmple Thickness-Shear Modes

Antisyimmetric modos;

uy = Asin{yaz)e™*,  lan(nbd) = (Rnb)™";
(A2)
symmetric modos:
1 = Acos(neg)e™',  lan(nh) = —Rpb (AT
where the [requeney w = 7/ casf .

B. Simple Thickness-Streteh Modes

for x3 > —Z_i,

(A) cosnag + Ay singy et
Uy =
for wg < =b,

(Aycosnas + g smnma)c“"‘,

( it [A ) {cosmpry — cos nh}
+Aa(sinnes — 5 sinnb)
+As( % — 1)] et

Ty = —b

_i_;".'f [A3{cos ??’.':q — cosh)
+Ay (sinnag — P sinnh)
+Ag(52 4 1)] €,

L &3 < —P

i

where the matrix (5] is [see (A7) top of page] and

R R0 cosyph, Re = (825 4+ R ?) singh, éag = w/rl=«
(A8)

We note that, for simple thickness-shear modes, fre-
quiency equations {A2)s and (A3)y ave identical to thosc for
Lhowogenoons plates, and the symmetrie aud antisymmet-
riv nodes are unconpled. Howover, for simple thickness-
shretch modes, the symmetric and antisymmetric modes
are coupled in (A7) for the asymmetric bimorph plates. By
sotting & to 4:1 or 0, it can bo redueed to that for homo-
geneons plates or symmetrie bimorph plates, respectively,
and for which the synunetric and antisymmetric modoes are
uncoupled.
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