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This paper describes the development of a dual-actuator loading device that was then used to apply
asymmetric, transverse end-displacements to laminated beam specimens (silicon/epoxy/silicon) over a
range of separation rates. Measurements of the reaction forces, as well as load-point displacements
and rotations, were used to determine the normal and tangential components of the crack tip displace-
ments and the corresponding components of the J-integral. This was made possible because the speci-
mens identically satisfied a balance condition. The resulting data set obtained from experiments
conducted at five separation rates at each of five mode-mix phase angles is a testimony to the efficiency
of the approach. A mixed-mode beam on elastic foundation analysis established that the stiffness of the
normal and shear interactions of the silicon/epoxy interface was independent of the separation rate and
mode-mix. Furthermore, the stiffness values thus determined were considerably lower than those based
on the bulk behavior of the epoxy in tension and shear. The analysis also allowed the crack growth to be
tracked in order to establish its onset and the corresponding critical values of the normal and shear com-
ponents of the J-integral, along with the corresponding strengths and critical crack tip displacements. For
each mode-mix, these critical values increased with the separation rate. This increase in properties is in
spite of the glassy nature of the bulk epoxy and further suggests the presence of an interphase region in
the epoxy adjacent to the silicon. However, the change of mode-mix was accompanied by a change in
local separation rates, leading to non-monotonic behavior in the critical J-integral. Following the onset
of crack growth, the application of the transverse end-displacements along radial loading paths resulted
in simultaneous changes in the local separation rates and mode-mix, implying a fracture criterion that
depends on both mode-mix and rate-dependent damage evolution processes.

� 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Interfaces abound in many technologically important applica-
tions that range from primary structural adhesively bonded joints
in aerospace, naval and automotive structures to the multiple
interfaces that are common in microelectronics devices and pack-
aging. One potential failure mode in all these heterogeneous sys-
tems is interfacial delamination, which can be addressed via
fracture mechanics analyses quantifying the strength and durabil-
ity for design purposes.

Delamination analyses based on interfacial fracture mechanics
concepts were pioneered by Williams (1959) and effectively put
into practice by Rice (1988) and Hutchinson and Suo (1992). A
striking feature of interfacial fracture mechanics is that the
toughness is often a function of the relative amount of tensile
and shear tractions on the interface (Chai and Liechti, 1992;
Evans et al., 1990; Wang and Suo, 1990) when the crack is con-
strained to grow along an interface. The toughening of interfaces
with increasing shear component has generally been attributed
to asperity locking (Evans and Hutchinson, 1989) or increased plas-
tic or viscoplastic dissipation (Chai and Liechti, 1992; Swadener
and Liechti, 1998) near the crack front. This so-called linearly elas-
tic fracture mechanics (LEFM) approach is generally sufficient in
accounting for the behavior of preexisting flaws as long as the frac-
ture process zone is sufficiently small (Parmigiani and Thouless,
2007; Sills and Thouless, 2013). Alternatively, cohesive zone mod-
eling can accommodate delamination with larger fracture process
zones and without the requirement of a preexisting flaw
(Mohammed and Liechti, 2000). The ideas behind cohesive zone
modeling were originally proposed by Dugdale (1960) and
Barenblatt (1959) in order to mitigate the stress singularities that
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are the hallmark of LEFM. Since then, it has been applied to inter-
facial crack growth problems in general (Needleman, 1990),
delamination in adhesively bonded joints (Högberg et al., 2007;
Liand Thouless, 2006; Sorensen, 2002; Ungsuwarungsri and
Knauss, 1987), laminated, fiber-reinforced composite materials
(Blackman et al., 2003) and thin films (Shirani and Liechti, 1998)
as well as adhesive contact problems (Johnson et al. (1971);
Maugis (1992)), as some early examples in an extensive array of
literature.

Cohesive zone modeling typically requires a traction-separation
relation as the constitutive representation of the interactions
between the surfaces. The traction-separation relation for a specific
interaction can be determined experimentally by direct or indirect
methods (Gowrishankar et al., 2012). The direct method requires
two components: the path-independent J-integral and the crack
tip displacement, which can be challenging for experiments and
may suffer from resolution issues. For materials that are transpar-
ent to visible or infrared radiation, crack opening interferometry
has been used to characterize the crack tip behavior
(Gowrishankar et al., 2012; Mello and Liechti, 2006; Wu et al.,
2016). The method can have a resolution of 20 nm and the full
crack front can be observed. However, only normal crack tip dis-
placements can be measured.

Several approaches based on digital image correlation (DIC)
have been introduced recently. Blaysat et al. (2015) developed a
parameter identification approach based on the kinematics of dou-
ble cantilever beam specimens and concepts from integrated DIC,
where the unknown degrees of freedom are the properties that
define a traction-separation relation, rather than displacements
and rotations, thereby increasing computational efficiency and
robustness. Gorman and Thouless (2019) conducted an extensive
study of the use of DIC for tracking the evolution of the cohesive
zone and extracting traction-separation relations. In a study of
the rate dependence of fracture between polymer modified bitu-
men and aluminum under mode I loading (Rajan et al., 2018),
two stereo DIC systems were used. One, operating at higher mag-
nification, was focused on the crack tip region to measure the crack
tip opening displacement with a resolution of approximately
40 nm. The low magnification system was used to determine the
strains ahead of the crack tip as well as the load line displacement.
The same group has recently extracted the mode I and mode II
traction-separation relations of uncured thermoset tows using a
rigid double cantilever beam arrangement in combination with
DIC (Rajan et al., 2020).

In the current paper, we investigate the effects of rate and
mode-mix on fracture of an interface by following the direct
method (Ouyang and Li, 2009; Wu et al., 2019), which significantly
simplified the J-integral concept for mixed-mode fracture and
allowed the crack tip displacements to be determined from the
remote measurements at the loading point. The cohesive traction
at the interface is then attained as the derivative of the J-integral
with respect to the local separation (Sorensen and Jacobsen
(2003)), under the assumption that the same traction-separation
relations are followed along the interface. Wu et al. (2019) utilized
the reflection of a laser beam on a 45� mirror to measure the end
rotations of end-loaded split (ELS) and end-notched flexure (ENF)
specimens, which offered a resolution of ~10�4 rad. However, the
range of the beam deflection was restricted by the size of the posi-
tion sensing detector, which was used to receive the reflection
beam signal. Here, we have found that DIC is simpler and more
robust in measuring the end displacements and rotations. It pro-
vides the trajectory of the beam deflection all the way to the crack
tip in order to determine the normal and tangential components of
the J-integral and crack tip displacements. It also allows the mode-
mix to be controlled more easily than using a selection of asym-
metric specimens.
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Many test methods have been successfully developed for char-
acterizing fracture at interfaces under all three fracture modes and
combinations thereof. The most commonly used type of specimen
for determining the fracture toughness of a bi-material system is
the double cantilever beam specimen as established by Kanninen
(1973). As a logical evolution from quasi-static testing with double
cantilever beam specimens, alternative specimen geometries, such
as reinforced adherends (Jain et al., 1998; Marzi et al., 2014) and
tapered adherends (Brussat et al., 1977), were studied for measur-
ing the mode I fracture toughness at high separation rates. Mixed-
mode interactions have been characterized by introducing asym-
metries either in the specimen geometry and materials or loading
conditions. Examples of mixed-mode fracture tests with asymme-
try in the specimen geometry and materials include the asymmet-
ric double cantilever beam (Sundararaman and Davidson, 1997;
Xiao et al., 1993), four-point flexure and composite cylinder (Cao
and Evans, 1989; Charalambides et al., 1990), the end loaded split
(Hutchinson and Suo, 1992; Wang and Vu-Khanh, 1996), and the
compact tension shear specimens (Mahajan and Ravi-Chandar,
1989). Most of these previous works focused on the effect of
mode-mix on the fracture toughness following the LEFM approach.
It remains a challenge to characterize the mixed-mode traction-
separation relations for an interface (Sorensen and Jacobsen,
2003). A direct method was proposed by Wu et al. (2016) to deter-
mine mixed-mode traction–separation relations based on a combi-
nation of global and local measurements using the end loaded split
(ELS) configuration for a silicon-epoxy interface, where the epoxy
thickness was varied to obtain phase angles ranging from �42�
to 0�. More recently, mixed-mode traction-separation relations
were extracted directly for a silicon/epoxy interface with phase
angles ranging from �53� to 87.5�, using asymmetrical end-notch
flexure and end-loaded split specimens with different adherend
materials (Wu et al., 2019).

Asymmetry can also be introduced by applying uneven loads to
a symmetric laminate. Reeder and Crews (1990) pursued such an
approach to study mixed-mode fracture in laminated fiber rein-
forced composites. Similarly, Fernlund and Spelt (1994) developed
a complex loading jig consisting of a linkage system which induced
an asymmetry in the forces acting on the upper and lower adher-
ends. Davidson and Sediles (2011) went a step further by develop-
ing a device that made use of bending and torsion on a laminate to
produce all three fracture modes. Although none of these devices
were used to extract traction-separation relations, there were
some questions from a theoretical standpoint (Suo et al., 1992)
as to the suitability of applying uneven end loads rather than
moments for providing fracture properties under large scale bridg-
ing conditions. Because configurations that employ uneven end
moments (Jacobsen and Sørensen, 2001; Lindhagen and
Berglund, 2000; Sørensen and Jacobsen, 2009, 1998) provide crack
tip stress fields that are invariant with crack length, it was postu-
lated that they would provide true material properties, uninflu-
enced by structural effects. This point has recently been
addressed by Pappas and Botsis (2019), who also developed a more
convenient way to apply uneven bending moments. They found
that applying uneven end loads or moments to an adhesively
bonded laminate resulted in very similar traction-separation rela-
tions even though the damage zone was relatively large. On the
other hand, the same was not true of a laminated fiber reinforced
polymer with a large and complex bridging zone.

