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ABSTRACT

Fiber-based materials are prevalent in nature and in engineering applications. Microscopically, these
materials resemble a discrete assembly of crosslinked or entangled fibers. To understand the relationship
between the effective mechanical properties and the underlying microstructures, we consider a variety of
periodic and random two-dimensional (2D) networks of crosslinked long fibers. The linearly elastic prop-
erties of periodic 2D networks (e.g., square, triangular and Kagome) are well understood. However, for
low-density networks, cooperative buckling of the fiber segments can take place at small strains, leading
to nonlinear, anisotropic elastic behaviors. A transition from stretch to bending and then back to stretch
dominated deformation is predicted for the Kagome and triangular networks. For random 2D networks,
the elastic behaviors are different. Under uniaxial tension, the stress—strain behavior is statistically iso-
tropic and slightly nonlinear, dominated by stretch of the fibers aligned closely to the loading direction.
Meanwhile, stochastic buckling occurs continuously in the random networks, leading to significant lat-
eral contraction. Consequently, while the effective Young’s modulus follows a nearly linear scaling with
respect to the relative density, the effective Poisson’s ratio exhibits a transition from stretch to bending
dominated mode as the relative density decreases. A statistical analysis is performed to estimate the rel-
ative errors of the effective properties that depend on both the computational box size and the number of
random realizations. The comparison between the periodic and random 2D networks highlights the pro-
found effects of the network topology on the effective elastic properties.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Fiber-based materials are prevalent both in nature and in
engineering applications. As an example, fibrous extracellular
matrices (ECM) consist of three-dimensional (3D) collagen net-
works with long-range force transmission and peculiar mechani-
cal properties enabling a variety of cell interactions (Abhilash
et al., 2014; Wang et al., 2014; Hall et al, 2016; Ban et al,,
2018; Ban et al., 2019). Paper is another example made from nat-
ural materials and has long been considered as a random fiber
network with anisotropic elastic properties due to process-
dependent fiber orientations (Cox, 1952; Ostoja-Starzewski and
Stahl, 2000). A recent development of nanopaper made of
nano-fibrillated cellulose networks with fiber diameters down
to 11 nm has demonstrated excellent mechanical properties in
both strength and toughness (Zhu et al, 2015; Meng and
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Wang, 2019). Carbon nanotubes (CNTs), nanofibers and nano-
wires have also been used to make network materials such as
fabrics (Smith et al., 2010; Holmberg et al., 2012) and aerogels
(Jung et al., 2012; Jung et al., 2014; Wu et al,, 2018; Yu et al,,
2019). Besides random fiber networks, periodic network struc-
tures have recently emerged as lattice or cellular materials that
may be hierarchically architected to achieve lightweight, flaw-
tolerant, and ultrastrong properties (Fleck et al., 2010; Meza
et al., 2014; Meza et al, 2015; Schwaiger et al., 2019; Xia et al.,
2019; Zhang et al., 2019).

To understand the relationship between the effective mechan-
ical properties and the underlying microstructures for the random
or periodic fiber networks, both 2D and 3D network models have
been developed (Fleck et al., 2010; Picu, 2011; Broedersz and
MacKintosh, 2014; Merson and Picu, 2020). The linearly elastic
properties under infinitesimal strain have been predicted analyti-
cally for a variety of periodic networks (Christensen, 2000;
Ostoja-Starzewski, 2002; Romijn and Fleck, 2007). For the random
fiber networks, different scaling relations have been found
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between the effective elastic moduli and network parameters
(Cox, 1952; Wu and Dzenis, 2005; Broedersz et al., 2012;
Shahsavari and Picu, 2012; Shahsavari and Picu, 2013; Ban et al.,
2016), depending on the network topology. In particular, a transi-
tion from stretch dominated (affine) deformation to bending dom-
inated (non-affine) deformation has been predicted for random
networks as the relative density decreases. Beyond small-strain
linear elasticity, it has been found that the random fiber networks
typically stiffen at large strains (Onck et al., 2005; Huisman et al.,
2007; Broedersz et al., 2008; Islam and Picu, 2018). Moreover,
inelastic mechanical properties such as strength and toughness
have also been simulated in some network models (Romijn and
Fleck, 2007; Astrom et al, 2008; Koh and Oyen, 2012;
Kulachenko and Uesaka, 2012; Sozumert et al., 2020). In this study,
we focus on the linear and nonlinear elastic properties of low-
density 2D networks of crosslinked long fibers. As illustrated in
Fig. 1, the long fibers may form a variety of periodic lattices, each
with a characteristic length for the unit cell. Alternatively, for a
random network of long fibers (Fig. 1d), statistically representative
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elements may be used to simulate the effective mechanical prop-
erties. Unlike most of the previous works on random fiber net-
works, we assume that the fiber lengths are greater than the size
of the statistically representative element so that fibers have no
dangling ends within the element. This assumption eliminates
the fiber length as one of the network parameters so that the fiber
segment length(s) and diameter become the most relevant, which
is also the case for the periodic networks in Fig. 1 (a-c). As a result,
the effective elastic properties of these 2D networks depend pri-
marily on the relative density and the network topology. In the
remainder of this paper, we first present analytical and numerical
results for the periodic 2D networks (Section 2), comparing the
square, triangular and Kagome networks in both the linear and
nonlinear regimes. Then, random 2D networks are considered in
Section 3 including a statistical analysis of the network parameters
and elastic properties. A comparison between the periodic and
random 2D networks illustrates the profound effects of network
topology (random versus periodic) on the elastic properties, as
summarized in Section 4.

;
?

