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ARTICLE INFO ABSTRACT

Keywords: In response to external stimuli, hydrogels undergo large deformation coupled with solvent

Material point method diffusion. The chemomechanical coupling produces transient, strongly nonlinear responses that

Isogeometric analysis can trigger instabilities and bifurcations. Modeling such responses using conventional Finite

g_yf}irogel Element Methods (FEMs) often breaks down due to significant mesh distortion. Here, we present
1rrusion

an implicit, mixed material point method (MPM) grounded in non-equilibrium thermodynamics
that remains robust under large distortions while consistently coupling deformation and
solvent diffusion. Cut-cell ill-conditioning near boundaries is removed using extended B-splines
that interpolate boundary degrees of freedom from interior ones via Lagrange polynomials,
and subdivision-stabilized interpolation of displacement and chemical potential provides an
inf-sup stable discretization. Essential boundary conditions are imposed weakly through a
symmetric Nitsche formulation on boundary material points. Together, these improvements
yield a symmetric, well-conditioned tangent stiffness suitable for eigenvalue-based stability and
bifurcation analysis. We demonstrate the stability and accuracy of the method on benchmark
problems, including one-dimensional constrained swelling, swell-induced buckling of a hydrogel
column, and bifurcation and surface creasing of a hydrogel with cylindrical pores. The
present MPM methodology provides a robust computational foundation for studying extreme,
diffusion-coupled deformations in soft-matter applications.

Instability and bifurcation

1. Introduction

Hydrogel material systems — ranging from reverse osmosis membranes [1-3] to bio-interfaces [4-6] and soft actuators [7-9] —
operate through tightly coupled solvent transport and large deformation. Predicting their behavior requires simulations that remain
stable as the gel swells significantly and the topology evolves nonlinearly, often accompanied by instabilities and bifurcations [10-
12]. Simulating these deformations requires a robust multiphysics framework that accounts for the chemomechanical coupling and
the transient irreversible processes. Mesh-based finite elements and isogeometric methods have delivered many successes [13-15],
but the kinematics of extremely large deformation poses two recurring challenges: severe mesh distortion [16] and self-contact [17].
Hybrid Eulerian-Lagrangian particle frameworks, and the Material Point Method (MPM) in particular, avoid mesh distortion by
solving the problem on a fixed Eulerian background grid while storing history variables and performing numerical integration on
Lagrangian material points [18]. MPM naturally accommodates large deformations and no-slip contact without specialized mortar
or search algorithms, making it attractive for simulating extremely large deformations. However, MPM has difficulty capturing
structural instabilities — such as buckling, wrinkling, and creasing — arising from the highly nonlinear material responses and
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geometric effects. These instabilities lead to bifurcations or a loss of strong ellipticity in the sense of Hill [19] and Biot [20]. The
challenge is further exacerbated by the coupled nature of the field equations governing displacement u and chemical potential u,
leading to indefinite systems that are prone to numerical instability under certain loading conditions. Several studies have been
conducted in the context of FEM to assess the stability of solutions in mixed u — p formulations for nearly incompressible materials,
where p denotes the pressure-like Lagrange multiplier field enforcing near-incompressibility [21-23], and in mixed u—y formulations
for hydrogels, where i denotes the solvent chemical potential [15]. In MPM, such developments are only beginning to appear —
for example, the recent u— p formulation by Ali Madadi and Dortdivanlioglu [24] — but an analogous u— y treatment for hydrogels
has not been reported to our knowledge. Due to numerical instabilities, classical eigenvalue analysis is often infeasible in MPM,
hindering the detection of the critical points for bifurcation. To overcome this challenge, the development of stabilization techniques
is required to improve the conditioning of the stiffness matrix in MPM.

A key issue of MPM, recognized early on, is the cell-crossing error [25] associated with C° Lagrange shape functions: when a
material point moves from one cell to an adjacent cell, the discontinuity of shape-function gradients can induce spurious energy
oscillations. Among the variants proposed to mitigate this issue — GIMP [26], CPDI [27-29], DDMP [30-33], and B-spline MPM
(analogous to isogeometric analysis) [25,34-43] — the B-spline MPM appears especially viable due to its higher-order, high-
regularity bases and rigorous i/p/k /r-refinement machinery [44,45]. However, numerical challenges remain for isogeometric MPM,
particularly with implicit solvers, which are often preferred for their unconditional stability in time-stepping.

