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A B S T R A C T

Elastomers tend to undergo large deformations accompanied by small volumetric changes. For elastomeric
layers sandwiched between rigid plates, large deformations can be significantly limited by the constraints
imposed by the plates. Further, those constraints can be enhanced by material’s inability to undergo large
volumetric changes. From this perspective, it is appropriate to examine the validity of constitutive models,
in which an elastomer is treated as incompressible, for analysis of the confined layers. Here, this issue is
addressed by considering the mechanical response of sandwiched elastomeric layers using three constitutive
models. The first one, referred to as compressible neo-Hookean, is regarded as exact. The other two models
are regarded as approximations. Of those two, the first one neglects nonlinearity and the second one neglects
compressibility. Accordingly, the modeling errors associated with the former are treated as measures of
importance of nonlinearity, and the modeling errors associated with the latter are treated as measures of
importance of compressibility. The modeling errors are evaluated using the force–displacement curve and the
mean stress at the layer center as the quantities of interest. Numerical results are presented for rubber and
polydimethylsiloxane (PDMS), characterized by Poisson’s ratios 𝜈 = 0.4999 and 𝜈 = 0.49, respectively. It is
shown that, even when the forces applied to the plates are large, considering nonlinearity is important for
thick but not for thin layers. In contrast, considering compressibility is important for thin layers. The need for
considering compressibility is further assessed by introducing a competition parameter, which reinforces the
notion that compressibility is important for modeling PDMS layers and thin rubber layers.
. Introduction

This paper is concerned with thin elastomeric layers sandwiched
etween stiff plates (Fig. 1). Such arrangements are used in numer-
us devices and structures for vibration isolation and shock absorp-
ion (Kelly and Konstantinidis, 2011; Warn and Ryan, 2012). In a
aboratory setting, the arrangement is commonly referred to as the
oker-chip specimen. Its use was pioneered by Gent and Lindley (1957,
959), who recognized that poker-chip specimens are well suited for
nducing large tensile stresses in thin rubber layers. As a result, poker-
hip and closely-related specimens have been widely used for studying
ucleation and growth of cavities and cracks in elastomers (Lindsey,
967; Stringfellow and Abeyaratne, 1989; Gent, 1990; Fond, 2001;
ayraktar et al., 2008; Lefèvre et al., 2015; Kumar and Lopez-Pamies,
021; Hao et al., 2023; Guo and Ravi-Chandar, 2023), and for studying
dhesive bonding/debonding of soft elastic thin layers (Lin et al., 2000;
ebber et al., 2003; Minsky and Turner, 2015; Fischer et al., 2017;
ensel et al., 2019; Benvidi and Bacca, 2021).

∗ Corresponding author.
E-mail address: ruihuang@mail.utexas.edu (R. Huang).

In this paper, we consider poker-chip specimens subjected to ten-
sion, focusing on the interplay between the layer thinness and the
material compressibility. The former is defined as

𝜉 ∶= ℎ
𝑎
, (1)

where ℎ is the half thickness and 𝑎 is the radius of the layer (Fig. 1).
It is clear that the constraints imposed on the layer by the plates are
particularly strong when 𝜉 ≪ 1. The effects of the constraints are
dramatically amplified if the material is treated as incompressible, as
it is done for fluid thin layers (Stefan, 1874; Reynolds, 1886). While
this assumption is regarded as excessively restrictive in linear elastic
analyses of poker-chip specimens (Lindsey et al., 1963; Lindley, 1979;
Chalhoub and Kelly, 1990; Gent, 1994; Auslender et al., 1999; Lin
et al., 2000; Qiao and Lu, 2015; Schapery, 2018a,b; Hensel et al.,
2019; Benvidi and Bacca, 2021; Movchan et al., 2021, 2023), it is
well established that many elastomers are nearly incompressible. For
example, for variants of polydimethylsiloxane (PDMS), Poisson’s ratio
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Fig. 1. A schematic of a poker-chip specimen.

𝜈 varies between 0.45 and 0.5 (Müller et al., 2019), and for a typical
rubber 𝜈 = 0.4999 (Anderson et al., 2004). Since 𝜈 = 0.5 implies
incompressibility, the range between 0.45 and 0.5 can be regarded as
representative values of Poisson’s ratio for nearly incompressible mate-
rials. Ironically, in nonlinear elastic analyses of poker-chip specimens,
it is common to treat the material as incompressible (Klingbeil and
Shield, 1966; Lefèvre et al., 2015; Guo and Ravi-Chandar, 2023; Hao
et al., 2023). Thus, among existing models, one class neglects material
nonlinearity, whereas the other class neglects material compressibility.
Addressing this chasm constitutes the goal of this work.

To assess the role of nonlinearity and compressibility of the con-
stitutive model in analyses of poker-chip specimens, we consider three
models. The first model accounts for both nonlinearity and compress-
ibility, and it is regarded as exact. The other two models are regarded
as approximate, as one neglects nonlinearity and the other neglects
compressibility. Then, the differences in predictions based on the ex-
act versus approximate models are adopted for quantifying modeling
errors associated with the approximations that neglect nonlinearity or
compressibility. For the first approximate model the choice is obvious
— classical linear elasticity. In contrast, there is no obvious choice
for the second approximate model, as the catalog of nonlinear elastic
constitutive equations is quite substantial (Ogden, 1997). Nevertheless,
for demonstration purposes, a natural choice is the incompressible
neo-Hookean model. The advantage of this, frequently used and most
frequently criticized, model is its simplicity, as it contains only one
material parameter, the shear modulus 𝜇. This simplicity is critically
important for parametric studies. The incompressible neo-Hookean
model is straightforward to generalize to the compressible one (Anand
and Govindjee, 2020), which we adopt as the exact model. This model
contains one more parameter, the bulk modulus 𝜅. Of course, for in-
finitesimal deformations, the compressible neo-Hookean model reduces
to linear elasticity, with two elastic constants, 𝜇 and 𝜅. In what follows,
we do not necessarily advocate for the compressible neo-Hookean
model for any specific materials. Rather, our focus is to demonstrate
that one needs to exercise caution in adopting the assumptions of either
linearity or incompressibility in the analysis of elastomeric thin layers.