Fig. 1. Periodic and random 2D networks: (a) square network; (b) triangular network; (c) Kagome network; (d) random network (with all joints marked as red dots). Insets
show unit cells for the periodic networks with a segment length L. (For interpretation of the references to color in this figure legend, the reader is referred to the web version

of this article.)
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2. Periodic 2D networks
2.1. Linearly elastic properties

A periodic 2D network has two relevant length scales: the fiber
diameter d and the segment length L, as illustrated in Fig. 1 (a-c).
The relative density of the periodic 2D network can be written as:

Ad
" 1
; (1)

where A is a constant depending on the network topology and the
cross section of the fibers. Table 1 lists the values of A for periodic
networks consisting of fibers with a circular cross section, which
are different from those for a rectangular cross section in Romijn
and Fleck (2007).

Assuming linear elasticity for the fiber material and rigid
(welded) joints between the fibers, the effective in-plane elastic
moduli of the periodic 2D networks depend on the relative density
and can be predicted as (Romijn and Fleck, 2007):

Eyr = Bp"E; ()

Geyr = Cp°Ey 3)

where E. is the effective Young’s modulus and G is the effective
shear modulus, both proportional to E;, Young’s modulus of the
fiber material; B, C, b and c are constants depending on the network
topology (see Table 1). In addition, the effective in-plane Poisson’s
ratio (v12) is independent of the relative density but depends on
the network topology as listed in Table 1.

According to Table 1, the square network is highly anisotropic
with different scaling for the effective Young’s modulus (b = 1)
and shear modulus (¢ = 3), while the triangular and Kagome net-
works are isotropic (b = ¢ = 1) with a Poisson’s ratio of 1/3. Evi-
dently, the cubic scaling (c = 3) for the effective shear modulus of
the square network indicates the bending dominated deformation
of the fibers under shear, whereas the linear scaling for the effec-
tive Young’s modulus (b = 1) indicates the stretch dominated fiber
deformation under uniaxial stresses; the linear scaling for both
moduli of the triangular and Kagome networks indicates stretch
dominated fiber deformation in both loading modes. It should be
noted that the analytical predictions are applicable only under
infinitesimal strains. Notably, for the triangular and Kagome net-
works, the linear scaling of the effective moduli persists at low
density (p < 1), with no transition to the bending dominated
behavior as predicted for the random networks (Wu and Dzenis,
2005; Broedersz et al., 2012; Shahsavari and Picu, 2012; Ban
et al., 2016).

For the triangular and Kagome networks (Fig. 1, b and c), the
effective in-plane stress-strain relation in the linear regime can
be written in a matrix form as:

on Chi Cp O &n
0n |=|C Cn O &2 (4)
012 0 0 Gs3 &12
Table 1
Parameters for the effective properties of periodic 2D networks.
Square Triangular Kagome
A m/2 V3m/2 V3n/4
B 1/2 1/3 1/3
b 1 1 1
C 3/(32m2) 1/8 1/8
c 3 1 1
V12 0 1/3 ]/3
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where Cn = sz = %Eeff, C33 = ZGeff, and C]z = C21 = %Eeff. It can be
shown that the effective Young’s modulus and Poisson’s ratio of a
triangular/Kagome network are independent of the loading direc-
tion under uniaxial stresses.

For a square network (Fig. 1a), we have: Cy; = Cy =Egy,
C33 = 2Gef, and Cy = Gy = 0in Eq. (4). Thus, the effective 2D stiff-
ness of a square network is anisotropic with the symmetry of a
square lattice (orthotropic). In this case, the effective Young’s mod-
ulus and Poisson’s ratio depend on the loading direction under uni-
axial stress. By considering a square network subject to uniaxial
stress in an arbitrary direction 0 (the angle between the loading
direction and the fibers; Fig. 2), we obtain the effective Young’s
modulus as a function of 0 as

-1
Ey = E,|1 4 (17 — 2)sin®0cos?0 (5)

where = ?Tg = 8p~2. Interestingly, if # = 2, the effective Young’s

modulus becomes isotropic! This however requires an unrealisti-
cally high relative density, p = 2. Typically, with p < 1, we have
1> 1 and thus the effective Young’s modulus is highly anisotropic
(see Fig. 2a). While the maximum effective modulus is E. for
0=0 and 90 (parallel to the fibers), the minimum modulus is at
0 =45, with Eyin = 4E5[2 + 1] ™" ~ 4Gy, where the approximation
is made for # > 2. Therefore, the maximum and minimum Young’s
moduli have different scaling relations with the relative density:
Egy ~ p (stretch dominated fiber deformation) and Epy, ~ p3
(bending dominated fiber deformation). A transition from the linear
scaling to the cubic scaling for the Young’s modulus is thus pre-
dicted for the square network as the loading direction changes.
With p <« 1 for low density square networks, the difference
between the minimum and maximum Young’s moduli could be sev-
eral orders of magnitude (Fig. 2a).

Similarly, the effective Poisson’s ratio of a square network can
be obtained as a function of 6 as

(n — 2)sin®20

yy = A Z 2SI 2T 6
" 44 (- 2)sin’20 (©)

which is zero for 6 = 0 and 90" but is approximately 1 for 0 = 45,
for a low-density square network (p < 1) as shown in Fig. 2b. The
large Poisson’s ratio (v ~ 1) again indicates bending dominated
fiber deformation.

2.2. Nonlinear elastic properties

Numerical simulations were conducted using the commercial
finite element package ABAQUS to simulate the nonlinearly elastic
behavior of the periodic 2D networks under uniaxial stresses. The
fibers were modeled using the Timoshenko beam elements (B22)
with nonlinear geometry for finite strain, and the joints were
assumed to be rigid (welded). The fiber material was assumed to
be isotropic and linearly elastic in terms of the Cauchy stress and
the logarithmic strain, with Young’s Modulus Er and Poisson’s ratio
vs. Periodic boundary conditions were assumed for the unit cells
(Fig. 1, a-c), and only the in-plane deformation is considered for
the present study. The effective stress for the network was calcu-
lated with respect to a rectangular cross section area with a thick-
ness equal to the fiber diameter.