First, imposing essential boundary conditions is challenging in MPM due to its immersed (embedded) domain nature [46]. In
conforming mesh-based methods, Dirichlet boundary conditions are enforced strongly at nodal degrees of freedom; in immersed
methods, where the physical boundary does not align with the background grid, these conditions must be imposed weakly, typically
on surface material points. Three common weak-enforcement techniques are the Lagrange multiplier method [47-51], the penalty
method [52,53], and Nitsche’s method [24,39,54-58]. The Lagrange-multiplier method is rigorous and versatile but introduces
additional unknowns, leading to a mixed formulation that must satisfy the inf-sup condition and may require special interpolation
or stabilization. The penalty method is simple and does not introduce extra fields, but it is inconsistent with the strong form and
often requires a large penalty to reduce errors, which can worsen conditioning. Nitsche’s method provides a consistent alternative
by augmenting the weak form with flux (consistency) terms and, in symmetric variants, additional symmetric terms; it preserves
consistency, allows smaller penalty parameters, and generally improves accuracy and convergence [59].

Second, cut cells at boundaries yield ill-conditioned stiffness matrices, degrading stability and Newton-Raphson convergence.
This effect is amplified when using Nitsche’s method, necessitating very large penalty parameters. Two rigorous remedies to resolve
the cut-cell instability are ghost stabilization [60-62] and extended B-splines [39,63-67]. The ghost stabilization technique introduces
penalty terms that suppress discontinuities in the solution across faces of cut cells, thereby restoring smoothness and controlling
the conditioning of the stiffness matrix. While effective, it increases formulation complexity by augmenting the weak form with
additional stabilization terms. Extended B-splines provide an alternative by redefining the basis: boundary degrees of freedom are
extrapolated from a local block of interior control points via Lagrange interpolation, consistent with Marsden’s theorem [68,69]1,
restoring completeness and conditioning without additional stabilization terms.

The other numerical challenge that we should consider in mixed variational formulations, such as displacement and chemical
potential, is to ensure inf-sup stability due to an indefinite system of equations [70,71]. Arbitrary combinations of interpolation
spaces for different fields can lead to numerical instabilities, including spurious chemical potential oscillations and inaccurate
coupling between variables. Classical FEM approaches such as Taylor-Hood elements have been shown to be unstable in IGA settings
when the full continuity of B-spline basis functions is preserved [72-76]. While C~'-discontinuous Taylor-Hood-type discretizations
for pressure (or chemical potential) can satisfy the inf-sup condition in IGA [77], the reduced continuity introduces cell-crossing
errors in the context of immersed methods. To resolve this issue while retaining the superior continuity properties of IGA, Riiberg
and Cirak [65,78] proposed subdivision B-spline shape functions. This method leverages the two-scale relation between coarse and
fine B-spline spaces to construct inf-sup stable mixed discretizations without modifying the underlying knot vector or introducing
additional fields. This approach, mathematically proved to be inf-sup stable [75,76], maintains the high-order accuracy and highest
possible smoothness of IGA while ensuring numerical robustness for multiphysics coupling in large deformation problems.

In this work, we develop a stabilized MPM framework for coupled large deformation and solvent transport in hydrogels, building
on a robust non-equilibrium multiphysics theory [79-81]. To address the numerical challenges in MPM, we use mixed, subdivision-
stabilized extended B-spline shape functions together with Nitsche’s imposition of essential boundary conditions. The subdivision
construction yields an inf-sup stable discretization, which is critical when the gel behaves as a nearly incompressible solid in the
short time limit. Using the extended B-splines for both displacement and chemical-potential fields improves the conditioning of
the global stiffness matrix. We adopt the symmetric Nitsche variant: although generally less robust than the skew-symmetric form,
it produces a symmetric coupled tangent, which, combined with the extended and subdivision bases, yields a well-conditioned
operator suitable for efficient eigenvalue analysis. For stability assessment, we follow Dortdivanlioglu and Linder [15] and track the
signature (inertia) of the full stiffness matrix, which is simpler and cheaper than computing the smallest eigenvalue of the reduced
(Schur-complement) stiffness matrix, thereby facilitating stability analysis in mixed formulations. To our knowledge, this is the
first application of MPM to hydrogels with an implicit mixed u — y formulation; together with the above stabilizations, it enables
simulations of complex phenomena such as bifurcation and creasing.

The remainder of the paper is organized as follows: Section 2 presents the formulation of governing equations, variational
structure, and constitutive model. The computational framework is detailed in Section 3: Section 3.1 describes the weak imposition
of boundary conditions; Section 3.2 and Section 3.3 present MPM discretization and linearization; Section 3.4 and Section 3.5
introduce the subdivision and extended B-spline constructions; Section 3.6 outlines the stability check. A series of numerical examples
in Section 4 demonstrate the robustness of the present MPM method, followed by conclusions in Section 5.