All the approaches for controlling mode-mix that have been dis-
cussed so far are inherently proportional loading devices, which do
not allow the effects of more complex mixed-mode loading paths
to be followed. Biaxial loading devices (Chai and Liechti, 1991;
Liechti and Knauss, 1982; Mello and Liechti, 2004) that apply uni-
form tension and shear to a bimaterial strip are certainly capable of
achieving such a goal, but are complex. A conceptually simpler
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approach was provided by Singh et al. (2010) who used a dual
actuator device to apply uneven end loads to a symmetric lami-
nate. The approach taken here mirrors their approach, albeit with
simpler actuation due to the relatively low loads that were
required here. The device has recently been used to study the
rate-dependent fracture of a silicon/epoxy interface under the
nominally mode-I condition with symmetric loading (Yang et al.,
2020).

The remainder of this paper is organized as follows. In section 2,
we describe the configurations of the experimental setup and the
specimen preparations in detail. Then we present a series of anal-
yses in section 3 concerning the design of the experiments, the
mode-mix analysis, and the post processing of the raw data for
extraction of the mixed-mode properties. Next, a complete set of
results are displayed in section 4 where the effects of the separa-
tion rate and mode-mix are discussed at length. Conclusions are
provided in section 5.
2. Experiments

The dual-actuator device (Fig. 1) consists of three parts: the
support structure, the specimen mount, and the data acquisition
system. The rods of the support structure (Fig. 1a) are secured to
a table using a thick aluminum block while aluminum clamps
are used to grip the actuators and the specimen. The vertical post
on the right provides support for the clamped end of the specimen.
Stress concentrations due to the clamp are mitigated by a layer of
Teflon� tape, thereby reducing the possibility of breaking the
clamped end of the specimen. Two U-shaped loading tabs are
bonded to the top and bottom surfaces of the specimen where
the end-displacements are applied. Rod ends are then used to link
the loading tabs to the load cells and the actuators (Fig. 1b). They
allow for rotation and any relative lateral movement of the loading
tabs. Two DC motor actuators (PI M227.25), with a maximum
extension capability of 25 mm and a maximum travel velocity of
0.75 mm/s, are controlled using the controller (PI Mercury C-
863) that receives commands via LabVIEW VI from a computer.
The actuators are independently controlled in order to provide
Fig. 1. (a) Dual-actuator loading device; (b) Specimen grips and installation (boxed regi
(boxed region in b).
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the specified rates for both end-displacements. Their specifications
are summarized in Table 1.

The measurement system consists of two load cells and a cam-
era for DIC. The tension/compression load cells (Omega LCMFL-
20 N) are threaded onto an adapter which resides on the tips of
each actuator. These load cells are connected to their respective
Wheatstone bridges and amplifiers so that the voltage output from
the load cells can be acquired via a data acquisition board that is
controlled by the same LabVIEW program. As the actuator extends
or contracts, the beams of the specimen experience a loading con-
dition that causes a delamination crack to propagate while the cor-
responding loads are registered using the load cells. DIC targets are
attached to the two loading tabs in order to obtain the normal and
tangential end-displacements as well as end-rotations (Fig. 1c).
The motions of the targets are captured using a 2.2 megapixel
CMOS camera (Lumenera LT225) with a maximum framerate of
170 frames per second. However, while an experiment is running,
the maximum rate is limited to 50 frames per second by the input/
output characteristics of the computer. A magnifying lens (TEC-55
Computar) is used for enhancing the precision of the DIC. Image
acquisition is triggered in LabVIEW so that the actuator control
and data acquisition are all synchronized. The DIC analysis is con-
ducted on selected regions of the two targets using GOM Correlate
Software to obtain the end displacements and rotations.

The fracture specimen (Fig. 2) consists of two silicon beams
bonded by a layer of epoxy (EP30, Master Bond Inc.) using
50 � 5 mm silicon strips that were diced from silicon wafers.
The mechanical behavior of the epoxy was characterized by con-
ducting uniaxial tensile tests and Arcan shear tests (Hung and
Liechti, 1997; Liang and Liechti, 1995) in a universal testing
machine (Instron). The deformation of the epoxy was recorded
by a camera and the local strain was obtained through DIC. The
stress–strain curve in tension is shown in Supplementary Fig. S1.
The Young’s modulus of the epoxy was obtained from the unload-
ing (or second loading) curve as 2.4 GPa. The tensile yield strength
of the epoxy was estimated to be 36 MPa. No stress plateau was
reached and the epoxy eventually failed at about 4.2% strain. The
uniaxial tensile test was conducted at two other strain rates
(Fig. S1b), showing that the epoxy behaved in a rather glassy man-
on in a); (c) An image of the DIC target taken by the camera during the experiment



Table 1
Actuator specifications and property descriptions.

Property Description Specifications

Travel range Maximum extension of an actuator 25 mm
Design

resolution
Resolution for position values recorded by
the controller

0.0035l m

Minimum
incremental
motion

Minimum extension of an actuator 0.05l m

Maximum
velocity

Maximum travel velocity of an actuator 0.75 mm/s

Maximum force Maximum force an actuator arm can
withstand during extension or contraction

±40 N
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ner at the relatively high strain rates ( _e � 10�4/s). During the dou-
ble cantilever beam experiment, the local strain rate turned out to
be large enough ( _e 10�2/s) at the crack tip of the silicon/epoxy
interface so that the epoxy was assumed to be in its glassy state
and hence linearly elastic.

The Arcan shear tests were also conducted at three different
strain rates. The corresponding stress–strain curves are shown in
Fig. S2. The shear modulus increased with increasing shear rates,
although the variation was relatively small so that the glassy shear
modulus of the epoxy is taken to be 0.9 GPa at a shear strain rate of
10�2/s. With the Young’s modulus of 2.4 GPa from the uniaxial ten-
sile test, the Poisson’s ratio of the epoxy is taken to be 0.33. The
0.2% yield strength (~24 MPa) was the same for all three shear
rates. The significance of the shear behavior of the epoxy is not
seen in the mode I fracture experiments (Yang et al., 2020); how-
ever, it is essential in the mixed-mode experiments to check if
any plasticity had been triggered in the epoxy layer by the rela-
tively large shear stress at the silicon/epoxy interface. As it so hap-
pened for the present study, the maximum shear traction at the
interface was less than 24 MPa and the maximum normal traction
was less than 10 MPa, based on the stiffness values and the crack-
tip displacements in Fig. 15.

The fracture specimens were prepared following the procedures
specified in Yang et al. (2019), except that, in the current work, the
initial crack length was fixed at ~12 mm from the loading point by
coating a thin layer of Au/Pd film to the upper silicon beam. The
thickness of the epoxy layer was controlled by a steel spacer with
a thickness of 40 mm. The Au/Pd coating layer has a much smaller
thickness of 15 nm, thereby providing a sharper crack front
Fig. 2. Loading configuration of the laminated beam speci
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between the epoxy layer and the upper silicon beam. The benefit
from specifying a common initial crack length across all specimens
is to maintain a consistent relationship between the global separa-
tion rates at the loading point and the local rates at the crack tip, as
will be discussed further in Section 4.2. Further details regarding
the specimen geometry and the material properties are provided
in Table 2.
3. Analysis

In this section, four sets of analysis are presented for the mixed-
mode fracture experiment. First, an energy-based fracture criterion
is adopted to determine the critical load levels and associated end
displacements under mixed-mode loading conditions. This served
to set design parameters for the selection of load cells and actua-
tors as well as the resolution and range constraints on the DIC sys-
tem. It is followed by an analysis of the nominal phase angle for the
mixed-mode specimens. Then, a decoupled beam interaction anal-
ysis is employed to determine the normal and tangential compo-
nents of the J-integral as well as the crack tip displacements.
Finally, a mixed-mode beam on elastic foundation analysis is pre-
sented to enable extraction of the stiffness values of the normal
and shear interactions as well as the critical J-integral and strength
for crack extension from the remote measurements.
3.1. Critical load envelopes

For the purpose of selecting actuators and load cells with appro-
priate ranges of measurement, the force and the displacement that
are required to achieve interfacial fracture along different loading
paths (mode-mix) are estimated by a linearly elastic fracture
mechanics (LEFM) approach based on a beam analysis. A common
mixed-mode fracture criterion is adopted for the silicon/epoxy
interface that is given by

GI

CI
þ GII

CII
¼ 1 ð1Þ

where CI and CII are, respectively, the mode I and mode II fracture
toughness of the interface, while GI and GII are the corresponding
energy release rates (0 6 GI 6 C1 and 0 6 GII 6 CII). In the paramet-
ric study that follows, critical loading envelopes were determined at
various toughness ratios, CII=CI ¼ 1;5;10, while the mode I tough-
men and free-body diagrams (epoxy layer neglected).



Table 2
Relevant specimen geometry and materials properties.