Our approach is based on finite element analysis. This allows us to
control numerical errors and focus on modeling errors. Further, in con-
trast to approximate closed-form solutions, our approach is robust as it
allows us to analyze both thin and moderately thick layers (𝜉 ≤ 0.5),
as commonly used in experiments (Gent and Lindley, 1959; Bayraktar
et al., 2008; Guo and Ravi-Chandar, 2023).

The remainder of this paper is structured as follows. In Section 2,
we formulate the boundary value problem for a poker-chip specimen.
In Section 3, we present results for the case of rubber layers using
the three aforementioned constitutive models. In Section 4, we present
results for PDMS layers. In Section 5, we examine local stress states
pertinent to the onset of cavitation or fracture in experiments. In
Section 6, we discuss a competition between the layer thinness and
material compressibility. We close the paper by recapturing key results
in Section 7.

2. Problem statement

Consider a circular cylindrical layer sandwiched between two rigid
plates. The layer is bonded to the plates and stretched by pulling
2

the plates apart along the cylindrical axis, so that the upper plate is
displaced by 𝛥 and the lower plate by −𝛥 (Fig. 1).

We consider layers characterized by three well-established elastic
constitutive models. The most general model considered in this work
is compressible neo-Hookean (Ogden, 1997; Basar and Weichert, 2000;
Pence and Gou, 2015; Anand and Govindjee, 2020). This model is based
on the strain energy density function

𝑊 = 1
2
𝜇
(

𝐼1 − 3
)

+ 1
2
𝜅(𝐽 − 1)2 . (2)

Here the scalars 𝐽 and 𝐼1 are defined via the deformation gradient 𝐅
as

𝐽 ∶= det 𝐅 (3)

and

𝐼1 ∶= 𝐽− 2
3 𝐹𝑖𝑗𝐹𝑖𝑗 . (4)

On the right-hand side of (2), the first term represents the deviatoric
(or isochoric) response, and the second term represents the isotropic
(or dilatational) response. Accordingly, it is expedient to split the true
stress tensor corresponding to (2) into the deviatoric and isotropic
components:

𝜎𝑖𝑗 = 𝑠𝑖𝑗 − 𝑝𝛿𝑖𝑗 , (5)

where 𝑠𝑖𝑗 is the deviatoric stress and 𝑝 is the pressure. Then, the strain
energy density function (2) leads to the constitutive equations

𝑠𝑖𝑗 = 𝜇𝐽− 5
3
(

𝐹𝑖𝑘𝐹𝑗𝑘 −
1
3
𝐹𝑙𝑘𝐹𝑙𝑘𝛿𝑖𝑗

)

(6)

and

𝑝 = −𝜅 (𝐽 − 1) . (7)

Here, the pressure is taken to be linearly proportional to the volumetric
strain 𝐽 − 1. This is justified by the fact that the volumetric strain is
typically small (but not zero) in the confined elastomeric layers.

The other two models are particular cases of the compressible neo-
Hookean model. Of those two, the first one is obtained by assuming
that the deformation is small so that the displacement gradient |∇𝐮| ≪
1. With this assumption, (6) and (7) are reduced to the constitutive
equations of linear elasticity:

𝑠𝑖𝑗 = 𝜇
(

𝑢𝑖,𝑗 + 𝑢𝑗,𝑖 −
2
3
𝛿𝑖𝑗𝑢𝑘,𝑘

)

(8)

and

𝑝 = −𝜅𝑢𝑘,𝑘 . (9)

Thus, 𝜇 and 𝜅 are the standard material constants of linear elasticity.
To this end, we recall the identity,

𝜅
𝜇

=
2(1 + 𝜈)
3(1 − 2𝜈)

,

which characterizes the material compressibility. A nearly incompress-
ible material can be associated with either 𝜈 ≈ 0.5 or 𝜅∕𝜇 ≫ 1.

The third model is obtained by assuming that the material is in-
compressible, so that 𝜅∕𝜇 → ∞ and 𝐽 = 1. As a result, (6) is reduced
to

𝑠𝑖𝑗 = 𝜇
(

𝐹𝑖𝑘𝐹𝑗𝑘 −
1
3
𝐹𝑙𝑘𝐹𝑙𝑘𝛿𝑖𝑗

)

. (10)

The pressure 𝑝, however, cannot be determined from (7). Rather, it is
determined from equilibrium conditions.

Since the plates are considered rigid and perfectly bonded to the
layer, the boundary conditions on the flat surfaces of the layer are
specified as

𝑢
[

𝑥 , 𝑥 ,± ℎ + 𝛥
]

= ±𝛿 𝛥 . (11)
𝑖 1 2 ( ) 𝑖3
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Fig. 2. An axisymmetric model for the upper half of the layer.

These boundary conditions are prescribed in the deformed configura-
tion. On the cylindrical surface, the traction-free boundary condition
implies that

𝜎𝑖𝑗𝑛𝑗 = 0 . (12)

In this work, we identify the force 𝐹 , required to produce the
displacement 𝛥, as a quantity of interest. The relationship between 𝐹
and 𝛥 describes the overall response of the constrained layer and the
apparent stiffness of the material.