A. Ali Madadi et al. Computer Methods in Applied Mechanics and Engineering 463 (2027) 119339

2. Theoretical formulation

This section presents the governing equations for a multiphysics mixed formulation tailored to hydrogels, where each continuum
material point is associated with a deformation mapping ¢ from the reference to the current configuration, a local solvent
concentration C, and its conjugate chemical potential y. A two-field mixed u—u formulation is employed to model the coupled
deformation and solvent transport within a polymer network [79,80]. The free energy density of the gel is described using the
Flory-Rehner model, while solvent transport is governed by Fick’s law, driven by gradients in the chemical potential.

2.1. Governing equations

In the reference (material) configuration, the hydrogel occupies a domain £, and each material particle is labeled by its location
X € ,. Here, we choose the dry polymer network as the reference configuration for the gel. In the current (spatial) configuration
at time ¢, the gel is subject to mechanical loads and chemical stimuli. Let Q(r) be the spatial domain of the current configuration.
The mapping ¢ sends a material point X €, to its current spatial position x = @(X,) € Q(r). The displacement is u(X,?) =x - X
and the deformation gradient

F = g—;‘( = I+Vu o))

In the current configuration, each material point contains solvent molecules, described by a nominal solvent concentration C(X, )
(number of solvent molecules per unit reference volume). Correspondingly, the chemical potential of the solvent is u(X,1).

The free energy density of the hydrogel, denoted by W, is taken to be a function of the deformation gradient F and the solvent

concentration C. The time derivative of W is given by
W =P:F+uC, 2

where P = 0W /0F is the nominal stress and y = 0W /dC is the chemical potential.
The conservation of solvent molecules requires that

C+V-J=0, 3)

where J is the nominal flux of solvent.
For irreversible processes, the thermodynamic inequality requires that

WdV—/ B~l‘1dV—/ T~1'1dA—/ uidA <0, 4
Q2 Q4 02y 02y

where B denotes the body force per unit reference volume, T is the nominal traction vector acting on the boundary d%2,, and i
represents the inward flux of solvent across the boundary. We have assumed no internal sources and neglected inertia.
Combining the above equations and applying the divergence theorem, we obtain

/ —(V-P+B)~1’1dV+/ (PN—T)-ildA—/ wGi+J-N)dA+ [ J-Vu dv <0
QN — 0Qy e —r’ 00 e Qy 5)
=0 =0 =0 <0
The condition of mechanical equilibrium requires that
V-P+B=0 (6)
in Q; and
PN=T )

on 0£,. The inward flux of solvent on the boundary 09, is
i=-J-N, (8)

where N is the unit normal vector pointing outwards.
The mechanical equilibrium is a partial equilibrium for the gel. As long as the chemical potential of the solvent is not constant,
the gel is not in chemical equilibrium, and the solvent molecules migrate in the gel. The thermodynamic inequality becomes

J-Vudv <o0. 9)
2
To satisfy this inequality for arbitrary gradients in chemical potential, we adopt a constitutive law for the nominal solvent flux
of the form

J=-MVyu, 10)

where M is a positive definite mobility tensor. In general, M is a function of F and C.
For computational convenience, the free energy function can be reformulated in terms of chemical potential rather than solvent
concentration by applying a Legendre transform:
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W(F, ) = W(F,C) - uC. an
As a result, the constitutive relations can be re-written in terms of the deformation gradient and chemical potential:

_WEp L OWEp

oF ~ ou

We further assume that the polymer network is incompressible and that any changes in the volume of the gel arise solely from

variations in the solvent concentration, i.e., det F = 1 + vC, where v is the molecular volume of solvent. To enforce this constraint,
we re-write the free energy function W as:

detF =1, # g 1), 13)
1% 1%

P (12)

W (E, 1) = W (F,
To summarize, the strong form of the governing equations are:
F=1+Vu, detF=1+0uC,
V-P+B=0, P=0;W, a4
0,C+V-J=0, J=-MVy,
in Q,, and
PN=T,
J-N=-i,

on 0£,.
Correspondingly, we obtain the weak form using the test functions, @ and j, for the displacement and chemical potential fields,
respectively:

(15)

g(u,ﬂ;ﬁ)=/ P(F, ) : VﬁdV—/ B~ﬁdV—/ T-@dA =0, (16)
Q 2 02,
and
: A aC A .
H(ll,[l;[l)=/ —(—;4+MV;4-V;4)dV+/ ifidA =0. a7)
o, Lot 02y,