First, for the square networks under uniaxial tension parallel to
the fiber directions (0 = 0 and 90°), geometric nonlinearity leads
to slightly nonlinear behavior (in terms of the nominal stress and
nominal strain) when the axial strain is relatively large (e.g.,
€ > 0.05), as shown in Fig. 3a. Recall that the fiber material was
assumed to be linearly elastic in terms of the Cauchy stress and
the logarithmic strain, but nonlinear in terms of the nominal stress
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Fig. 2. Effective Young’s modulus (a) and Poisson’s ratio (b) of square networks (with different relative densities) versus the direction of uniaxial tension.
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Fig. 3. Nonlinear elastic behavior of square networks: (a) under uniaxial tension (6 = 0 or 90'); (b) under uniaxial compression (6 = 90°); inset shows cooperative buckling of
fibers. (c) Under uniaxial tension with 6 = 45", and (d) under uniaxial compression with 0 = 45"; insets show deformation of fibers with color contours for the strain energy

density distributions.

and nominal strain (shown as the solid line in Fig. 3a). In this case,
the nonlinear elastic properties of the square network follow the
same scaling as the effective Young’s modulus, i.e., linearly propor-
tional to the relative density. In contrast, under uniaxial compres-

sion, buckling of the fi

ber segments leads to more significant

nonlinearity, as shown in Fig. 3b, where the critical strain for onset
of buckling depends on the relative density. Therefore, the elastic

behaviors of the square

network under tension and compression

are drastically different in the nonlinear regime. Remarkably, while
the Poisson’s ratio remains zero under tension (6 = 0 and 90°), the
cooperative buckling pattern (see inset in Fig. 3b) suggests a nega-
tive Poisson’s ratio under compression in the nonlinear regime.
Moreover, the nonlinear elastic behavior of the square networks
also depends on the loading direction (Fernandes et al., 2021). As
shown in Fig. 3¢, where the stress is normalized by the effective
Young’s modulus for 0 = 45" in Eq. (5), the square networks stiffen
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significantly with the increasing strain under uniaxial tension in
the direction of 9 =45’, signaling a transition from bending to
stretch dominated fiber deformation as the fibers rotate toward
the loading direction. Under compression, the fibers rotate toward
the transverse direction, leading to a softening behavior, as shown
in Fig. 3d. We note that long-wave buckling modes are possible in
the periodic networks under compression (Gong et al., 2005;
Fernandes et al., 2021), whereas the present study focuses on the
cases of uniaxial tension and no long-wave modes were observed
in our simulations.

Next, for the triangular and Kagome networks (Fig. 1, b and c),
while the effective elastic properties are isotropic in the linear
regime, it is found that their nonlinear elastic behaviors are highly
anisotropic. Fig. 4 shows the effective stress-strain and strain-
strain diagrams for the Kagome networks under uniaxial tension
in the two perpendicular directions, i.e., the x and y directions (hor-
izontal and vertical in Fig. 1); similar results were obtained for the
triangular networks (not shown). When stretched in the x direction,
the load is carried primarily by the fibers parallel to the x direction,
and the stress-strain behavior (Fig. 4a) is slightly nonlinear, similar
to that of the square networks (Fig. 3a), but the Poisson’s ratio is
different as shown in Fig. 4b. The Poisson’s ratio is 1/3 for the tri-
angular and Kagome networks in the linear regime but becomes
slightly larger in the nonlinear regime (due to bending of fibers).
In contrast, very different nonlinear elastic behaviors are predicted
for the Kagome/triangular networks under uniaxial tension in the y
direction. The effective stress-strain diagrams (Fig. 4c) are initially
linear but become much more compliant beyond a small critical
strain that depends on the relative density. Subsequently, the
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stress-strain diagram stiffens and the tangent modulus approaches
the initial modulus at relatively large strains. Meanwhile, the lat-
eral strain undergoes a similar transition from the initial Poisson’s
effect in the linear regime to much larger lateral contractions in the
nonlinear regime (Fig. 4d). In this case, the transition from linear to
nonlinear behavior is a result of buckling of the fibers in the lateral
direction. Fig. 5 shows the deformation patterns of a Kagome net-
work before and after buckling. Evidently, the lateral buckling
effectively reduces the axial stiffness in the y-direction and
increases the lateral contraction of the Kagome network. We note
that the stress-strain behaviors in Fig. 4 are independent of the
computational box size and no long-wave modes were observed
in our simulations of uniaxial tension (from a single unit cell to a
maximum of 50 by 50 unit cells). In contrast, long-wave buckling
modes are possible in the periodic networks under compression
(Gong et al., 2005; Fernandes et al., 2021).

The critical strain for the onset of lateral buckling under uniax-
ial tension in the y-direction can be predicted for both the Kagome
and triangular networks. Before buckling, the initial Poisson’s
effect with an effective Poisson’s ratio of 1/3 leads to compression
of the fibers in the lateral direction. Following the classical Euler
buckling analysis, the critical lateral strain for onset of buckling
can be written as

m2d? n2p?
16(KL)?  16A%K>

€xc (7)
where K is a constant depending on the boundary conditions for
each fiber segment in the lateral direction. The corresponding crit-
ical strain in the y direction is:

0
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Fig. 4. Effective stress—strain diagrams and lateral strains of Kagome networks under uniaxial tension: (a-b) tension in the x direction; (c-d) tension in the y direction. The
insets in (a) and (c) show the directions of uniaxial tension with respect to the Kagome network.
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Fig. 5. Deformation patterns of a Kagome network (p = 0.118) under uniaxial tension in the y-direction: (a) before buckling (regime I, €, = 3%); (b) after buckling (regime II,
€, = 10%); (c) fibers are either nearly aligned or collapsed (regime III, €, = 25%). The color scale shows the strain energy density distribution.