Numerical results are obtained by finite element analysis using
ABAQUS. A typical analysis involves an axisymmetric boundary-value
problem (Fig. 2). Such problems do not pose significant challenges and
can be accurately solved using standard ABAQUS options. In particular,
we discretized the upper half of the layer using meshes comprised of
eight-node hybrid (CAX8H) elements for handling the incompressible
and nearly incompressible constitutive models, so that finite element
discretization errors were estimated to be less than 10−3. Due to
symmetry, only the upper half of the layer was modeled. Accordingly,
the boundary conditions on the lower surface were replaced by the
symmetry conditions on the mid-plane of the layer at 𝑧 = 0:

𝜎𝑟𝑧 = 0 and 𝑢𝑧 = 0 . (13)

Here we use cylindrical rather than Cartesian components, which are
more natural for axisymmetric problems (Fig. 2).

3. Analysis of rubber layers

In this section, we focus on analyzing rubber layers. Following An-
derson et al. (2004), a typical rubber is characterized by 𝜈 = 0.4999,
which implies the ratio
𝜅
𝜇

= 5000. (14)

Let us introduce the following dimensionless quantities

𝛥 ∶= 𝛥
ℎ

(15)

and

𝐹 ∶= 𝐹
𝜋𝑎2𝜇

. (16)

Note that 𝛥 is the average axial strain, and 𝐹 is the average axial stress
normalized by the shear modulus.

Since 𝜅∕𝜇 has been fixed for the rubber layers, 𝐹 can be described
by a dimensionless function of 𝜉 and 𝛥:

𝐹 = 𝑓
(

𝜉, 𝛥
)

. (17)

Because we consider three constitutive models, there are three versions
of the function 𝑓

(

𝜉, 𝛥
)

. The function 𝑓 obtained using the compressible
neo-Hookean model is denoted by 𝑓 (0), and it is treated as the bench-
mark. The functions 𝑓 corresponding to the linear and incompressible
neo-Hookean models are denoted by 𝑓 (1) and 𝑓 (2), respectively. These
3

Fig. 3. Normalized force–displacement curves corresponding to the linear (dashed
lines) and nonlinear, compressible neo-Hookean (solid lines) models for 𝜉 = 0.01 (blue),
0.1 (red), and 0.5 (purple). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

two functions are treated as approximations, and therefore we define
two modeling errors:

𝑒(1)
(

𝜉, 𝛥
)

∶=
|

|

|

|

|

𝑓 (1) (𝜉, 𝛥
)

− 𝑓 (0) (𝜉, 𝛥
)

𝑓 (0)
(

𝜉, 𝛥
)

|

|

|

|

|

(18)

and

𝑒(2)
(

𝜉, 𝛥
)

∶=
|

|

|

|

|

𝑓 (2) (𝜉, 𝛥
)

− 𝑓 (0) (𝜉, 𝛥
)

𝑓 (0)
(

𝜉, 𝛥
)

|

|

|

|

|

. (19)

Thus, 𝑒(1) is a measure of the importance of nonlinearity, and 𝑒(2) is a
measure of the importance of compressibility.

3.1. Nonlinearity

In this subsection, we focus on the importance of nonlinearity, by
comparing the numerical results obtained from the compressible neo-
Hookean model to those from the linear elastic model. Let us begin with
the results presented in Fig. 3, where normalized force–displacement
curves predicted by the two models are plotted for 𝜉 = 0.01, 0.1, 0.5.
The predictions of the linear model are shown as dashed lines, and
those of the nonlinear model by solid lines. Note that, for the thinnest
layer (𝜉 = 0.01), the two curves are nearly identical for 𝐹 up to five,
which corresponds to a very large average axial stress equal to 5 μ.
The proximity of the two curves can be explained, once we observe
that the average axial strain 𝛥 corresponding to this stress level is less
than 0.3%. In contrast, the two curves are significantly different for
the thicker layers (𝜉 = 0.1, 0.5), which are much more compliant than
the thinnest layer, and therefore undergo larger deformations. Thus,
the comparisons in Fig. 3 suggest that the importance of nonlinearity
increases as 𝜉 increases.

Next, we evaluate the modeling error 𝑒(1) in the parametric hyper-
plane spanned by 𝜉 and 𝛥. To this end, we plot contours of constant
𝑒(1) values for 𝑒(1) = 0.01, 0.05, 0.10 (Fig. 4(a)). In this figure, the region
below the contour 𝑒(1) = 0.01 is characterized by 𝑒(1) < 0.01. Therefore,
for all points in this region, one can predict the function 𝑓

(

𝜉, 𝛥
)

with
less than one percent error using the linear elastic model. The same
logic applies to the contours 𝑒(1) = 0.05, 0.10. Evidently, the importance
of nonlinearity increases as the average axial strain 𝛥 increases.

It is instructive to plot contours of constant 𝑒(1) in the parametric
hyperplane spanned by 𝜉 and 𝐹 . To this end, we transform the ordi-
nate axis in Fig. 4(a) using the force–displacement relation (17). The
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Fig. 4. Contours of the modeling error 𝑒(1) in two hyperplanes: (a) 𝜉 − 𝛥 and (b) 𝜉 − 𝐹 .
𝜉
t

transformed contours are shown in Fig. 4(b). The seemingly qualitative
difference between the contours in Fig. 4(b) versus those in Fig. 4(a)
is due to the rapid increase in the apparent stiffness of the specimen
as 𝜉 decreases. As a result, the modeling error 𝑒(1) remains low for thin
layers even when the average axial stress 𝐹 is large. At a constant 𝐹 ,
the importance of nonlinearity increases with 𝜉.