2.2. Free energy function

The free energy density function by the Flory-Rehner model is adopted for the hydrogel, which incorporates two key
contributions: the elastic energy of the polymer network and the free energy of mixing polymer and solvent molecules. The total
free energy per unit reference volume is given by

1 kgT 1 X
W(F,C)= 2 NksT (F : F = 2loget F) - 3) - = [uClog (1+ - ) + : 18
( ) 2 8T ( og(det ) z v ve-log vC 1+0C (18)
Polymer elasticity (Neo-Hookean) Polymer-solvent mixing (Flory-Huggins)

where N is the number density of elastically active polymer chains (network strands) in the reference configuration, kg is
Boltzmann’s constant, T is the absolute temperature, and y is the Flory—Huggins interaction parameter describing polymer—solvent
affinity.

By eliminating the solvent concentration C with the incompressibility constraint, detF = 1 + vC, and applying the Legendre
transform, we obtain the free energy density in terms of the chemical potential u:

_ kT
W, u) = %NkBT(F : F —2log(det F) — 3) — -8~ [(detF— 1)10g< detF ) X
v

"
_detF —HdetF = 1), 19
detF —1 detF] p % ) (19)

2.3. Mobility tensor

We adopt Fick’s law to define the mobility tensor M. In the current configuration, the true flux j is linearly proportional to the
spatial gradient of the chemical potential by Fick’s law:

cD

- == V. u, 20
kT (20)

ji=
where c¢ is the true solvent concentration in the current configuration and D is the diffusion coefficient of the solvent.
With respect to the reference configuration, the nominal flux is related to the material gradient of the chemical potential, Eq. (10),
with a mobility tensor given by Fick’s law:
CD
(

M= o7 F'F)~!. (21)
B

Since C > 0 and FTF is positive definite, the mobility tensor M is positive definite as long as D > 0.



A. Ali Madadi et al. Computer Methods in Applied Mechanics and Engineering 463 (2027) 119339

F = AFF,F, l

225 N

4 A\

! Q |

i |—>
[} d )

\

\

\

Dry Conﬁguration/'
\

e-Swollen Configurati

Fig. 1. Kinematic decomposition of the deformation gradient. Here, F, maps from the dry reference configuration to the pre-swollen initial
configuration at r = 0, F, maps from the initial to the converged configuration at ¢t = 7,, and AF maps from the converged configuration to the
current configuration at r =1, + At.

2.4. Incremental formulation

The formulations above use the dry state £, (with C = 0) as the reference configuration. However, the chemical potential of the
solvent is unbounded in the dry state, which cannot be taken as the initial condition for numerical purposes. To avoid this issue, we
assume a compatible pre-swollen configuration £, as the initial state (+ = 0), which is stress-free and in equilibrium with a finite
chemical potential . This configuration corresponds to an isotropic swelling characterized by F, = A,I, where A, > 1 is the initial
swelling stretch. Correspondingly, the initial solvent concentration is: C, = (Ag — 1)/v, and the initial chemical potential is given
by [81]

Ho 1 1 1 1 X
2O N[ — == J+log[1-= )+ =+ L. 22
kaT ”(ﬂo aa>+°g< 48>+AS+AS @2

Decompose the deformation gradient at time 7, as
F@,) =F,F,, (23)

where F, describes the deformation from the initial configuration £, to the current configuration £, for n > 0.

Following Ali Madadi and Dortdivanlioglu [24,72], we adopt the converged configuration £, as an intermediate reference
configuration. In this so-called previously converged Lagrangian framework, the configuration £,, which satisfies the governing
equations and boundary conditions at the time ¢,, is used as the reference for the incremental deformation from time 7, to
t,41 =1, + At. To this end, we write

F,., = AFF,,  AJ :=det(4F), J, :=det(F,), J,,, =AJJ, (24)

where AF = I+ V,(4u) maps the configuration £, to the configuration £,,, at time 7,,; and Au is the incremental displacement.
This incremental kinematic description, with the background grid shape functions updated only at the beginning of each time step,
is particularly convenient for the MPM formulation.

A schematic illustration of this kinematic construction is shown in Fig. 1. A material line element dX, = dX in the dry reference
configuration is first mapped to dX, in the pre-swollen initial configuration, then to dX,, in the converged configuration at time 7,,
and finally to dx in the current configuration at time 7,,;.