Geometry Materials
Width b
(mm)

Length L
(mm)

Initial crack length
a0 (mm)

Silicon thickness
h (mm)

Epoxy thickness
he (mm)

Silicon Young’s
modulus E (GPa)

Silicon
Poisson’s ratio
m

Epoxy Young’s
modulus (GPa)

Epoxy
Poisson’s
ratio

5.0 38.0 12.0 1.0 0.04 130 0.22 2.4 0.33
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ness of the silicon/epoxy interface was taken to be 10 J/m2 (Yang
et al., 2019).

The specimen and loading configurations are depicted in Fig. 2.
Direct far-field measurements include the applied forces (P1; P2),
normal and tangential displacements (D1;D2;U1;U2), and rotations
(H1;H2), all at the loading ends of both the upper and lower beams.
For design purposes, the system is simplified by neglecting the
presence of the thin epoxy layer, and the corresponding free-
body diagrams are given in Fig. 2. Following a simple beam analy-
sis (Hutchinson and Suo, 1992), the energy release rate at the crack
tip can be written in terms of the applied forces as

G ¼ 1
2b

P1a0ð Þ2
E1I1

þ P2a0ð Þ2
E2I2

� P1a0 þ P2a0ð Þ2
qbE2h

3

" #
ð2Þ

where E1 ¼ E2 ¼ E
�
and I1 ¼ I2 ¼ bh3

12 . Here, E
�
¼ E

1�m2 denotes the plane-
strain elastic modulus, and b;h refer to the width and thickness of
the silicon beams, respectively. The quantity q is a measure of the
elastic and geometry mismatch in the laminated beam system
and its value is 2=3 for the symmetric double cantilever beam
(DCB) specimen used in the present study.

The energy release rate in Eq. (2) can be further partitioned into
mode I and mode II components based on (Williams, 1989) as
G ¼ GI þ GII and

GI ¼ 3 P1 � P2ð Þ2a20
E
�
b2h3

ð3Þ
GII ¼ 9 P1 þ P2ð Þ2a20
4 E

�
b2h3

ð4Þ

Note that, for this symmetric DCB specimen, Conroy et al.
(2015) established that this partitioning approach is consistent
with the one in (Hutchinson and Suo, 1992) based on the use of
stress intensity factors. The phase angle of the fracture mode-mix
based on the energy release rates is1

W ¼ tan�1

ffiffiffiffiffiffi
GII

GI

s
ð5Þ

Combining Eqs. (1), (3) and (4), we obtain a critical load envel-
ope (Fig. 3a) for each fracture toughness ratio (CII=CI), with each
pair P1; P2ð Þ being the critical values of the forces that trigger frac-
ture at the interface based on the fracture criterion (Eq. (1)). Two
special cases, P2 ¼ �P1 (P1 > 0) and P2 ¼ P1, correspond to pure
mode I (W ¼ 0) and mode II (W ¼ �90

�
) conditions, respectively.

The envelope is symmetric with respect to P1 þ P2 ¼ 0, but this
only holds when the epoxy layer is ignored. The presence of the
epoxy layer introduces an elastic mismatch and causes an unsym-
metrical loading path, as discussed further in Section 3.2. When
C2=C1 ¼ 10, the range of the critical forces is bounded by 20 N.
1 The sign of the phase angle depends on the direction of the shear traction at the
interface ahead of the crack tip, which cannot be determined from the energy release
rates. However, in terms of the applied forces or displacements, the sign of the phase
angle can be determined as in Eq. (8).

5

For sufficient measurement precision without exceeding the upper
limit, we chose load cells with a 20 N capacity for the present
study.

In order to establish a displacement envelope (Fig. 3b), we
replace the force terms in Eqs. (3) and (4) with the applied dis-
placements using the following relations,

P1 ¼ 3E1I1
a3
0 1þ 2bð Þ D1 þ b D1 � D2ð Þð Þ ð6Þ

P2 ¼ 3E2I2
a3
0 1þ 2bð Þ D2 � b D1 � D2ð Þð Þ ð7Þ

where b ¼ 1
8

L3

a30
� 1

� �
. The above equations were derived from an

elastic beam analysis under the assumption of perfect bonding
(no separation) between the two beams except for the cracked por-
tion (x < 0 in Fig. 2). The critical displacement under mode I frac-
ture was estimated as 0.046 mm for both upper and lower beams.
To ensure a reasonable amount of data (more than 20 data points)
collected for each experiment and to accommodate data acquisition
rates, the applied displacement rates were selected as 0.001, 0.005,
0.025, 0.125 and 0.625 mm/s. The displacement envelope also sug-
gested that the applied displacement is bounded by 1.5 mm, which
is 1/8 of the initial crack length (12 mm), thus justifying the use of
the beam equations for analysis.

3.2. Nominal mode-mix

The dual-actuator loading device offers the flexibility to control
the motion of the upper and lower beams independently. There-
fore, a full range of mode-mix is feasible by varying the end dis-
placement ratio ðD2=D1Þ. Combining equations (2)-(7), the
nominal phase angle as a function of the applied displacement
ratio is determined to be

W ¼ tan�1 2
ffiffiffi
3

p

3þ L=að Þ3
1þ D2=D1

1� D2=D1

 !
ð8Þ

By Eq. (8), when D2=D1 ¼ �1 ðD1 > 0Þ, the specimen is subjected
to symmetric opening displacements and pure mode I fracture is
activated (W ¼ 0o). On the other hand, pure mode II (W ¼ �90o)
occurs when D2=D1 ¼ 1. By varying the applied displacement ratio,
we can obtain a full range of mode-mix (Fig. 4). With Eq. (8), we
can also examine the effect of the crack length on the mode-mix
when the presence of epoxy is ignored. As discussed in Appendix
A, the mode-mix is not affected by the crack length for the two lim-
iting cases with D2=D1 ¼ �1. However, for the mixed-mode cases,
the phase angle increases as the crack grows (Fig. A1).

The presence of an epoxy layer leads to an elastic mismatch at
the interface and a shift of the phase angle (Fig. 4) in the mode-mix
compared to the corresponding homogeneous system (see Appen-
dix A for more discussion). Nevertheless, the nominal phase angle
from Eq. (8) is used here as a point of reference for discussion. With
a view to exploring the full range of the mode-mix between pure
mode-I (W ¼ 0�) and pure mode-II (W ¼ 90�), the mixed-mode
experiments in this study were conducted at five displacement
ratios (J � integralsandD2=D1 ¼ �1; 0:5; 0:7; 0:8 and 0:95). For
each displacement ratio, five specimens were loaded at five dis-



Fig. 3. (a) Critical load envelope and (b) displacement envelope for different ratios of fracture toughness (C1 ¼ 10 J/m2), with a0=L ¼ 0:32.

Fig. 4. Nominal phase angle of mode-mix as a function of the prescribed end
displacement ratio for an initial crack length (a0=L ¼ 0:32), comparing Eq. (8) with
those by a finite element model including the epoxy layer.
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placement rates ( _D1) ranging from 0.001 to 0.625 mm/s in order to
study the rate effect.

3.3. J-integrals and crack tip displacements

Following the method proposed by (Wu et al., 2019), the normal
and shear components of J-integral (J1 and J2) can be obtained for
the symmetric double cantilever beam specimen as

J1 ¼ 1
2b

P1 � P2ð Þ H1 �H2ð Þ ð9Þ

J2 ¼ � 3
4bh

P1 þ P2ð Þ U1 � U2ð Þ ð10Þ
6

We note that Eqs. (9–10) were derived from a linearly elastic
beam analysis with the two silicon beams interacting via a
traction-separation relation that is unknown a priori (Wu et al.,
2019).2 The presence of the epoxy layer is ignored in this analysis.
It can be shown that the J-integral components in Eqs. (9–10) reduce
to the mode-I and mode-II energy release rates in Eqs. (3–4) at the
limiting case of LEFM when the interface is assumed to be fully
bonded with no relative displacement ahead of the crack tip (x � 0
in Fig. 2). By Eqs. (9–10), the J-integrals can be determined directly
from the remote measurements, without measuring the crack
length.

Correspondingly, the components of the crack tip displace-
ments can be obtained as (Wu et al., 2019):

d�n ¼ D1 � D2ð Þ � a H1 �H2ð Þ þ 2a3

�Ebh3 P1 � P2ð Þ ð11Þ

d�t ¼ U1 � U2ð Þ þ 3a2

�Ebh2 P1 þ P2ð Þ ð12Þ

Here, in addition to the remote measurements at the loading
ends of the specimen, the crack length (a) is needed to determine
the crack-tip displacements. In the present study, we measured
the initial crack length ða0Þ so that the normal and tangential dis-
placements at the initial crack tip (d�n0 and d�t0) can be readily deter-
mined. Once the crack starts growing, the crack length may be
estimated by a beam on elastic foundation model (Gowrishankar
et al. (2012)) and then the displacements at the new crack tip
can also be estimated by Eqs. (11–12), with limited accuracy due
to the assumption of a linear traction-separation relation.

Assuming that the interactions along the interface can be
described by two traction-separation relations in the normal and
tangential directions, each component of the J-integral equals the
work done by the corresponding traction component at the initial
crack tip. Consequently, the normal and shear tractions at the ini-
tial crack tip can be determined by

r�
n0 ¼ @J1

@d�n0
ð13Þ
2 An approximation was used in Wu et al. (2019) for the tangential displacements
at the loading end of the specimen, (U1 � U2), which is not needed in the present
study because the lateral end-displacements were measured by DIC.