3.2. Compressibility

In this subsection, we focus on the importance of compressibility,
and therefore compare predictions based on the compressible neo-
Hookean model versus incompressible neo-Hookean model. We begin
with Fig. 5 which shows the normalized force–displacement curves for
𝜉 = 0.01, 0.1, and 0.5. The predictions corresponding to the incompress-
ible neo-Hookean model are shown in dashed lines, and those corre-
sponding to the compressible neo-Hookean model are shown in solid
lines. Contrary to the linear model, the incompressible neo-Hookean
model shows better agreement with the compressible neo-Hookean
model for the thick layer (𝜉 = 0.5) than the thin layer (𝜉 = 0.01). Thus,
the importance of compressibility diminishes as 𝜉 increases. Note that,
for the thinnest layer (𝜉 = 0.01), the normalized force–displacement
curves are nearly linear up to 𝐹 = 5 by both the compressible and
incompressible models, but the slopes are different (approximately by
a factor of 2).

Next, we evaluate the modeling error 𝑒(2) in the parametric hyper-
plane spanned by 𝜉 and 𝛥. The contours of constant 𝑒(2) are plotted
in Fig. 6 for 𝑒(2) = 0.01, 0.05, 0.10. In this figure, all points located in
the region to the right of the contour 𝑒(2) = 0.01 are characterized
by 𝑒(2) < 0.01. Therefore, for those points, one can predict 𝑓

(

𝜉, 𝛥
)

with less than one percent error using the incompressible neo-Hookean
model. The same logic applies to the contours 𝑒(2) = 0.05, 0.10. It is
clear that the contours are almost independent of 𝛥, and 𝑒(2) increases
as 𝜉 decreases. Therefore, the importance of compressibility increases
as 𝜉 decreases for thin layers. For moderately thick rubber layers with
𝜉 > 0.1, the role of compressibility diminishes.

3.3. Maps

In this subsection, we combine results presented in the two previous
subsections to construct maps of validity for the two approximate
models. To this end, we set the error tolerances 𝑒(1) = 0.01 and 𝑒(2) =
0.01. The map plotted in the hyperplane spanned by 𝜉 and 𝛥 is shown in
Fig. 7(a). There one can identify four regions. In Region I (red), 𝑒(1) >
0.01 and 𝑒(2) > 0.01, and therefore neither linear nor incompressible
neo-Hookean models are acceptable. In Region II (yellow), 𝑒(1) < 0.01
but 𝑒(2) > 0.01, and therefore the linear model is acceptable but the

(2)
4

incompressible neo-Hookean model is not. In Region III (orange), 𝑒 <
Fig. 5. Normalized force–displacement curves corresponding to the incompressible
(dashed lines) and compressible (solid lines) neo-Hookean models for 𝜉 = 0.01 (blue),
= 0.1 (red), and 𝜉 = 0.5 (purple). (For interpretation of the references to color in

his figure legend, the reader is referred to the web version of this article.)

Fig. 6. Contours of the modeling error 𝑒(2) in the hyperplane 𝜉 − 𝛥.

0.01 but 𝑒(1) > 0.01, and therefore the incompressible neo-Hookean
model is acceptable but the linear model is not. Finally, in Region
IV (green), 𝑒(1) < 0.01 and 𝑒(2) < 0.01, and therefore both linear and
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Fig. 7. Model validity maps for rubber layers in two hyperplanes: (a) 𝜉 −𝛥 and (b) 𝜉 −𝐹 . Error tolerances for both 𝑒(1) and 𝑒(2) are set at 1%. In Region I (red), neither the linear
nor the incompressible neo-Hookean model is acceptable. In Region II (yellow), the linear model is acceptable but the incompressible model is not. In Region III (orange), the
incompressible neo-Hookean model is acceptable but the linear model is not. In Region IV (green), both the linear and incompressible models are acceptable. Discrete symbols in
(b) represent experimental data of critical forces for cavitation in rubber layers from Gent and Lindley (1959). (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
incompressible neo-Hookean models are acceptable. The map confirms
that compressibility is important only for thin rubber layers (𝜉 < 0.1),
whereas, for all layers, nonlinearity is important when the average axial
strain is large (roughly, 𝛥 > 0.01).

One can also interpret the map by recognizing that the union of
egions I and III is separated from the union of Regions II and IV by the
ontour 𝑒(1) = 0.01. Similarly, the union of Regions I and II is separated
rom the union of Regions III and IV by the contour 𝑒(2) = 0.01. In the
ap, these two curves have only one intersection, and therefore there

re four regions.
The map in Fig. 7(a) can be transformed into the map plotted

n the hyperplane spanned by 𝜉 and 𝐹 (Fig. 7(b)), using the force–
isplacement relation (17). The advantage of the new map is that
t allows us to establish a link with the experimental data compiled
y Gent and Lindley (1959). Those data are shown as discrete symbols,
nd each point represents a critical force associated with the onset of
avitation in a rubber layer. We use six types of symbols to emphasize
hat the data were collected for six distinctly different rubbers. It is
emarkable that the data are confined to a relatively narrow region
f the 𝜉 − 𝐹 hyperplane. Fig. 7(b) clearly demonstrates that (i) for all
he data, nonlinearity should be taken into account before the onset
f cavitation, and (ii) for a large portion of the data, compressibility
hould be taken into account, due to the thinness of the rubber layers
𝜉 < 0.1).