2
€y = 36 = ﬁf{-z (8)

where g =1 for the Kagome networks and g = 1/4 for the triangu-
lar networks. With the same relative density, the aspect ratio of
each fiber segment in a Kagome network is half of that in a triangu-
lar network. As a result, the critical strain is expected to be higher
for the Kagome networks.

Although the joints between the fibers are assumed to be rigid
(welded), the joining fibers may rotate together without changing
the relative angles at the joints, and thus rotation at the joints is
not fully constrained for each fiber segment. Consequently, the
constant K in Eq. (8) takes a value between 0.5 for the fully fixed
(no rotation) condition and 1 for the pinned (free rotation) condi-
tion. By the numerical results as shown in Fig. 6, we found that
K = 0.72 for the Kagome networks and K = 0.55 for the triangular
networks. The smaller K for the triangular networks reflects the

107"

® Kagome (K =0.72)
® Triangular (K = 0.55)

10™"

p

Fig. 6. Critical strain for the onset of lateral buckling in the Kagome and triangular
networks under uniaxial tension in the y direction.

higher constraint (less rotation) at the joints, due to the higher con-
nectivity (i.e., 3 fibers at each joint versus 2 for the Kagome
networks).

To further understand the nonlinear elastic behaviors of the
Kagome and triangular networks, we calculate the total strain
energy, consisting of fiber stretch, bending and shearing compo-
nents. In particular, the bending energy provides a measure of
the overall bending deformation in the network, which can be used
to distinguish stretch- and bending-dominated behaviors
(Abhilash et al., 2014; Shahsavari and Picu, 2012). Fig. 7a shows
the energy fractions for a Kagome network (p = 0.118) under uni-
axial tension in the y-direction. The shearing component is gener-
ally small compared to the stretch and bending components for
such a small relative density. Before the critical strain for lateral
buckling (€, < €,), the network deformation is stretch dominated
(Fig. 5a), similar to a truss network with pin joints. After onset of
lateral buckling, the fraction of bending energy increases rapidly
and exceeds the fraction of stretch energy. Thus, the network
deformation becomes bending dominated, where the lateral buck-
ling allows the fibers in the other two directions to rotate toward
the loading direction with little increase in fiber stretch (Fig. 5b).
The lateral buckling and fiber rotation together lead to a reduced
effective stiffness in the y direction and a much larger Poisson’s
effect for lateral contraction. The transition from the stretch dom-
inated behavior in the linear regime to the bending dominated
behavior can be defined based on the energy fractions, when the
fraction of the bending energy first surpasses the fraction of the
stretch energy (e.g., €1 ~ 0.06 in Fig. 7a). By this definition, the
transition strain is slightly larger than the critical strain for the
onset of lateral buckling.

Beyond the first transition strain (€, > €1), the fraction of the
bending energy first increases and then decreases, dropping below
the fraction of the stretch energy at a relatively large strain (e.g.,
€2 ~ 0.22 in Fig. 7a). Thereafter, the network deformation transi-
tions back to being stretch-dominated (Fig. 5¢), when the fibers are
either nearly aligned in the loading direction or fully collapsed by
lateral buckling. This explains the stiffening in the stress—strain
diagrams (Fig. 4c) and saturation of the lateral strain (Fig. 4d).
Therefore, three regimes can be identified for the elastic behaviors
of the Kagome and triangular networks under uniaxial tension in
the y-direction: (I) Stretch dominated linear regime at small strains
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Fig. 7. (a) Evolution of the energy fractions in a Kagome network (p = 0.118) under uniaxial tension in the y direction; (b) Fraction of the bending energy in Kagome networks
with different relative densities. The horizontal dashed line in (b) indicates the bending energy fraction at 50%, and the two transitions are observed for each case as the
bending energy fraction crosses the horizontal line as the strain increases, first from below to above 50% and then back to below 50%.

(€y <€), (II) bending dominated regime at intermediate strains
(€y1 < €y < €y2), and (III) stretch-dominated regime at large strains
(€y > €y2).

The transition strains for the Kagome and triangular networks
depend on the relative density. Fig. 7b shows the fraction of bend-
ing energy for Kagome networks with different relative densities;
similar results were obtained for triangular networks (not shown).
For each relative density, the two transition strains can be deter-
mined by setting the fraction of bending energy to be 0.5, and they
are shown in Fig. 8. Similar to the critical strain for lateral buckling,
the first transition strain approximately scales with the relative
density as: €; ~ p%. In contrast, the second transition strain
increases slowly with the relative density. Consequently, the bend-
ing dominated regime expands as the relative density decreases.
For the lowest relative density (p = 0.02) considered for the
Kagome networks, the first transition strain is <0.01 and the frac-
tion of bending energy is close to 1 for a significant portion of
the bending-dominated regime II before it transitions to stretch-
dominated regime III (see Fig. 7b).

Two types of transitions may be noted in Fig. 8 for both the
Kagome and triangular networks. First, at a small strain (e.g.,
€, =0.01), the network deformation transitions from the
stretch-dominated regime [ to the bending-dominated regime II
as the relative density decreases (as indicated by the horizontal
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arrows in Fig. 8), similar to that predicted for random fiber net-
works (Wu and Dzenis, 2005; Broedersz et al., 2012; Shahsavari
and Picu, 2012; Ban et al., 2016). Second, for a relatively low
density (e.g., p =0.06), the network deformation transitions
from the bending-dominated regime II to the stretch-
dominated regime IIl as the strain increases (as indicated by
the vertical arrows in Fig. 8), similar to strain stiffening as pre-
dicted for random fiber networks (Onck et al., 2005; Huisman
et al, 2007; Broedersz et al., 2008; Islam and Picu, 2018).
Remarkably, these transitions occur despite the infinitely long
fibers in the periodic networks.