3 The applied displacement rates for the nominally mode I case were actually 2 _D1
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r�
t0 ¼ @J2

@d�t0
ð14Þ

which can be used for direct extraction of the traction-separation
relations with the J-integrals and crack-tip displacements obtained
by Eqs. (9–12) (Wu et al., 2019). However, if the traction-separation
relations vary along the interface, due to the rate effects or the
change in mode-mix, Eqs. (13–14) are no longer valid. Previously
we have shown that the rate-dependent fracture led to different
traction-separation relations within the cohesive zone under the
mode-I condition (Yang et al., 2020, 2019). In the present study,
under mixed-mode conditions, we show that the change of mode-
mix during crack growth can also lead to different traction-
separation relations along the interface in the same specimen.

3.4. A mixed-mode beam on elastic foundation analysis

A beam on elastic foundation model was presented previously
(Gowrishankar et al. (2012)) for normal interactions only. Here,
we extend the model to include both the normal and shear inter-
actions at the interface (see details in Appendix B). For the normal
interactions, we obtain

P
�
¼

�Ebh3

4a3
1þ 3

kna
þ 3

knað Þ2
þ 3

2 knað Þ3
 !�1

D
�

ð15Þ

where P
�
¼ P1 � P2, D

�
¼ D1 � D2, kn ¼ 6Kn

�Eh3

� �1=4
, and Kn is the normal

stiffness of the interface. Similarly, for the shear interactions, we
obtain

�P ¼ �
�Ebh2

3a2
1þ 2

kta
þ 2

ðktaÞ2
 !�1

U
�

ð16Þ

where �P ¼ P1 þ P2, U
�
¼ U1 � U2, kt ¼

ffiffiffiffiffiffi
8Kt
�Eh

q
, and Kt is the tangential

stiffness of the interface. Both Kn and Kt are assumed to be con-
stants, independent of the separation rate or mode-mix, as was sub-
sequently determined from the experiments.

Moreover, we find that

�P ¼
�Ebh3k3t

k3t L3 þ 3a3
� �

þ 9k2t a2 þ 9ktLþ 9kta� 9
�D ð17Þ

where �D ¼ D1 þ D2. It can be shown that Eqs. (15) and (17) recover
Eqs. (6) and (7) at the limiting case of LEFM when Kn;Kt ! 1.

Therefore, foragivencrack length(a), the forcesat the loadingend
(P1 and P2) are linearly related to the end displacements (D1, D2, U1,
U2).Theinterfacialstiffnesses,Kn andKt , canthusbedeterminedfrom
the measured forces and displacements before the crack starts to
grow. Meanwhile, the tangential displacement and the rotation at
the loading end of the upper beam can also be predicted as

U1 ¼ U
�

2
� 3 P

�

2�Ebh2k2n
knaþ 1ð Þ2 ð18Þ

H1 ¼ 3 P
�

�Ebh3k2n
knaþ 1ð Þ2 þ 3�P

4�Ebh3k2t
k2t L2 þ 3a2
� �

þ 6ktaþ 6
h i

ð19Þ

where U
�
is proportional to �P by Eq. (16). Then, the tangential dis-

placement and the rotation at the loading end of the lower beam

are: U2 ¼ U1 � U
�
and

H2 ¼ H1 � 6 P
�

�Ebh3k2n
knaþ 1ð Þ2 ð20Þ
7

Correspondingly, the normal and tangential separations at the
crack tip are obtained as:

d�n ¼ 6 P
�

�Ebh3k3n
knaþ 1ð Þ ð21Þ

d�t ¼ � 6�P
�Ebh2k2t

ktaþ 1ð Þ ð22Þ

By the beam on elastic foundation model, the normal and shear
tractions at the crack tip are linearly proportional to the respective
crack-tip displacement components. Then, the normal and shear
components of J-integral are obtained as:

J1 ¼
3 P

�
a

� �2
�Eb2h3 1þ 1

kna

� �2

ð23Þ

J2 ¼ 9ð�PaÞ2

4�Eb2h3 1þ 1
kta

� �2

ð24Þ

With Eqs. (23–24), the phase angle of mode-mix can be defined
locally based on the components of the J-integral as discussed in
Appendix A (Eq. A(1)), namely

WJ ¼ tan�1
�D

D
�

ffiffiffi
3

p
k2t a

2 ktaþ 1ð Þ
3ðktaþ 1Þ3 þ k3t L

3 þ 9ktL� 12

 !
2 knaþ 1ð Þ3 þ 1

knað Þ2 knaþ 1ð Þ

 ! !
ð25Þ

Again, it can be shown that, at the limiting case when
Kn;Kt ! 1, Eqs. (23–24) recover the energy release rates in Eqs.
(3–4), and Eq. (25) recovers the nominal phase angle in Eq. (8).

4. Results and discussion

A total of 25 specimens (silicon/epoxy/silicon) were tested
under a range of loading conditions. The values of the end displace-
ment ratio (D2=D1) that were considered are: �1, 0.5, 0.7, 0.8 and
0.95. At each ratio, five rates ( _D1) were prescribed at the upper
loading point: 0.001, 0.005, 0.025, 0.125 and 0.625 mm/s.3 The
nominally mode I case (D2=D1 ¼ �1) was the focus of the previous
work (Yang et al., 2020) without considering the effect of mode-
mix. In this section, we first present the data and related analyses
for one particular mixed-mode condition (D2=D1 ¼ 0:8 and
_D1 ¼ 0:625mm=s). Then, we discuss the effects of rate and mode-
mix on the fracture of the silicon/epoxy interface.

4.1. Direct measurements and crack tip quantities

The direct measurements are summarized in Fig. 5 for one spec-
imen with D2=D1 ¼ 0:8 and _D1 ¼ 0:625mm=s. The nominally
applied displacements (D1 and D2) compare well with the DIC mea-
surements (Fig. 5a). The close agreement between the two indi-
cates that machine compliance was not an issue here. The
reaction forces (P1 and P2), tangential displacements (U1 and U2),
and rotations (H1 andH2) measured at the loading ends all initially
increased linearly with time (Fig. 5 b-d), suggesting that the sys-
temwas responding elastically, as expected from the beam on elas-
tic foundation model (Section 3.4). At t 	 0:7s, the measured forces
(Fig. 5b), tangential displacements (Fig. 5c) and end rotations
(Fig. 5d) became nonlinear, indicating the beginning of crack
growth. Due to the asymmetry in the loading conditions, the reac-
tion forces (Fig. 5b) behaved differently at the loading ends of the
upper and lower beams. While the force on the upper beam started
as the opening rates at the loading ends.



Fig. 5. Direct measurements for one mixed-mode specimen (D2=D1 ¼ 0:8 and _D1 ¼ 0:625 mm=s). (a) Applied normal displacements (lines) compared with DIC measurements
(symbols); (b) Reaction forces at the loading ends; (c) Tangential displacements obtained by DIC; (d) Rotation angles obtained by DIC. In (b-d), the measurements (symbols)
are compared to the beam on elastic foundation model (lines). The complete data set across all rates and mode-mixes appears in Supplementary Fig. S3-5.
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dropping after its peak, the force on the lower beam started
increasing at a higher rate. This was surprising (and will be dis-
cussed later) but signified a re-distribution of the total force on
the upper and lower beams as the crack grew (hence change of
mode-mix). Although the normal displacements were increased
at a prescribed rate (Fig. 5a), the tangential displacements
(Fig. 5c) exhibited an accelerating separation following initiation
of crack growth. Meanwhile, the relative rotation (H1 �H2)
decreased as the crack grew (Fig. 5d).

According to the beam on elastic foundation analysis (Sec-
tion 3.4), we can fit the initially linear load–displacement
responses (Fig. 6a and Fig. 6b) by Eqs. (15) and (16) using the initial
crack length (a0 ¼ 12 mm) to determine the normal and tangential
stiffness of the interface. In this case, we obtain Kn ¼ 5� 1012 N/m3

and Kt ¼ 16� 1012 N/m3. With these stiffness values, we calculate
the reaction forces, tangential displacements and rotations at the
loading ends by Eqs. (17–20), which compare closely with the
measurements (Fig. 5, b-d) for the initially linear responses before
crack growth started. In the past (Chow et al., 1979; Kanninen,
1973), the foundation stiffness was obtained from ratio of the ten-
sile modulus and thickness of the epoxy layer, based on a simple
strength of materials argument. Dillard et al. (2018) have recently
provided a much deeper analysis of the complexity of the stress
state in sandwich beams and its effect on assigning a foundation
8

stiffness. In the present work, with the plane-strain modulus
(~2.7 GPa) and thickness (~0.04 mm) of the epoxy, the normal stiff-
ness by the simple analysis is 67:8� 1012 N/m3, much larger than
the one extracted by the beam on elastic foundation analysis. Sim-
ilarly, with the shear modulus (~0.9 GPa) for the epoxy, the tangen-
tial stiffness by the simple analysis is 22:4� 1012 N/m3, also larger
than the value extracted by the beam on elastic foundation analy-
sis. Nonetheless, the lower stiffness values obtained here suggest
the presence of interfacial interactions that are more compliant
than those of the bulk epoxy. This could be attributed to the forma-
tion of an interphase region, whose presence has been postulated
(Vanlandingham et al., 1999) due to the migration of the amido
amine hardener to the interface and a resultant, off-
stoichiometric cure close to the interface.