It is instructive to construct a map in the 𝜉−𝐹 hyperplane, using the
rror tolerance 10% rather than 1% (Fig. 8). This map is qualitatively
ifferent from that shown in Fig. 7(b). In particular, the new map
oes not include Region I, where both approximate models are unac-
eptable. Region IV, where both the linear model and incompressible
eo-Hookean model are acceptable, has been expanded significantly in
omparison to its counterpart in Fig. 7(b), because of the larger error
olerance for both 𝑒(1) and 𝑒(2). This can be understood by observing
hat the contour 𝑒(1) = 0.1 is above and to the right of the contour
(1) = 0.01 in Fig. 4(b). Also, the contour 𝑒(2) = 0.1 is to the left of the

contour 𝑒(2) = 0.01 in Fig. 6. As a result, the two curves for 𝑒(1) = 0.1 and
(2) = 0.1 do not intersect on the map shown in Fig. 8 (although they
ould intersect at a much higher force level not displayed here), and

hus Region I disappears. The same symbols for the experimental data
hown in Fig. 7(b) are shown in Fig. 8. Now, with the error tolerance
(2) = 0.1, the incompressible neo-Hookean model is acceptable for
ost of the data, except for a small number of cases involving very

hin layers (𝜉 < 0.03). Similarly, with the error tolerance 𝑒(1) = 0.1, the
inear model is acceptable for most of the thin layers with 𝜉 < 0.1, even
hough the normalized forces are fairly high. Therefore, the validity of
5

he approximate models depends on the error tolerance.
Fig. 8. A model validity map for rubber in the hyperplane 𝜉 − 𝐹 . Error tolerances for
both 𝑒(1) and 𝑒(2) are set at 10%. In Region II (yellow), the linear model is acceptable but
the incompressible neo-Hookean model is not. In Region III (orange), the incompressible
neo-Hookean model is acceptable but the linear model is not. In Region IV (green), both
the linear model and the incompressible neo-Hookean model are acceptable. Discrete
symbols represent experimental data of critical forces for cavitation in rubber layers
from Gent and Lindley (1959). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

4. Analysis of PDMS layers

In this section, we construct a model validity map for PDMS layers.
We do this by choosing 𝜈 = 0.49 for PDMS. In the literature, the value
of Poisson’s ratio for PDMS ranges from 0.45 to 0.5 (Dogru et al., 2018;
Müller et al., 2019). Thus, 𝜈 = 0.49 is an acceptable, but certainly not
a definitive, choice. But, as far as this paper is concerned, it allows
us to compare the cases corresponding to 𝜈 = 0.49 versus 𝜈 = 0.4999
for rubber. While both can be considered nearly incompressible, the
difference between the two cases is significant as far as the ratio 𝜅∕𝜇
is concerned, since 𝜈 = 0.49 implies
𝜅
𝜇

= 50, (20)

which, on the one hand, is significantly larger than one, and, on the
other hand, is significantly smaller than that for rubber. Recently,
poker-chip specimens with PDMS layers were tested and analyzed
by Guo and Ravi-Chandar (2023). Their analysis was based on an
incompressible nonlinear model, and the value of 𝜅∕𝜇 was not reported.
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Fig. 9. Model validity maps for PDMS in the hyperplane 𝜉 − 𝐹 . (a) 𝜈 = 0.49 and (b) 𝜈 = 0.499. Error tolerances for both 𝑒(1) and 𝑒(2) are set at 10%. In Region I (red), neither
the linear model nor the incompressible neo-Hookean model is acceptable. In Region II (yellow), the linear model is acceptable but the incompressible neo-Hookean model is
not. In Region III (orange), the incompressible neo-Hookean model is acceptable but the linear model is not. In Region IV (green), both the linear model and the incompressible
neo-Hookean model are acceptable. The circles represent experimental data of critical forces for onset of cavitation or fracture in PDMS layers from Guo and Ravi-Chandar (2023).
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Here we examine the importance of nonlinearity and compressibility
in the analysis of PDMS layers by adopting the approach developed
in Section 3. Namely, we compute the modeling errors 𝑒(1) and 𝑒(2)
associated with the linear model and the incompressible neo-Hookean
model for PDMS, in comparison with the compressible neo-Hookean
model. A model validity map for PDMS is shown in Fig. 9(a). It is
constructed in the 𝜉 − 𝐹 hyperplane and the error tolerance is set at
10% for both 𝑒(1) and 𝑒(2). Evidently, the map for PDMS is significantly
different from the map for rubber in Fig. 8, constructed using the same
error tolerance. In particular, while the contour 𝑒(2) = 0.1 is nearly
vertical for rubber, it is not for PDMS and it is located at much larger
𝜉 values. This difference is due to the much larger compressibility of
PDMS in comparison to rubber. Meanwhile, the contours 𝑒(1) = 0.1
are quite similar for both rubber and PDMS. As a result, the two
contours for PDMS intersect at one point on the map, and there are
four regions in Fig. 9(a). Notably, while Region I is absent in Fig. 8 for
rubber, it dominates Fig. 9(a) for PDMS, where both compressibility
and nonlinearity should be considered in the constitutive model.

It may be argued that 𝜈 = 0.49 or 𝜅∕𝜇 = 50 is too small for PDMS.
For comparison, we present another model validity map in Fig. 9(b)
by using 𝜈 = 0.499 or 𝜅∕𝜇 = 500. As expected, this map differs from
both Figs. 8 and 9(a), constructed using the same error tolerance. In
particular, the contour 𝑒(2) = 0.1 is nearly vertical, similar to that in
ig. 8, but it is located at a much larger 𝜉 value (≈ 0.1). Meanwhile, the

contours 𝑒(1) = 0.1 are similar for all three maps. As a result, the two
ontours intersect at one point on the map, and there are four regions
n Fig. 9(b). However, compared to Fig. 9(a), Region I is much smaller.
evertheless, the effect of compressibility is important for thin layers
𝜉 < 0.1) including Region I and Region II. Therefore, the validity of
he approximate models depends sensitively on the value of Poisson’s
atio for nearly incompressible materials.