3. Random 2D networks

To construct a random 2D network model, a square representa-
tive area element (RAE) was used, within which long, straight
fibers of random orientations were placed at random seed points,
with each fiber terminating on the edges of the square element.
To control the relative density of the random network, we define
the line density as the total length of all fibers (L) per unit area,
namely,
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Fig. 8. Transition strains versus the relative density for (a) Kagome and (b) triangular networks. The horizontal and vertical arrows indicate two types of transitions as the

relative density and the strain changes, respectively.
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where Lgae is the side length of the square element. Fibers were
added to the element until the desired line density was reached
within a small tolerance (<0.1%). The seed points and orientations
of the fibers follow simple uniform distributions. In this process,
the line density and the fiber diameter can be independently con-
trolled. The relative density of the 2D network is proportional to
the product of the line density and the fiber diameter, namely,

p=apd (10)

where o = % for fibers with a circular cross section; the same is true
for both the periodic and random 2D networks.

Unlike the periodic networks with a single segment length, the
fiber segment length (L) in a random network is statistically dis-
tributed. As a result, to represent the statistical distribution of
the segment lengths, the size of the RAE must be sufficiently large
compared to the average segment length, i.e., Lgag > (L;), following
the concept of separation of scales (Ostoja-Starzewski, 2006). The
average segment length in a 2D fiber network is inversely propor-
tional to the line density, i.e., (L) ~ p;!' ~ d/p, for both the ran-
dom and periodic 2D networks (Picu, 2011). In this study, we
take Lpag =~ 50(Ls) ~ 50d/p, which is much larger than the fiber
diameter for a low relative density (p < 0.12). For a given fiber
diameter, the RAE size increases as the relative density decreases.
As an example, for a network of Ge nanowires with d = 50 nm
(Smith et al., 2010), the RAE size is about 25 um (500 times the
fiber diameter) for a relative density of 0.1. Alternatively, for a
given line density (p,;) and the network topology, the relative den-
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sity can be varied by changing the fiber diameter according to Eq.
(10). The choice of the RAE size will be discussed further following
a statistical analysis in order to quantify the precision in the effec-
tive elastic properties of the 2D random networks.

The porosity of a random 2D network can be defined as the vol-
ume ratio of the space not occupied by the fibers, namely:

p=1-p (11)

The average pore size is proportional to the average segment
length, i.e., (L,) ~ (Ls) ~ d/p, which is inversely proportional to
the relative density.

3.1. Structural properties: Statistics and scaling

Consider two key structural properties of the random 2D net-
works: the fiber segment length (L;) and the number density of
joints (p;). For each RAE (see Fig. 1d), the fiber segment lengths
between neighboring joints vary statistically and the average seg-
ment length is calculated. For a given relative density, a large num-
ber of RAEs were generated and the histogram of the average
segment length is shown in Fig. 9a (for p = 0.118). The inset of
Fig. 9a shows the exponential distribution of the segment lengths
in one realization, similar to the 3D random networks generated
by Kim et al. (2009) and Zagar et al. (2011), although generation
of the random networks in 3D is more complicated. The ensemble
average of the segment lengths among a large number of RAEs
depends on the relative density as shown in Fig. 9b. As expected,
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Fig. 9. (a) Histogram of the normalized average fiber segment lengths in 1000 RAE realizations of the random 2D network with the relative density p =0.118
(pLrae = 50, d/Lgar = 0.003). The inset shows the exponential distribution of the segment lengths in one realization. (b) The normalized average segment length vs the
relative density. (c) Histogram of the normalized number density of joints in the 1000 RAEs. (d) Average number density of joints vs the relative density in both random and
periodic 2D networks. The error bars in (b) and (d) show the standard deviations among the 1000 RAE realizations of the random networks.



S. Mane, F. Khabaz, R.T. Bonnecaze et al.

the ratio, (L;)/d, is inversely proportional to the relative density,
qualitatively similar to the periodic 2D networks. Following Eq.
(1), we write

(L) =Ap™! (12)
d

where A ~ 1.2 is obtained for the random 2D networks, in close
agreement with the prediction by Kallmes and Corte (1960). Recall
that A = 7t/2 for the square networks, A = v/37/2 for the triangular
networks, and A= +/3n/4 for the Kagome networks (Table 1).
Apparently, in terms of the average segment length, the random
2D networks are closest to the Kagome networks.

Taking p,Lrar = 50 in construction of the random 2D network
model, the ratio between Lgag and the average segment length is
then: %% — %, Lgae = 32.7, which is considered sufficiently large
for the RAE to be statistically representative. The relative density
is then varied by changing the ratio d/Lgar following Eq. (10). We
note that the ratio between Lrar and the fiber diameter is:
e — p~1(p,Lrac) = 39p~" for p;Lrag = 50. This ratio (Lgag/d) in
the present study ranges from 330 to 1950, which is larger than
those in previous works (Dirrenberger et al., 2014; Chatti et al.,
2020) for 3D random networks.

The number density of joints (per unit area) in a periodic 2D
network is inversely proportional to the square of the segment
length, i.e., p; ~ L2~ p2d~2. For random 2D networks, the num-
ber of joints (N;) varies statistically among a large number of RAEs,
and Fig. 9c shows the histogram of the number of joints for 1000
RAEs with the same relative density (p = 0.118). It is found that
the average number density of joints follows the same scaling as
the periodic networks as shown in Fig. 9d, namely

2
(o) =00 — a2 (13)

G
where A; = 0.485 is obtained for the random 2D networks. For com-
parison, A;= 1/A>=0.405 for the square networks,

A =2/(V/3A*)=0.156 for the triangular networks, and

A; = V/3/(2A%) = 0.468 for the Kagome networks. Again, the random
2D networks are closest to the Kagome networks in terms of the
average number density of joints. For the same relative density
and the fiber diameter, the number density of joints depends on
the joint connectivity (i.e., the number of fibers at each joint). The
joint connectivity is 2 for the square and Kagome networks, and it
is 3 for the triangular network. As a result, the triangular network
has the lowest number density of joints. The joint connectivity for
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the random 2D networks is approximately 2, similar to the square
and Kagome networks.