Based on the measured force–displacement responses (Fig. 6a
and 6b) and the extracted stiffness values, the beam on elastic
foundation analysis was used to estimate the crack extension
(Da ¼ a� a0) following both Eqs. (15) and (16) (Fig. 6c). The results
indicate that, within measurement uncertainty, the two equations
yielded the same crack length over the entire experiment, implying
that one crack front was shared by the normal and shear interac-
tions, as noted by Wu et al. (2019).

By Eqs. (9) and (10), the normal and shear components of the J-
integral were obtained directly from the measurements (Fig. 5)



Fig. 6. (a) Force difference (P
�
¼ P1 � P2) versus the normal separation (D

�
¼ D1 � D2) at the loading end, with the initially linear response fitted by Eq. (15); (b) Force

combination (�P ¼ P1 þ P2) versus the tangential separation (�U
�
¼ U2 � U1) at the loading end, with the initially linear response fitted by Eq. (16); (c) Crack extension

estimated by Eq. (15) and Eq. (16); (d) J-integrals by Eqs. (9–10) versus the crack extension (D2=D1 ¼ 0:8 and _D1 ¼ 0:625 mm=s).
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without relying on the assumption of any particular traction-
separation relations or measurements of the crack length. The total
J-integral (J ¼ J1 þ J2) is plotted versus the crack extension as the
fracture resistance curve (R-curve) in Fig. 6d. Interestingly, while
the total J-integral increases slightly as expected for a typical R-
curve, the two components behave differently, with the normal
component (J1) decreasing and the shear component (J2) increas-
ing. The divergent behavior of the normal and shear components
of the J-integral is tied to the variations of the loads, tangential dis-
placements and rotations at the points of load application in each
beam (Fig. 5 b-d), which results in a change of mode-mix during
the crack growth. The relative uncertainty associated with the J-
integral measurements was generally less than 0.1% (Appendix C).

Following Eqns. (11) and (12), the normal and tangential sepa-
rations at the initial crack tip (with a0 ¼ 12 mm) were determined
based on the remote measurements (Fig. 7). Generally, the relative
uncertainty in the crack tip displacements was less than 2%
(Appendix C). For comparison, based on the beam on elastic foun-
dation analysis, Eqns. (23) and (24) were used to calculate the
crack-tip separations using the extracted stiffness values, which
are shown in Fig. 7 as straight lines, in good agreement with the
data up to the point of crack growth. It is noted that there is rela-
tively large scatter for the normal separation data (d�n0) before the
9

onset of crack growth, which is likely due to the relatively large
error in the measurement of end rotations.

With this set of data and analyses, we have established the val-
ues of stiffness of the normal and shear interaction (Kn and Kt), the
R-curve for crack growth (Fig. 6d), and the local separations at the
initial crack tip (Fig. 7). Of particular interest is the critical condi-

tion for the onset of crack growth, which occurred at D
�
¼ 0:08

mm (Fig. 6c). Correspondingly, the critical J-integral is found to
be J ¼ 12:3 J/m2, with two components, J1 ¼ 5 J/m2 and J2 ¼ 7:3
J/m2; the critical separations at the initial crack tip are: d�n0 ¼ 1:4
mm and d�t0 ¼ 0:95 mm, while the critical tractions (strengths) are:
r�

n0 ¼ Knd
�
n0 ¼ 7:0 MPa and r�

t0 ¼ Ktd
�
t0 ¼ 15:2 MPa. As will be dis-

cussed later, the critical J-integral for the onset of crack growth
depends on the local separation rate (Section 4.2) and the mode-
mix (Section 4.3). Upon crack growth, both the local separation
rate and the mode-mix change, leading to the noted changes in
the components of the J-integral (Fig. 6d).
4.2. Loading rate effect

The steps described above were followed for each specimen
that was tested, and the data for all specimens is presented in Sup-



Fig. 7. Normal and tangential separations at the initial crack tip versus applied
displacement (data denoted by symbols and the beam on elastic foundation
analyses denoted by lines with matched colors) (D2=D1 ¼ 0:8 and
_D1 ¼ 0:625 mm=s).
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plementary Materials (Figs. S3-S9). In this section we focus on the
effects of loading rate for the mixed-mode specimens with the
same applied displacement ratio of D2=D1 ¼ 0:8. According to Eq.
(8), the nominal phase angle at the initial crack tip is 42�, while
it is higher (~65�) after considering the epoxy layer as shown in
Fig. 4.

It is found that the values of the stiffness of the normal and
shear interaction (Kn and Kt) are rate independent, signified by
the same slopes in the initially linear responses for all five rates
(Fig. 8). Previously we have shown that the normal interaction
stiffness was rate independent under the nominally mode-I condi-
tions (Yang et al., 2020).

The crack lengths are extracted from the remote measurements
(Fig. 9a) and the R-curves with the total J-integral are shown in
Fig. 9b. Clearly, the critical J-integral for the onset of crack growth
decreases as the loading rate decreases, similar to the previous
results for the nominally mode-I cases (Yang et al., 2020). Since
the force–displacement responses are linear up to the critical point
with the same stiffness, the ratio between the normal and shear
components of the J-integral is rate independent before crack
growth. For D2=D1 ¼ 0:8, we obtain J2=J1 ¼ 1:46, which yields a
local phase angle of 50� for the mode-mix by Eq. (A1). Upon crack
growth, however, the ratio J2=J1 increases, leading to an increasing
phase angle (Fig. A1b). Meanwhile, the crack growth rate also
increases (Fig. 9a), which may lead to increase in the local separa-
tion rate at the crack tip. The increases in the phase angle of mode-
mix and the crack growth rate (or local separation rate) both con-
tribute to the increase in the total J-integral. To examine the two
effects separately, we limit our focus to the critical condition for
the onset of crack growth, for which the mode-mix is controlled
by the applied displacement ratio (D2=D1) and the local separation
rate is controlled by the loading rate ( _D1).

Based on the beam on elastic foundation model, the local sepa-
ration rate at the initial crack tip can be estimated by Eqs. (21) and
(22) along with Eqs. (15) and (17), so that

_d�n0 ¼ 3 1þ kna0ð Þ
2 1þ kna0ð Þ3 þ 1

_
D
�

ð26Þ
10
_d�t0 ¼ 6kth 1þ kta0ð Þ
k3t L3 þ 3a30
� �

þ 9k2t a
2
0 þ 9ktLþ 9kta0 � 9

_�D ð27Þ

For the mixed-mode specimens with D2=D1 ¼ 0:8, we obtain
_d
�
n0 ¼ 0:0035 _D1 and _d

�
t0 ¼ 0:0024 _D1, with a ratio between the shear

and normal components, d�t0=d
�
n0 ¼ 0:68, which remains constant

up to the onset of crack growth. The corresponding critical values
of the J-integral are shown as a function of the vectorial separation

rate, _d
�
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_d
�
n0

� �2
þ _d

�
t0

� �2r
, in Fig. 10a. The critical values of the

normal and shear components of the J-integral are shown as func-
tions of the corresponding components of the local separation rate.
The corresponding critical traction components can be obtained as:
rnc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KnJ1c

p
and rtc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2KtJ2c

p
, as shown in Fig. 10b. Evidently,

at the same mode-mix, the critical values of the J-integral and its
components all increase monotonically with the local separation
rate. Interestingly, the critical value of the J-integral appears to
be more sensitive to the separation rate for relatively low rates
and becomes less sensitive at the higher rates, which is qualita-
tively consistent with the prediction by a rate-dependent cohesive
zone model based on the thermally activated chain scission mech-
anism (Yang et al., 2020), although the previous model was devel-
oped under nominally mode-I fracture conditions. The normal and
shear strengths naturally display similar trends (Fig. 10b) as the
critical values of the J-integral components. At this mode-mix,
the shear strength is consistently higher for all separation rates
and the values of both components are well below the correspond-
ing strengths of the bulk epoxy. Furthermore, the normal strengths
are lower than those that were obtained under nominally mode I
conditions (Yang et al., 2020), but could certainly be consistent
with a rate-dependent cohesive zone model under mixed-mode
conditions, which is left for future consideration.
4.3. Effect of mode-mix

In this section, we discuss the effect of mode-mix due to differ-
ent ratios of the applied displacements (D2=D1) at the loading end
of the specimens. Following the same steps in Sections 4.1 and 4.2,
we determine the values of the stiffness of the normal and shear
interactions (Kn and Kt), the R-curves for crack growth, and the
local separations at the initial crack tip as well as the critical con-
dition for onset of crack growth in each specimen. We are also
interested in the combined effect of the mode-mix and loading rate
during crack growth. The original data for all specimens is pre-
sented in Supplementary Materials (Figs. S3-S5), and the results
from the data analysis are shown in Figs. S6-S9.

The first step is to determine the values of the stiffness of the
normal and shear interactions (Kn and Kt) from the initially linear
responses. Both Kn and Kt are not only rate independent (Fig. 8) but
also independent of mode-mix (Fig. 11 and Figs. S6-S7 in Supple-
mentary Materials, including the nominally mode-I cases). This is
remarkable as the stiffness values appear to be robust properties
of the silicon/epoxy interface over a wide range of mode-mix and
loading rate. On the other hand, the critical condition for onset of
crack growth does depend on the mode-mix. As shown in
Fig. 12a for _D1 ¼ 0:625 mm/s with different applied displacement
ratios (D2=D1), the crack growth started at different applied separa-

tion (D
�
¼ D1 � D2), which indicates different critical values of the

normal components of the J-integral (J1c). As the ratio D2=D1

increases, J1c decreases (Fig. 13). Meanwhile, the ratio of the tan-
gential to the normal components of the J-integral, J2=J1, increases
and the critical tangential component (J2c) increases. The total J-
integral is shown in Fig. 12b as a function of the crack extension
for each specimen. The critical total J-integral (Jc ¼ J1c þ J2c) is com-



Fig. 8. (a) Force difference (P
�
¼ P1 � P2) versus the normal separation (D

�
¼ D1 � D2) at the loading end; (b) Force combination (�P ¼ P1 þ P2) versus the tangential separation

(�U
�
¼ U2 � U1) at the loading end, under five rates with D2=D1 ¼ 0:8. The earlier derived values of stiffness of the normal and shear interactions (Kn and Kt) are used to obtain

all of the initially linear responses, shown as the dashed lines. The complete data set across all separation rates and mode-mixes appears in Supplementary Figs. S6 and S7.