The experimental data from Guo and Ravi-Chandar (2023) are
hown as circles on the map (Fig. 9), and each circle represents a
ritical force associated with the onset of cavitation or fracture in a
DMS layer. Assuming 𝜈 = 0.49, the map in Fig. 9(a) shows that
he experimental data are mostly located in Region I, where both
onlinearity and compressibility are important. Only for the thickest
pecimen (𝜉 > 0.3), the incompressible model is acceptable. For the
hinnest specimens (𝜉 < 0.03), the linear model is acceptable. Thus,
he map in Fig. 9(a) suggests that, as far as poker-chip specimens are
oncerned, constitutive models for most PDMS layers (0.03 < 𝜉 < 0.3)
hould include both nonlinearity and compressibility. However, if a
arger Poisson’s ratio is used, the contour 𝑒(2) = 0.1 shifts left, as shown
n Fig. 9(b) for 𝜈 = 0.499. Even in this case, a significant portion of
he experimental data are located in Region I and Region II, where the
ffect of compressibility is important.
6

. Stress analysis

Since the pioneering works of Gent and Lindley (1957, 1959),
oker-chip specimens have been widely used in experimental studies
f cavitation and cracking in elastomers (Lindsey, 1967; Iwabe et al.,
000; Fond, 2001; Bayraktar et al., 2008; Kumar et al., 2014; Guo and
avi-Chandar, 2023). Analysis of such experiments requires reliable
onstitutive models capable of accurately predicting stresses inside the
lastomeric layers. This is essential for identifying critical conditions
or the onset of cavitation and crack growth in elastomers.

Since most cavities are typically observed in the center region of the
ayer, we focus on the normalized mean stress at the center,

̂𝑚 ∶= − 1
𝜇
𝑝(𝐱 = 0) , (21)

as the quantity of interest. For each material, rubber or PDMS, �̂�𝑚 is
a function of 𝜉 and 𝛥, for which the modeling errors 𝑒(1) and 𝑒(2) can
be defined in the same way as in Eqs. (18) and (19). Accordingly, we
can construct a model validity map in the 𝜉 − 𝛥 hyperplane, and then
transform into a map in the 𝜉 − �̂�𝑚 hyperplane.

For rubber layers, we present two maps shown in Fig. 10. These
maps are constructed using the error tolerances of 1% (Fig. 10(a))
and 10% (Fig. 10(b)) with respect to �̂�𝑚. The map in Fig. 10(a) is
similar to the one in Fig. 7(b). That is, both maps have four regions
and they are similarly shaped. The key difference between these two
maps is that the experimental data in Fig. 7(b) are obtained directly
from measurements of critical forces, whereas the data in Fig. 10(a) are
obtained by converting the critical forces into �̂�𝑚 using the compressible
neo-Hookean model. As a result of this conversion, for each data, the
normalized mean stress at center �̂�𝑚 is higher than the normalized axial
force 𝐹 . On both maps (Figs. 10(a) and 7(b)), almost all data are located
in Regions I and III. Therefore, according to these maps, nonlinearity
is essential for all the data, whereas compressibility is required for thin
layers with 𝜉 < 0.1. The map shown in Fig. 10(b) with 10% error
tolerance implies a different logic, where Region I is absent, similar
to the map in Fig. 8. For very thin layers (in Region II), compressibility
is important but nonlinearity is not. For moderately thick layers (in
Region III), nonlinearity is important but compressibility is not. And,
for intermediate layers (in Region IV), one can use either the linear or
incompressible neo-Hookean model.

For PDMS layers, we present one map constructed using 𝜈 = 0.49
and the error tolerance of 10% with respect to �̂�𝑚 (Fig. 11a). As in the
map shown in Fig. 9(a), the experimental data for critical forces are

taken from Guo and Ravi-Chandar (2023), and then the corresponding
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Fig. 10. Model validity maps for rubber in the 𝜉 − �̂�𝑚 hyperplane. Error tolerances for 𝑒(1) and 𝑒(2) are set at (a) 1%, and (b) 10%. In Region I (red), neither the linear nor the
incompressible neo-Hookean model are acceptable. In Region II (yellow), the linear model is acceptable but the incompressible neo-Hookean model is not. In Region III (orange),
the incompressible neo-Hookean model is acceptable but the linear model is not. In Region IV (green), both the linear model and the incompressible neo-Hookean model are
acceptable. Discrete symbols correspond to experimental data of critical forces for onset of cavitation in rubber layers from Gent and Lindley (1959). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 11. Model validity maps for PDMS in the 𝜉− �̂�𝑚 hyperplane. (a) 𝜈 = 0.49 and (b) 𝜈 = 0.499. Error tolerances for both 𝑒(1) and 𝑒(2) are set at 10%. In Region I (red), neither the
linear nor the incompressible neo-Hookean model are acceptable. In Region II (yellow), the linear model is acceptable but the incompressible neo-Hookean model is not. In Region
III (orange), the incompressible neo-Hookean model is acceptable but the linear model is not. In Region IV (green), both the linear model and the incompressible neo-Hookean
model are acceptable. Discrete symbols correspond to experimental data of critical forces for onset of cavitation or fracture from Guo and Ravi-Chandar (2023). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
�̂�𝑚 are computed using the compressible neo-Hookean model. Accord-
ing to the map in Fig. 11(a), compressibility is important for analysis
of all the data in Guo and Ravi-Chandar (2023). Further, nonlinearity
is important for the cases of moderately thick layers (𝜉 > 0.1 roughly)
but not for thinner layers. We note that the map in Fig. 11(a) appears
quite different from the map in Fig. 9(a), primarily because the contour
𝑒(2) = 0.1 with respect to �̂�𝑚 differs substantially from that with respect
to 𝐹 for PDMS. The difference suggests that considering compressibility
is more important for the analysis of local stresses than for the overall
force–displacement responses of PDMS layers. Again, for comparison,
we present another map constructed using 𝜈 = 0.499 and the same error
tolerance in Fig. 11(b). Similar to Fig. 9(b), a significant portion of
the experimental data for PDMS are located in Region I and Region
II, where the effect of compressibility is important.