3.2. Elastic properties

Similar to the periodic 2D networks, finite element simulations
were conducted to study the elastic behavior of the random 2D
networks under uniaxial tension. The fibers were modeled using
the Timoshenko beam elements (B22), and the fiber material was
assumed to be isotropic and linearly elastic in terms of the Cauchy
stress and the logarithmic strain. Unlike the periodic networks, the
boundary conditions for the RAE of random 2D networks were ape-
riodic. Instead, the displacement along the edges of each RAE is
constrained such that the edges remain straight during deforma-
tion. Essentially, we assume that the deformation of a large ran-
dom network is affine down to the scale of the RAE (mesoscale)
but may become non-affine microscopically within the RAE. More-
over, for a given relative density, there are many possible network
structures as a result of the random realization of RAE. Thus, the
elastic properties in general vary statistically among different
RAE realizations, and the averaged properties over a large number
of RAEs are most relevant for potential applications at scales much
larger than Lgae. A statistical analysis is necessary to estimate the
relative errors that depend on both the RAE size and the number
of random realizations (Kanit et al., 2003; Dirrenberger et al.,
2014).

First, we simulated the random 2D networks by using one par-
ticular RAE realization (Fig. 1d) with the same line density (p,) and
joint connectivity but varying the fiber diameter (d) to obtain dif-
ferent relative densities (recall that p ~ p,d). Fig. 10a shows the
stress-strain diagrams under uniaxial tension in the y-direction,
whereas Fig. 10b shows the lateral strain versus the axial strain.
For the purpose of comparison, the effective stress is normalized
in Fig. 10a by the effective Young’s modulus of the corresponding
Kagome network with the same relative density (Eq. (2)). For all
the relative densities considered, the elastic responses are similar
under uniaxial tension in the x-direction (not shown), indicating
an essentially isotropic behavior as expected for a statistically rep-
resentative RAE. Compared to the linearly elastic responses pre-
dicted for the periodic 2D networks shown as the straight lines
in Fig. 10a, the random 2D networks are generally more compliant
even at infinitesimal strains. The axial stress-strain response of the
random 2D network is slightly nonlinear, with no clear transition
from linear to nonlinear regimes. Unlike the previous studies of
2D and 3D random networks with short fibers (Onck et al., 2005;
Huisman et al., 2007; Broedersz et al., 2008; Islam and Picu,

Fig. 10. (a) Effective stress-strain diagrams and (b) lateral strain responses of random 2D networks under uniaxial tension in the y-direction.
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2018), Fig. 10a shows no significant strain stiffening. In contrast,
the lateral strain responses in Fig. 10b are highly nonlinear, similar
to those in Fig. 4d for the Kagome networks subject to uniaxial ten-
sion in the y-direction. It is noted that, while the lateral strain
response of the Kagome network is linear up to a critical strain
for buckling, the random networks do not show a clear transition
from the linear to nonlinear lateral strain responses. Fig. 11 shows
the simulated deformations of the random 2D network with the
relative density p = 0.118. Evidently, there is considerable buck-
ling of the fiber segments even at a relatively small strain (3%).
Similar to the Kagome network (Fig. 5), the uniaxial tension leads
to lateral contraction and thus buckling of the fibers in the lateral
direction. While the onset of lateral buckling in the periodic
Kagome network occurs cooperatively at a well-defined critical
strain, the buckling in the random network occurs stochastically
and continuously with no obvious critical strain. Since the segment
lengths are statistically distributed within one RAE (Fig. 9a inset),
the long segments close to the lateral direction are likely to buckle
first. As the axial strain increases, more segments buckle, leading to
more lateral contraction. Meanwhile, due to the random fiber ori-
entations, there are a few fibers oriented in the direction close to
the loading direction and they seem to dominate the axial
stress-strain behavior. The other fibers are either buckled or
rotated towards the loading direction, without contributing signif-
icantly to the overall stiffness. Clearly, the deformation within the
RAE is largely non-affine except for a few nearly aligned fibers.
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To shed more insight into the elastic behaviors of the random
2D networks, we calculated the energy fractions during deforma-
tion as shown in Fig. 12a. Unlike the Kagome network in Fig. 7a,
the stretch energy remains dominant (>80%) in the random 2D net-
work throughout the deformation, and there is no transition from
stretch to bending dominated regime for the random 2D network.
Despite all the buckling fibers in Fig. 11, the fraction of the bending
energy is fairly low (<20%). The strain energy distributions in
Fig. 11 show that most of the strain energy is stored in the fibers
oriented close to the loading direction and they are primarily being
stretched. This behavior is in sharp contrast with short-fiber ran-
dom networks (Onck et al, 2005; Huisman et al, 2007;
Broedersz et al., 2008; Islam and Picu, 2018), where a transition
from bending to stretch dominated deformation leads to signifi-
cant strain stiffening. Fig. 12b compares the fractions of bending
energy in the random 2D networks with different relative densi-
ties. The maximum fraction increases slightly with decreasing rel-
ative density, but remains low (<25%). Hence, the deformation of
the random 2D network of long fibers remains stretch-dominated
for the range of the relative density considered here.