Fig. 9. (a) Crack length extracted from measurements versus the applied displacement; (b) J-integral versus the crack extension, for specimens tested at different loading
rates and D2=D1 ¼ 0:8. Crack length and J-integral data across all separation rates and mode-mixes appears in Supplementary Figs. S8 and S9, respectively.

Fig. 10. (a) The critical J-integral and (b) the critical traction components versus the local separation rate at the initial crack tip, for specimens tested at D2=D1 ¼ 0:8. Critical J-
integral and traction data across all separation rates and mode-mixes appears in Figs. S10 & S11, respectively.
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Fig. 11. (a) Force difference (P
�
¼ P1 � P2) versus the normal separation (D

�
¼ D1 � D2) at the loading end and (b) force combination (�P ¼ P1 þ P2) versus the tangential

separation (�U
�
¼ U2 � U1) at the loading end, with different ratios of the applied displacements (D2=D1) and _D1 ¼ 0:625 mm/s. The previously determined values of the

normal and shear interactions (Kn and Kt) are used to obtain the initially linear responses, shown as the dashed lines.

Fig. 12. (a) Crack length extracted from measurements versus the applied displacement; (b) J-integral versus the crack extension, for specimens tested at different mode-
mixes with _D1 ¼ 0:625 mm/s.

Fig. 13. (a) The critical J-integral as a function of the phase angle of mode-mix for specimens subject to the same applied displacement rate ( _D1 ¼ 0:625 mm/s) except for the
nominally mode I case for which the applied displacement rate was half of 0:625 mm/s; (b) The variation of the critical values of the J-integral for the onset of crack growth as
a function of phase angle and the rate of the displacement applied to the upper beam.
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monly expected to increase with increasing mode-mix. However, it
may also depend on the local separation rates at the initial crack
tip. For the specimens with the same applied displacement rate
(e.g., _D1 ¼ 0:625 mm/s) but with different displacement ratios
(D2=D1), the local separation rates at the initial crack tip are differ-
ent in both the normal and tangential directions. Interestingly, as
the ratio D2=D1 increases, it is found that the local separation rate

increases in the tangential direction ( _d
�
t0) but decreases in the nor-

mal direction ( _d
�
n0), while the vectorial separation rate ( _d

�
0)

decreases. Consequently, the effect of mode-mix in these speci-
mens is coupled with the rate effect even at the initial crack tip.

As shown in Fig. 13a, the critical J-integral (Jc) appears to
depend on the local phase angle (WJ ¼ tan�1

ffiffiffiffiffiffiffiffiffiffi
J2=J1

p
) non-

monotonically under the same applied displacement rate
( _D1 ¼ 0:625). This can be attributed to the combined effects of
mode-mix and local separation rates: while the normal component
(J1c) decreases monotonically with increasing mode-mix and

decreasing normal separation rate ( _d
�
n0), the tangential component

(J2c) increases monotonically with increasing mode-mix and

increasing tangential separation rate ( _d
�
t0). Note that, for the nom-

inally mode I case (D2=D1 ¼ �1 and W 	 0
�
), the applied displace-

ment rate was half of 0:625 mm/s. Due to the rate effect, the
critical J-integral would be higher than that shown in Fig. 13a if
the same displacement rate ( _D1 ¼ 0:625 mm/s) were applied for
the nominally mode I case, while the trend remains the same.

The values of the critical values of the J-integral for all the phase
angles and applied displacement rates that were considered are
shown in Fig. 13b. Although the values clearly increase with
increasing applied displacement rate for all values of phase angle,
there is no clear trend to the data as a function of phase angle for
each applied displacement rate. The uncertainty in the critical val-
ues to the J-integral is tied to the uncertainty in assigning the onset
of crack growth (see Figs. 9a and 12a), which is much greater than
the relative error of the J-integral measurements themselves (Eqns.
(9–10)) as discussed in Appendix C. Even so, the error bars do noth-
ing to change the observation that there is no clear trend to Jc with
phase angle. The onset of crack growth is sensitive to variations in
interfacial conditions from specimen to specimen, but this was not
addressed in the current study. More weight is usually placed on
the steady state values of the J-integral than those at initiation as
this is less sensitive to specimen to specimen variability. However,
it was not possible to separate out rate and phase angle effects on
Fig. 14. (a) Normal and (b) shear components of the critical J-integral versus correspondin
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steady state propagation as the cohesive zone developed when
using the current loading configuration.

The values of the normal and shear components of the critical J-
integral for the onset of crack growth in all specimens are shown in
Fig. 14. For each mode-mix, both components increase monotoni-
cally with the crack-tip separation rate. The largest value of J1c
occurred under nominally mode I conditions at the highest separa-
tion rate, while the same was true for J2c under nearly mode II con-
ditions (also Fig. S10). Moreover, as the applied displacement ratio
(D2=D1) increases, the phase angle of mode-mix increases, and as a
result, the shear component of the critical J-integral increases,
while the normal component decreases. However, for the cases
of nominally mode-I fracture (D2=D1 ¼ �1), the two specimens
with the lowest rates appear to be outliers, falling below the
mixed-mode cases at similar rates. Nevertheless, the dependence
of the normal component (J1c) on the mode-mix appears to be less
significant than the shear component (J2c) except for the cases of
the highest phase angle (D2=D1 ¼ 0:95). As a result, the total critical
J-integral (Jc ¼ J1c þ J2c) generally increases with the separation
rate and the mode-mix, although the two effects could be coupled
as the mode-mix changes via the applied displacement ratio
(D2=D1). The mixed-mode fracture criterion in Eq. (1) could be
extended for rate-dependent fracture with the mode-I and mode-
II toughness values, CI and CII , depending on the normal and tan-
gential separation rates, respectively. However, such an extension
does not seem to capture the results shown in Fig. 14. Alterna-
tively, the rate-dependent cohesive zone models proposed previ-
ously for the mode-I fracture (Yang et al., 2020, 2019) may be
extended to the mixed-mode cases by considering a damage evolu-
tion process depending on both the normal and tangential separa-
tions. Such a model would also be useful to predict the subsequent
crack growth, where both the separation rate and mode-mix may
change simultaneously along the interface and the damage/frac-
ture processes are generally history dependent.

The strength values were a function of both rate and mode-mix
(Fig. S11) with the maximum normal strength (~10 MPa) occurring
under nominally mode I condition at the highest separation rate.
Nearly mode II conditions resulted in the maximum shear strength
(~20 MPa) at the highest separation rate. Both strength values were
lower than the corresponding yield strengths of the bulk epoxy,
suggesting that dissipation effects were confined to the interphase
region. Sills and Thouless (2013) defined bimaterial length scales
for the cohesive zone size associated with normal and shear trac-
tions. Considering the nominally mode I and nearly mode II cases
g components of the crack tip separation rate under different mode-mix conditions.
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presented here at the highest separation rates, the normal and
shear cohesive lengths were 20 and 7.5 times the beam thickness,
respectively. This means that large scale bridging was in effect at
both extremes and provides further insight into the complications
that are induced by applying asymmetric end displacements,
despite the findings of Pappas and Botsis (2019) for adhesively
bonded joints loaded by end displacements or moments.

The components of J-integral obtained directly from the remote
measurements by Eqs. (9–10) follow a continuous path before and
aftercrackgrowthasshowninFig.15afor thefourmixed-modespec-
imens loadedat the fastestdisplacement rate ( _D1 ¼ 0:625mm/s). For
each specimen, the two components increase proportionally before
theonsetofcrackgrowth,aspredictedbythebeamonelastic founda-
tion analysiswith a constant initial crack length. Upon crack growth,
the path deviateswith an increasing ratio between J2 and J1, indicat-
ing a change of mode-mix. By Eq. (A1), the phase angle of themode-
mix can be calculated (Fig. A1b) and compared with the nominal
phase angle from Eq. (8). While the trend is similar in all cases, the
phase angle based on the J-integral components is generally higher
Fig. 15. Loading path by (a) J-integrals and (b) crack tip displacements, at five prescribed
elastic foundation model using the initial crack length.

Fig. A1. (a) Local phase angles (WJ ¼ tan�1
ffiffiffiffiffiffiffiffiffiffi
J2=J1

p
) at the initial crack tip compared wit

epoxy); (b) Variation in the local phase angle during crack growth under mixed-mode co
by Eq. (8) are shown as lines.