Now we deviate from the mainstream approach of the paper, and
focus on predictions based on the compressible neo-Hookean model
only. In particular, we are interested in the relationship between �̂�𝑚
and 𝐹 , which allows one to determine �̂�𝑚 in terms of experimentally
accessible 𝐹 . This relationship is commonly described using the stress
concentration factor, namely

SCF ∶=
�̂�𝑚 . (22)
7

𝐹

In general, the SCF depends on 𝜉, 𝐹 , and 𝜅∕𝜇. For a particular material,
the SCF is a function of 𝜉 and 𝐹 .

Contours of the SCF for rubber (𝜈 = 0.4999) and PDMS (𝜈 = 0.49)
are shown in Fig. 12, along with the corresponding experimental data
for the critical forces. These contour plots use the log 𝜉 −𝐹 rather than
𝜉−𝐹 hyperplane, as the logarithmic scale provides a better resolution of
the contours, especially for thin layers (𝜉 < 0.1). For rubber (Fig. 12a),
the contour lines are nearly vertical for very thin layers (𝜉 < 0.02),
as expected from a linear model. For moderately thick rubber layers
(𝜉 > 0.1), the SCF increases with 𝐹 . For 0.02 < 𝜉 < 0.1, the SCF varies
slightly with 𝐹 and is largely confined in the range 1.9 < SCF < 2.1.
It is well known that the linear elastic model predicts SCF = 2 for
incompressible thin layers (𝜉 ≪ 1) but SCF = 1 for compressible thin
layers (Lindsey et al., 1963; Lindley, 1979; Qiao and Lu, 2015; Movchan
et al., 2021, 2023). For rubber (Fig. 12(a)), except for thicker layers,
most of the experimental data are confined to the region 1.9 < SCF <
2.1, and thus can be treated approximately as incompressible, linear
elastic thin layers. This is consistent with the map in Fig. 10(b), which
suggests that the linear model is acceptable for thin layers (𝜉 < 0.1),
and compressibility is important only for very thin layers. For thicker
layers, nonlinearity is important, and the SCF is lower. As 𝜉 increases
further, the linear model predicts that the SCF decreases at small 𝐹
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Fig. 12. Contour plots of the stress concentration factor in the log 𝜉 −𝐹 hyperplane, for (a) rubber with the experimental data from Gent and Lindley (1959), and (b) PDMS with
the experimental data from Guo and Ravi-Chandar (2023).
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Fig. 13. Contour plot for the modeling error 𝑒(2) in the 𝜒 − 𝜉 hyperplane, based on
comparing the linear (compressible) model to the linear incompressible one.

and approaches 1∕3 in the limit 𝜉 → ∞, corresponding to the case of
uniaxial tension. As 𝐹 increases, the SCF increases for the thicker layers
(𝜉 > 0.1) and exceeds 2 when 𝐹 is large. As the thicker layers undergo
large deformations, the reduction of the cross-sectional area at the
center leads to the increase of the true stress 𝜎𝑧𝑧 and correspondingly
he SCF.

For PDMS (Fig. 12b), assuming 𝜈 = 0.49, the SCF depends on 𝐹 for
all layer thinness considered (0.01 < 𝜉 < 0.5). At small 𝐹 , the SCF is
close to 1 for very thin layers (𝜉 < 0.01), as predicted by the linear

odel in the limit of compressible thin layers. As 𝜉 increases, the SCF
irst increases and then decreases, with a peak value of around 1.6,
uch lower than that for rubber. As 𝐹 increases, the SCF increases. The

xperimental data for the critical forces are scattered in the region 1.2 <
CF < 1.9, so that it is neither as compact as the data for rubber layers
n Fig. 12(a) nor can be estimated by SCF ≈ 2 as for incompressible,
inear elastic thin layers. Thus, in contrast to the rubber layers, the SCF
f the PDMS layers is significantly affected by compressibility.

. The competition parameter

Currently, the majority of widely-used constitutive models for elas-
8

omers include nonlinearity but not compressibility. The importance F
f compressibility, especially for confined PDMS layers, is established
n the previous sections, but it is done by fixing the ratio 𝜅∕𝜇. In
his section, we examine the role of compressibility by adopting the
arameter

=

√

9𝜇
4𝜅 + 3𝜇

. (23)

This parameter was introduced in Lindsey et al. (1963), as it arises
naturally from the governing equations of linear elasticity applied
to analysis of thin constrained layers. Further, it appeared in many
other papers concerned with linear elastic analysis of thin layers (Chal-
houb and Kelly, 1990; Tsai and Lee, 1998; Lin et al., 2000; Schapery,
2018a,b; Movchan et al., 2021). It is clear that 𝜒 = 0 for incompressible
materials; for rubber 𝜒 = 0.0245, and for PDMS 𝜒 = 0.243 (assuming
𝜈 = 0.49).

Movchan et al. (2021) exploited 𝜒 for confined thin layers by
introducing the parameter

𝜁 ∶=
𝜉
𝜒

. (24)

We refer to 𝜁 as the competition parameter because, for nearly in-
compressible (or slightly compressible) materials, it is the ratio of two
small parameters, the layer thinness (𝜉) and the material compress-
ibility (𝜒). The competition parameter allows one to identify linear
elastic thin layers for which considering compressibility is important,
and this identification is not dictated by 𝜒 alone, but rather by the
competition between the geometric confinement parameter 𝜉 and the
material compressibility parameter 𝜒 .