We have noted that the stress-strain behavior in Fig. 10a
appears to be different from previous studies of random networks
(e.g., Onck et al., 2005; Huisman et al., 2007; Wang et al., 2014,
Islam and Picu, 2018), with no significant strain stiffening and no
transition from bending to stretch dominated behavior. There are
at least two differences between the present study and the previ-
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Fig. 11. Simulated deformations of a random 2D network (p = 0.118, undeformed in Fig. 1d) under uniaxial tension in the y-direction with increasing strain: (a) 3%; (b) 10%;

(c) 25%. The color scale shows the strain energy density distribution.
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Fig. 12. (a) Energy fractions versus the strain for a random 2D network (p = 0.118) under uniaxial tension;
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ous works that may lead to the different behavior: (i) While many
of the previous works considered relatively short fiber lengths
compared to the cell size (or in terms of the fiber length/diameter
ratio), the present study considers a limiting case of infinitely long
fibers (or fiber length much greater than the fiber diameter and the
segment length); (ii) While some of the previous studies consid-
ered simple shear with a macroscopic volumetric constraint, the
present study focuses on the uniaxial tension with no volumetric
constraint.

As noted in the previous works (Onck et al., 2005; Wang et al.,
2014; Islam and Picu, 2018), the rotation and alignment of the
fibers along the principal loading direction led to the transition
from bending to stretch dominated behavior and hence strain stiff-
ening. In contrast, for the random 2D networks with long fibers,
there are always a few fibers oriented close to the principal loading
direction (under uniaxial tension), and these fibers form primary
stress paths connecting the opposite faces of the model, carrying
most of the applied load from the beginning with little rotation.
As shown in Fig. 11, these fibers have the largest strain energy den-
sity and thus dominate the uniaxial stress-strain behavior (with
little stiffening). This behavior is also consistent with the stress—
strain behaviors of the Kagome networks (Fig. 4), where there is
no stiffening under uniaxial tension in the x-direction (Fig. 4a)
but there is strain stiffening in the y-direction (Fig. 4c), because
the fibers in the x-direction dominate the behavior in the former
case, but with no fibers oriented in the y-direction, buckling and
rotation of the fibers lead to strain stiffening in the y-direction.
Similarly, for the square networks, there is no stiffening under uni-
axial tension in the x or y-direction (Fig. 3a) but there is significant
strain stiffening under uniaxial tension with 0 = 45" (Fig. 3c).

To examine the effect of volumetric constraint, we have also
conducted simulations of the random 2D networks under biaxial
deformation with a constraint on the area of the RAE and found
that the effective shear stress-strain response does exhibit some
level of strain stiffening, more so than the case of uniaxial tension
in Fig. 10. However, the strain stiffening appears to be less signifi-
cant compared to some of the previous works (e.g., Onck et al.,
2005), which we believe is due to the effects of the long fiber
length and the kinematic constraints with the crosslinks along
each fiber. As noted by Islam and Picu (2018), additional con-
straints are imposed through crosslinking along each fiber in the
fibrous networks, and as a result, fiber re-orientation is more diffi-
cult and strain stiffening is reduced.

We compare the uniaxial stress-strain behavior of the random
2D networks with that of the Kagome networks in Fig. 13. For the
same relative density, the random network is more compliant at
both small and large strains. At intermediate strains, however,
when the deformation of the Kagome network is bending domi-
nated, it becomes more compliant than the random network. This
difference can be directly correlated to the buckling behaviors. For
the Kagome networks, cooperative buckling of all lateral segments
leads to drastically lower stiffness in the bending dominated
regime. For the random 2D networks, however, stochastic buckling
occurs in a continuous fashion with little effect on the axial stiff-
ness, but leading to a large Poisson’s effect for the lateral strain
response (Fig. 10b).

Next, the elastic responses of different RAEs of the random 2D
networks were simulated. For each relative density, we simulated
100 RAEs and calculated the effective Young's modulus (Ee) and
Poisson’s ratio (Ver), both evaluated as the secant moduli at a rel-
atively small strain of 0.01 for the network deformation. The statis-
tical distributions of the effective elastic properties are shown in
Fig. 14 (a and c). We observe considerable variances in both Ee
and ve;r among the RAEs for the random network of the same rel-
ative density, which may be expected from the statistical nature of
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Fig. 13. Comparison of the uniaxial stress-strain responses between the random 2D
networks and the Kagome networks.

the random networks with different network structures in terms of
the segment lengths and the number of joints for different random
realizations as shown in Fig. 9. The mean values of these effective
elastic properties are shown as functions of the relative density
(Fig. 14, b and d). For comparison, the effective Young’s modulus
and Poisson’s ratio of the Kagome and triangular networks (at
the same strain of 0.01) are also shown. Interestingly, Fig. 14b
shows that the effective Young’s moduli of the periodic networks
transition from bending dominated (Ees ~ p*) to stretch domi-
nated (E.s ~ p) as the relative density increases. Since the effec-
tive Young’s moduli are evaluated at an axial strain of 0.01, the
periodic networks of higher density have not reached the critical
strain for onset of cooperative buckling so that the elastic
responses are stretch dominated (Ees ~ p). For periodic networks
of lower density, the critical strain for buckling is lower than 0.01
and thus the elastic responses become bending dominated
(Eefs ~ p?), as noted in Fig. 8. Due to different critical strains for
the Kagome and triangular networks (Fig. 6), the critical relative
density values for the transition are also different between the
two periodic networks. In contrast, the effective Young's moduli
of the random 2D networks do not show such a transition. Instead,
they follow a nearly linear scaling with the relative density,
(Eegr) ~ p'3, suggesting primarily stretch-dominated responses
for all the relative density values considered here. This result
appears to be consistent with the master curve obtained by
Shahsavari and Picu (2012) and Shahsavari and Picu (2013) for
the random 2D networks at the limit of infinitely long fibers. On
the other hand, the effective Poisson’s ratios in Fig. 14d show sim-
ilar transitions for both the periodic and random 2D networks. The
Poisson’s ratio is 1/3 for the periodic networks before buckling (for
higher relative density) and increases significantly after buckling
(for lower relative density). For the random 2D networks, the aver-
age Poisson’s ratio is slightly below 1/3 for those with a higher rel-
ative density and also increases significantly for those with a lower
relative density. This suggests that, while the effective Young’s
modulus is primarily stretch dominated for the random 2D net-
works, the effective Poisson’s ratio does show a transition to bend-
ing dominated behavior as the relative density decreases. As noted
in Fig. 11, although the stochastic buckling in the random 2D net-
works does not contribute significantly to the axial stress—strain
behavior, it is significant for the lateral contraction and hence the
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Fig. 14. (a) Histogram of the normalized effective Young’s modulus in 100 RAEs of the random 2D network with the relative density p = 0.118; (b) Average effective Young’s
modulus versus the relative density; The dashed and dotted straight lines indicate the linear (stretch dominated) and cubic (bending dominated) scaling relations,
respectively. (c) Histogram of the effective Poisson’s ratio of the random 2D network; (d) Average effective Poisson’s ratio versus the relative density. The error bars in (b) and
(d) show the standard deviations among the 100 RAE realizations for each relative density of the random network.