14
than the nominal phase angle, whichmay be attributed to the finite
interaction stiffness values (Kn and Kt) at the interface. It should be
noted that thepath followedby the componentsof the J-integral also
depends on the applied displacement rate, especially during crack
growth.Whilethelocalseparationrateremainsconstantat theinitial
crack tip until the onset of crack growth, the separation displace-
ments at the new crack tipmay not follow a constant rate.We calcu-
latethenormalandshearcomponentsof thecrack-tipdisplacements
(Fig. 15b) by Eqs. (11–12), where the crack length is estimated from
thebeamonelastic foundationanalysis (Eqs. (15–16)). Thepaths fol-
lowedbythecomponentsof thecrack-tipdisplacementaresimilar to
those taken by the components of J-integral. We note that, during
crack growth, the location of the crack tip changes and thus the
crack-tip displacements are taken at different locations along the
interface. Amore detailed analysis is required to determine the local
separationrateateachlocation,whichispossiblebythemixed-mode
beam on elastic foundationmodel. However, since the local separa-
tion rate is generally not a constant (except for the initial crack tip),
a history-dependent fracture criterion is needed to predict the crack
displacement ratios a global rate of 0.625 mm/s. Lines are predicted by the beam on

h the nominal phase angles predicted by Eq. (8) and finite element analysis (with
nditions at four prescribed displacement ratios. The nominal phase angles predicted
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growth. As noted earlier, a mixed-mode damage evolution process
may be considered to extend the rate-dependent and history-
dependent cohesive zone models (Yang et al., 2020, 2019) from
mode-I to themixed-modecases,whichishoweverbeyondthescope
of the presentwork.
5. Conclusions

This paper presents a novel design for a dual-actuator loading
device and its application in characterizing the rate dependent
fracture for a silicon/epoxy interface under mixed-mode loading
conditions. The rate effect was examined by controlling the global
transverse displacement rate at the loading end. Different mixed-
mode fracture conditions were achieved by varying the displace-
ment ratio between the upper and lower beams, which is more
convenient than working with a series of asymmetric specimens
that satisfy the balance condition. Direct extraction of the normal
and shear components of the J-integral and the crack-tip displace-
ments using only far-field measurements at any mode-mix was
enabled by identically satisfying a balance condition based on a
beam interaction analysis.

A mixed-mode beam on elastic foundation analysis was then
used to determine the interfacial stiffness and, subsequently, the
onset of crack growth during each experiment. The stiffness of
the normal and shear interactions between the epoxy and silicon
was found to be independent of the separation rate and mode-
mix. The interfacial stiffness values were lower than the counter-
parts based on the bulk tensile and shear stiffness of the epoxy
layer. The analysis, coupled with the fact that stiffness of both
interactions was independent of rate and mode-mix, also allowed
the crack growth to be tracked in order to determine the critical
values of the J-integral for its onset. For each mode-mix, the critical
J-integral and the corresponding interfacial strength both
increased with increases in the separation rate. This increase is in
spite of the glassy nature of the bulk epoxy and suggests the pres-
ence of an interphase region in the epoxy adjacent to the silicon.

The change of mode-mix with the applied displacement ratio
was accompanied by the change of the local separation rate at
the crack tip, leading to non-monotonic change in the critical J-
integral, although its normal and tangential components each
changes monotonically in opposite trends. Under uneven, trans-
verse end-displacements, both the local separation rate and phase
angle of mode mix vary with crack length, which leads to a varia-
tion of interfacial properties as the crack grows that cannot be sep-
arately attributed to either effect. Loading configurations that
apply uneven bending moments to each adherend (Jacobsen and
Sørensen, 2001; Lindhagen and Berglund, 2000; Pappas and
Botsis, 2019; Sørensen and Jacobsen, 2009, 1998) do not suffer
from changing mode-mix as the crack grows. However, rate effects
are still expected to raise issues in any attempts at direct extraction
of traction-separation relations. This work has demonstrated that
the direct approach cannot be used in the all-embracing extraction
of rate dependent traction-separation relations due to the fact that
the local rate is constantly evolving with crack extension. The sili-
con/epoxy interface considered in the present work provided some
relief in this respect because the response prior to crack initiation
was independent of separation rate. Ultimately, future efforts that
focus on developing intrinsically rate dependent cohesive zone
models with mixed-mode interactions are recommended to better
understand the rate dependent fracture of such interfaces under
mixed-mode loading conditions.
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Appendix A. Various mode-mix definitions

The phase angle of mode-mix for interfacial fracture may be
defined either by linearly elastic fracture mechanics (LEFM)
(Hutchinson and Suo, 1992; Rice, 1988) or by cohesive zone mod-
els. Specifically, for the laminated beam specimens considered in
the present study, a nominal mode-mix can be defined based on
LEFM without considering the thin epoxy layer, as given by Eq.
(8). The presence of a thin epoxy layer between the two silicon
beams leads to an elastic mismatch at the interface and a shift of
the phase angle (Fig. 4) compared to the corresponding homoge-
neous system. Moreover, when there is an elastic mismatch, an
arbitrary length scale is required to define the mode-mix by LEFM.
Here we used the thickness of the epoxy layer as the length scale
for the phase angle. A finite element model was used to calculate
the phase angles in Fig. 4, similar to those in previous works (Wu
et al., 2016, 2019).

For cohesive zone modeling, the local mode-mix at the crack tip
can be defined based on the components of J-integral, the separa-
tion displacements, or the tractions at the crack tip as follows:

WJ ¼ tan�1

ffiffiffiffi
J2
J1

s !
ðA1Þ

Wd ¼ tan�1 d�t
d�n

� �
ðA2Þ

Wr ¼ tan�1 r�
t

r�
n

� �
ðA3Þ

These definitions may yield different phase angles for the local
mode-mix, and in general also differ from the nominal phase angle
by LEFM (Eq. (8)). In the present study we adopt Eq. (A1) for the
local mode-mix, which can be determined directly from the remote
measurements based on Eqs. (9–10) and predicted by Eq. (25),
based on the beam on elastic foundation analysis.

The phase angles at the initial crack tip (a0 ¼ 12 mm) are shown
in Fig. A1a as a function of the applied displacement ratio (D2=D1),
comparing the nominal phase angles predicted by Eq. (8) with
those obtained from the finite element analysis (FEA) including
the epoxy layer and those based on the remote measurements.
At each applied displacement ratio (D2=D1), the components of J-
integral were obtained from Eqs. (9–10) using the measurements
that were made at the loading ends of the specimen. The phase
angles obtained by using Eq. (A1) lie in between of the other two
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phase angles, independent of the applied displacement rate ( _D1). In
the case of symmetric loading (D2=D1 ¼ �1), the responses as mea-
sured in terms of the reaction forces (P1 and P2), tangential dis-
placements (U1 and U2) and end rotations (H1 and H2) are
essentially symmetric (Fig. S3a), resulting in nearly zero tangential
component for the J-integral and thus a nearly zero phase angle.

In addition, the mode-mix for the laminated beam specimen
depends on the crack length (Fig. A1b) for a given displacement
ratio (D2=D1). From the simple beam analysis that ignored the pres-
ence of the epoxy layer (Eq. (8)), the nominal phase angle increases
with increasing crack length, except for the pure mode-I and
mode-II cases. Similarly, based on the components of the J-
integral obtained from the remote measurements, the local
mode-mix based on Eq. (A1) increases as the crack grows, except
for the case of symmetric loading (D2=D1 ¼ �1) where the phase
angle remains nearly zero. At the other limit (D2=D1 ¼ 0:95Þ, the
phase angle of the local mode-mix changes slightly and remains
close to 80� as the nearly mode II condition. For the three interme-
diate displacement ratios, the local mode-mix changes consider-
ably during crack growth. Moreover, it was found that the mode-
mix is rate independent at the initial crack tip and during crack
growth, as can be expected from Eq. (25) due to the rate-
independence of both stiffness components (Kn;Kt) of the silicon/
epoxy interface. Note that the mode-mix does not vary with crack
length in a dual actuator device operating under load control (see
Eqs. (3–4)). However, crack growth is likely to be unstable under
load control.
Appendix B. A beam on elastic foundation model with normal
and shear interactions

A beam on elastic foundation model was presented previously
by Gowrishankar et al. (2012) for normal interactions only. Here,
we extend the model to include both the normal and shear inter-
actions at the interface. Assume the tractions at the interface are
linearly related to the respective separations with two indepen-
dent spring constants, normal stiffness Kn and shear stiffness Kt ,
namely

rn ¼ Kndn ðB1Þ

rt ¼ Ktdt ðB2Þ
For the symmetric double cantilever beam specimen (Fig. 2), the

governing equations for the normal and shear interactions are
decoupled (Wu et al., 2019):

�Eh3

24
d4dn
dx4

þ rn ¼ 0 ðB3Þ

�Eh
8

d2dt
dx2

� rt ¼ 3�P
4bh

ðB4Þ

where �P ¼ P1 þ P2.
With the linear traction-separation relation in Eq. (B1), the gov-

erning equation for the normal interactions (Eq. B(3)) has been
solved by Gowrishankar et al. (2012), yielding a linear relation

between the force difference P
�
¼ P1 � P2

� �
and the normal separa-

tion at the loading ends D
�

¼ D1 � D2

� �
, as given in Eq. (15). More-

over, the normal components of J-integral and the crack-tip
displacement can be obtained from Eqs. (21) and (23), respectively.