According to Movchan et al. (2021), considering compressibility is
important for thin layers characterized by 𝜁 ≪ 1, but not for thin
layers characterized by 𝜁 ≫ 1. For example, for rubber (𝜒 = 0.0245),

layer characterized by 𝜉 = 0.0025 results in 𝜁 ≈ 0.1, and therefore, for
uch a thin layer, considering compressibility is important. In contrast,
or a rubber layer with 𝜉 = 0.1, 𝜁 ≈ 4, and therefore for such a
ayer, considering compressibility is not that important. For PDMS (𝜒 =
.243), however, 𝜉 = 0.1 implies 𝜁 ≈ 0.4, and therefore for such a PDMS
ayer, considering compressibility is important.

Let us examine the usefulness of 𝜁 for moderately thick linear elastic
ayers. To this end, we compute the modeling error 𝑒(2) by comparing
redictions of the linear incompressible versus linear compressible
odels. A contour plot for 𝑒(2) in the 𝜒 − 𝜉 hyperplane is shown in

ig. 13. In this plot, each contour is close to a ray emanating from the
rigin. This is consistent with the notion that each contour is associated
ith a particular value of 𝜁 , and the entire plot can be accurately
pproximated by 𝑒(2) as a function of 𝜁 . Further, numerical values in
ig. 13 support the notion that neglecting compressibility results in
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Fig. 14. Model validity maps in the log 𝜁 −𝐹 hyperplane, for (a) rubber (𝜈 = 0.4999) and (b) PDMS layers (𝜈 = 0.49). Error tolerances for both 𝑒(1) and 𝑒(2) are set at 10%. Discrete
symbols are experimental data from Gent and Lindley (1959) for rubber layers, and from Guo and Ravi-Chandar (2023) for PDMS layers.
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large errors for layers characterized by small 𝜁 . For example, 𝜁 ≈ 0.4
results in 𝑒(2) = 1. In contrast, 𝜁 ≈ 5 results in 𝑒(2) ≈ 0.01.

At this point, let us remove the restriction of linearity and examine
he usefulness of 𝜁 in general. We do this by re-scaling the contour plots
n Figs. 8 and 9(a) using the log 𝜁 − 𝐹 rather than 𝜉 − 𝐹 hyperplane

(Fig. 14). The contour plot for rubber (Fig. 14a) shows that the experi-
mental data from Gent and Lindley (1959) correspond to 0.9 < 𝜁 < 10.
For the error tolerance 𝑒(2) = 0.1, compressibility is important for
𝜁 < 1.5, but not important for 𝜁 > 1.5. Accordingly, for the experimental
data in Fig. 14(a), compressibility is not important except for a few
thinnest layers. For PDMS layers, assuming 𝜈 = 0.49, the contour plot
in Fig. 14(b) shows that the experimental data from Guo and Ravi-
Chandar (2023) correspond to 0.1 < 𝜁 < 2. For the error tolerance
𝑒(2) = 0.1, compressibility is important for 𝜁 < 1.5, but not important for
𝜁 > 1.5 at small 𝐹 . The importance of compressibility increases with 𝐹
for thicker PDMS layers (𝜁 > 1.5). Thus, for all the experimental data in
Fig. 14(b), 𝜁 is relatively small, so that it is prudent to analyze the data
by considering compressibility. The lone data point lying in Region III
should not distract from considering compressibility, as the boundary
between Regions I and III may shift to the right if the error tolerance
is reduced, and the data point may end up in Region I.

7. Summary

In this paper, we analyzed stretching of thin elastomeric layers
sandwiched between rigid plates. The purpose of our analysis was
to determine conditions under which nonlinearity and compressibility
should be considered in the constitutive models. Toward this objective,
we evaluated the force–displacement response and the mean stress at
the layer center using three constitutive models, one of which was
regarded as exact (compressible neo-Hookean), and the other two as
approximate. The first approximate model was linear, and the deviation
of its prediction from that of the compressible neo-Hookean model was
adopted for measuring the importance of nonlinearity. The second ap-
proximate model was incompressible neo-Hookean, and the deviation
of its prediction from that of the compressible neo-Hookean model was
adopted for measuring the importance of compressibility. These models
were applied to rubber and PDMS layers, and the results were com-
pared with the experimental data for rubber (Gent and Lindley, 1959)
and PDMS (Guo and Ravi-Chandar, 2023). It was concluded that, in
general, considering nonlinearity is more important for thicker layers,
and considering compressibility is more important for thinner layers.
Specifically, considering compressibility is important for analyzing the
data for thin rubber layers and nearly all PDMS layers considered.
This contradicts the common practice of modeling both materials as
incompressible.
9

The importance of considering nonlinearity in constitutive models
for elastomers has been firmly established in the literature. In contrast,
compressibility is often neglected, and our analysis challenges the
validity of this assumption, at least for such confined layers as in
poker-chip specimens. In this regard, we evaluated the usefulness of the
parameter 𝜁 (Movchan et al., 2021), which describes the competition
between the layer thinness 𝜉 and the material compressibility 𝜒 . Results
of our analysis are summarized as follows:

• For 𝜁 ≪ 1, considering compressibility is very important.
• For 𝜁 ≫ 1, considering compressibility is not important.
• For a large fraction of experimental data for rubber (Gent and

Lindley, 1959) and PDMS (Guo and Ravi-Chandar, 2023), 𝜁 =
(1), and therefore it is prudent to analyze the data by consid-
ering compressibility. A notable exception here is for the case of
a moderately thick rubber layer.

Let us conclude by emphasizing that, in this work, we do not
dvocate for the compressible neo-Hookean model per se. To the con-
rary, we hope that, in the future, the approach presented here will
e applied to more accurate models for specific materials. To this end,
et us mention that we applied our approach to rubber layers using
he Mooney–Rivlin model, and obtained results that were practically
ndistinguishable from those obtained with the neo-Hookean model.
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