effective Poisson’s ratio. The unusually large values of the effective
Poisson ratio (verr > 1), which have been reported previously in
soft fibrous networks (Kabla and Mahadevan, 2007; Islam and
Picu, 2018; Ban et al., 2019), are indicative of the largely non-
affine deformations in the RAEs with significant bending or buck-
ling of the fibers.

It has been shown that a proper representative volume element
(RVE) size for random 3D networks of long fibers can be associated
with a given precision of the estimation of the effective property
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and the number of realizations (Kanit et al., 2003; Dirrenberger
et al., 2014). Similarly, for the random 2D networks, the statistical
method in the previous works (Kanit et al., 2003; Dirrenberger
et al., 2014) can be adopted to estimate the proper RAE size and
associated precision for the effective elastic properties. Fig. 15
shows the effective Young’s modulus and Poisson’s ratio obtained
from RAEs of different sizes. Note that the RAE size (Lgrag) normal-
ized by the line density (p,) is proportional to the ratio between

Lrae and the fiber diameter (d), i.e., p;Lrar = § L%_ which depends
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Fig. 15. Effect of RAE size on the effective elastic properties of the random 2D networks. (a) Young’s modulus, and (b) Poisson’s ratio. The error bars show the standard

deviations among the 100 RAE realizations for each case.
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Fig. 16. Relative errors for (a) the effective Young's modulus and (b) Poisson’s ratio of random 2D networks.

on the relative density (p). The ratio L*‘% in Fig. 15 ranges from 66 in
the case of p,Lrag =10 and p =0.118 to 3927 in the case of
piLrae = 100 and p = 0.02. For each RAE size, 100 random realiza-
tions were used to calculate the average properties and the stan-
dard deviations for each relative density. The average values of
Young’s modulus and Poisson’s ratio increase with the increasing
RAE size, while the standard deviations decrease. Both the average
values and the standard deviation appear to be converging (but not
fully converged), with non-vanishing standard deviation due to the
statistical nature of the random networks. Following the statistical
method (Kanit et al., 2003; Dirrenberger et al., 2014), the relative
error in the estimation of the effective properties with a large num-
ber of random realizations can be calculated as

2
G

where n is the number of RAE realizations of the same size (Lgag), 1t
is the average property and s is the standard deviation. Taking
pLrae = 50, the relative errors for the effective Young’s modulus
and Poisson’s ratio are shown in Fig. 16. As the number of realiza-
tions increases, the relative errors decrease as expected. With
n = 100, the relative errors are around 5% or lower for both the
Young’s modulus and Poisson’s ratio. With a larger RAE size (e.g.,
P Lrae = 100) and n =100, the relative errors drop slightly to
around 4%. Therefore, a proper RAE size can be used along with a
large number of random realizations to estimate the effective elas-
tic properties of the random 2D networks for a given precision.

€rel(Lrag, ) = (14)

4. Summary

In this study, we numerically simulated the nonlinearly elastic
responses of low-density 2D networks of crosslinked long fibers,
including both periodic and random networks. A comparison
between the periodic and random 2D networks highlights the pro-
found effects of the network topology on the effective elastic prop-
erties as summarized below.

e The structural properties such as the average segment length
and the number density of joints (crosslinks) follow similar
scaling laws for the periodic and random 2D networks. For ran-
dom 2D networks, a large number of statistically representative
elements are used to determine the average structural
properties.

e The square networks are anisotropic in both the linear and non-
linear regimes, whereas the triangular and Kagome networks
are isotropic in the linear regime but becomes anisotropic in
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the nonlinear regime. The random 2D networks are statistically
isotropic in both the linear and nonlinear regimes.

For low-density triangular and Kagome networks, cooperative
buckling of the fiber segments could take place at small strains,
leading to nonlinear, anisotropic elastic behaviors. As a result, a
transition from stretch dominated to bending dominated defor-
mation is predicted as the strain increases (strain softening). A
second transition from the bending dominated to stretch dom-
inated deformation with strain stiffening occurs at a larger
strain.

For the random 2D networks of long fibers, the axial stress—
strain behavior is statistically isotropic and slightly nonlinear,
primarily stretch dominated. Meanwhile, stochastic buckling
occurs continuously in the random networks, leading to signif-
icant lateral contraction. Consequently, while the effective
Young's modulus follows a nearly linear scaling with respect
to the relative density, the effective Poisson’s ratio exhibits a
transition from stretch to bending dominated behavior as the
relative density decreases.

Finally, following the statistical method, a given precision can
be achieved with small relative errors (€, < 5%) in the estima-
tion of the effective elastic properties of the random 2D net-
works by using a proper RAE size along with a sufficiently
large number of random realizations.
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