Similarly, the governing equation for the shear interactions (Eq.
B(4)) can be solved with the linear relation in Eq. (B2). First, noting
that rt ¼ 0 for�a < x < 0 (the cracked part), we solve Eq. (B4) with

the boundary conditions at the loading end, dt x ¼ �að Þ ¼ U and
16
d
0
t x ¼ �að Þ ¼ 0, and obtain the tangential separation for the cracked
part as

dt xð Þ ¼ U
�
þ3 P

�
a2

E
�
bh2

1þ x
a

� �2
ðB5Þ

where U
�
¼ U1 � U2 is the tangential separation at the loading end

(x ¼ �a). Therefore, the tangential displacement at the crack tip
(x ¼ 0) is given by Eq. (12), regardless of the traction-separation
relation ahead of the crack tip.

Next, for x > 0, we solve Eq. (B4) with the linear relation in Eq.
(B2) and obtain

dt xð Þ ¼ Asinh ktxð Þ þ Bcosh ktxð Þ þ 3�P
4Ktbh

ðB6Þ

where kt ¼
ffiffiffiffiffiffi
8Kt
�Eh

q
. Applying the continuity conditions for dt and d

0
t at

x ¼ 0 with Eqs. (B5) and (B6), we obtain

A ¼ 6a
�Ebh2kt

�P ðB7Þ

B ¼ U
�
þ 3a2

�Ebh2 þ
3

4Ktbh

� �
�P ðB8Þ

Moreover, at the clamped end (x ¼ L� a), we must have dt ¼ 0,
which requires that

�P ¼
�Ebh2

6a2
1
2
þ 1
kta

tanh kt L� a0ð Þð Þ þ 1

ðktaÞ2
1� 1

cosh kt L� a0ð Þð Þ
� � !�1

� U
�

ðB9Þ
Typically, with kt L� a0ð Þ 
 1, Eq. (B9) can be simplified to yield

Eq. (16). Correspondingly, the tangential displacement at the crack
tip (x ¼ 0) as given in Eq. (24) can be obtained from either Eq. (B5)
or (B6) with Eq. (16). Then, the tangential component of the J-
integral in Eq. (22) is obtained as

J2 ¼
Z d�t

0
rtddt ¼ 1

2
Kt d�t
� �2 ¼ 9a2�P2

4�Eb2h3 1þ 1
kta

� �2

ðB10Þ

Furthermore, consider the case with a constant rate of separa-

tion _
D at the loading end with a particular displacement ratio,

D2=D1. We can solve the governing equations for the DCB specimen
with the linear traction-separation relations and proper boundary
conditions to determine the other measurable quantities, including

P
�
, �P, U1, U2, H1 and H2, for a given initial crack length (a0). Then,

the corresponding components of the J-integral (J1 and J2) and
the crack-tip displacements (d�n and d�t ) can also be determined.
For this purpose, we first write the normal and shear tractions
along the interface (x > 0) as follows:

rn xð Þ ¼ Kndn xð Þ ðB11Þ

rt xð Þ ¼ KtdtðxÞ ðB12Þ
where dtðxÞ is obtained in Eq. (B6) and

dn xð Þ ¼ A1 cos knx
0� �þ A2 sin knx

0� �	 

sinh knx

0� �� A1

� sin knx
0� �
cosh knx

0� � ðB13Þ

A1 ¼ 6 P
�

�Ebh3k3n
kna

sin knL
0� �

sinh knL
0

� �� knaþ 1ð Þ
cos knL

0� �
sinh knL

0
� �

2
4

3
5 ðB14Þ



Table C1
List of uncertainties in directly measured quantities.

Direct measurements Uncertainty Determined by

Length 0.001 mm Caliper
Displacement 0.0016 mm Camera resolution
Force 0.0001 N Load cell
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A2 ¼ 6 P
�

�Ebh3k3n
2knaþ 1ð Þ

cos knL
0� �

sinh knL
0

� �þ sin knL
0� �

sinh knL
0

� �
2
4

3
5 ðB15Þ

with x0 ¼ x� ðL� aÞ and L
0 ¼ L� a. Note that the shear traction is

proportional to �P ¼ P1 þ P2, which vanishes for the case of symmet-
rical loading (P2 ¼ �P1) as expected for the mode-I condition. Sim-

ilarly, the normal traction is proportional to P
�
¼ P1 � P2, which

vanishes for the case of anti-symmetrical loading (P2 ¼ P1) as
expected for the mode-II condition. Both tractions become infinite
(singular) at the crack tip (x ¼ 0) when Kt ;Kn ! 1 as expected from
LEFM.

Next, with the normal and shear tractions along the interface,
we solve the governing equations for the upper beam only:

�Eh
d2u10

dx2
¼ rt ðB16Þ
�Eh3

12
d4w1

dx4
¼ �rn þ h

2
drt

dx
ðB17Þ

where w1 is the normal displacement (deflection) and u10 is the
axial displacement at the neutral plane of the upper beam.

Since both rn and rt are zero for the fractured part of the beam
(x < 0), the governing equations in (B16) and (B17) can be inte-
grated to yield the normal deflection, the tangential displacement,
and the rotation at the loading end (x ¼ �a) as:

D1 ¼ w�
1 þ h�1aþ

4P1a3

�Ebh3 ðB18Þ
U1 ¼ u�
10 �

1
2
h�1h� 3P1a2

�Ebh2 ðB19Þ
H1 ¼ h�1 þ
6P1a2

�Ebh3 ðB20Þ

where w�
1, h

�
1 and u�

10 are to be determined at the crack tip (x ¼ 0).
For x > 0, the governing equations in (B16) and (B17) are solved

with the tractions in Eqs. (B11) and (B12), which leads to

u�
10 ¼ 3�Pa2

4�Ebh2 � 1
kta

� �2

1þ ktað Þ þ L� að Þ2
2a2

þ L� a
a

" #
ðB21Þ
h�1 ¼ 3 P
�

�Ebh3k2n
2knaþ 1ð Þ

þ 3�P

4�Ebh3k2t
k2t L� að Þ2 þ 2k2t a L� að Þ þ 6ktaþ 6
h i

ðB22Þ
w�
1 ¼ 3 P

�

�Ebh3k3n
knaþ 1ð Þ

þ
�P

4�Ebh3k3t
k3t L� að Þ2ð2Lþ aÞ þ 18ktL� 18
h i

ðB23Þ

Finally, by inserting Eqs. (B21-B23) into Eqs. (B18-B20), we
obtain Eqs. (17–19), with which all the measurable quantities,

including P
�
, �P, U1, U2, H1 and H2, can be determined as functions

of the applied displacements (D1 and D2) for a given initial crack
length (a ¼ a0).
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Appendix C. Uncertainty estimates for crack tip displacement
and J-integral components

The uncertainty of the measurements of the normal and shear
components of the crack tip displacement are estimated on the
basis of the Pythagorean measure of the propagation of error from
directly measured quantities. The directly measured quantities are
length (calipers), displacement (DIC) and force (load cell). The
uncertainties in these measurements are provided in Table C1.

Considering the crack tip opening displacement (Eqn. (11)) as
an example, we express it generally as
d�n ¼ f D; P; h; a;Dð Þ ðC1Þ
Based on the linearized approximation for the propagation of

error, the uncertainty of the crack tip opening displacement is esti-
mated as
ud�n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@f
@D

� �2

u2
D þ @f

@P

� �2

u2
P þ

@f
@h

� �2

u2
h þ

@f
@a

� �2

u2
a þ

@f
@D

� �2

u2
D

s

ðC2Þ
The quantities h; a;Dð Þ are also indirect and their uncertainty

was obtained from direct measurements following the ideas con-
tained in Eqn. (C1-C2). The relative uncertainties (uncertainty of
a quantity divided by the absolute value of the quantity itself) were
evaluated from the data at each value of the applied displacement
D1 because the dependent variables are not all simple power laws
of the independent variables. Had that been the case, an analytical
form for the relative error could have been developed. The results
of this exercise are shown in Fig. C1 for both components of the
crack tip displacements at an applied displacement rate _D1 of
0.625 mm/s. The shear component and the normal component
are respectively neglected in the nominally mode I and mode II
cases.

A similar exercise was conducted for the components of the J-
integral based on Eqns. (9–10) and the results are shown in Fig. C2.

Some observations are made based on the results shown in both
figures:

1. The relative error in all cases decreases with increasing applied
displacement levels.

2. Most of the data points have relative uncertainties that are well
below 2% for the crack tip displacements and 0.1% for J-integrals
(dashed lines in each plot). There are a few points in each case
where the relative error is higher, but these are for the lowest
levels of applied displacements

3. As the mode-mix increases, the uncertainty of the normal com-
ponent exceeds that of the shear component.

4. The relative error in J-integrals is much smaller than that of the
crack tip displacements because the crack length does not
appear explicitly in Eqns. (9–10). That said, the assignment of
values to Jc does depend on the selection of the crack length
for the onset of growth as discussed around Fig. 13b.



Fig. C1. The relative uncertainty of crack tip opening displacements (CTOD) and crack tip shear displacements (CTSD) at an applied displacement rate _D1 of 0.625 mm/s at
applied displacement ratios D2=D1ð Þ of (a) 0, (b) 0.5, (c) 0.7 and (d) 0.8 and (e) 0.95. The dashed lines indicate a relative error of 2% on each plot.
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Fig. C2. The relative uncertainty of the J-integral components, at an applied displacement rate _D1 of 0.625 mm/s at applied displacement ratios D2=D1ð Þ of (a) 0, (b) 0.5, (c) 0.7
and (d) 0.8 and (e) 0.95. The dashed lines indicate a relative error of 0.1% on each plot.
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Appendix D. Supplementary data

Supplementary data to this article can be found online at
https://doi.org/10.1016/j.ijsolstr.2021.111129.
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