Using this decomposition, the free-energy density originally defined as per unit volume of the dry configuration (W) can be
rescaled to the free energy per unit volume of the intermediate reference configuration at time ¢, (I//I7,,) as

~ 1 ~
W, (4F, u; F,,F)) = —— W (4FF,F, p), (25)
JnJO

where J; = /1(3). With this rescaling, the weak form of the governing equations in Egs. (16) and (17) can be re-written with respect
to the intermediate reference configuration 2, as

Q(u,ﬂ;ﬁ)=/ P,: VnﬁdV,l—/ B,,~ﬁan—/ T,-0dA, =0, (26)

Q, Q, 082,

. . Jac, R A

H(u, p; p) = - A—j,- Vi) dv, + i, 1dA, =0, (27)
2, ot 00,

where P, is the first Piola stress with respect to the intermediate reference configuration ©,, T, is the corresponding traction on
the boundary 02, and B, is the body force per unit volume of £,:

_ OW,(AF, u; F,,, Fy) B

PN, =T, B, =—, (28)
" 0AF L

P
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with N, denoting the unit normal on 042,. Similarly, the solvent concentration and the flux are rescaled as

C . . .
Cn = m’ Jn = _ann”’ Iy == Nn’ (29)
where M, = %(AFTAF)‘I. By the chain rule, we have
B

V,()=(F,F) V), P, = # P(F,F,)". (30)
nv0

Integrate Eq. (27) over time by the implicit backward scheme, and we obtain:

) AT =1 o
H(u,,u;y):/ (- ,M+At_]n~Vnﬂ)an+/ Ari, pdA, = 0. (31)
2, v 00,

The two equations, Egs. (26) and (31), are to be solved simultaneously for u and u at each time step, with known quantities at
the previous time step 7, and the prescribed boundary conditions at 7,;.

The formulation presented above is not symmetric by default, as the mobility tensor M, depends on the unknown incremental
deformation gradient AF. To restore symmetry and ensure consistency with a saddle-point structure, we adopt the common
approximation M, ~ m,I, where m, = C,D/(kgT) is evaluated from the previously converged configuration. Thus, the mobility
remains deformation-dependent through the evolving state F,, but its dependence on the unknown incremental deformation
within the current time step is neglected. To clarify the effect of this approximation, we decompose the volume integral in
the chemical residual H into H*°! + H™b where H'! denotes the contribution associated with the volumetric term —(4J —
Dji/v and H™P denotes the contribution associated with solvent transport. The reciprocal relation between the standard off-
diagonal linearizations is then preserved, i.e., D, H*°\(u, y; i)[4u] = D, G(u, u; Au)[4]. In contrast, retaining the full mobility tensor
M, = m,(F ,7)(AFTAF)‘1 introduces an additional contribution through DuHmOb(u, u; )[4u] that has no reciprocal counterpart in
D, G(u, u; Au)[4]. Consequently, the reciprocal relation between the coupled linearizations is no longer satisfied, and the consistent
tangent generally becomes unsymmetric. The adopted approximation therefore yields a reduced potential-energy functional with the
symmetric mixed saddle-point structure required for the eigenvalue- and inertia-based stability analyses discussed in Section 3.6,
consistent with the formulations of [71,73]. A formulation retaining the full incremental-deformation-dependence of the mobility
would require a stability framework for asymmetric operators and represent a substantial extension beyond the scope of the present
work.

3. Computational framework

In this section, we present the computational framework used to solve the mixed u — y problem of Section 2. We first augment
the weak form with Nitsche terms to weakly impose Dirichlet boundary conditions on immersed boundaries; the symmetric variant
is adopted to retain a symmetric tangent. The nonlinear system is linearized and solved by a Newton-Raphson scheme for each time
increment. Spatially, we employ the Material Point Method (MPM): unknowns are represented on a fixed Eulerian B-spline grid and
integrated on Lagrangian material points. To ensure robustness near incompressibility and at cut cells, we use subdivision-stabilized
B-spline spaces for an inf-sup stable u—u discretization together with extended B-splines to cure cut-cell ill-conditioning and suppress
cell-crossing artifacts. We close this section by describing the stability assessment, based either on the smallest eigenvalues of the
reduced (Schur-complement) stiffness or, equivalently, on the inertia (signature) of the full coupled tangent.

3.1. Essential boundary conditions

In mesh-based methods, essential (Dirichlet) boundary conditions are enforced strongly at nodal degrees of freedom. For this
purpose, the test functions @ and /2 vanish on the Dirichlet boundary with prescribed displacement or chemical potential, and the
surface integrals in Egs. (26) and (31) are taken over the Neumann parts of the boundary only. However, MPM uses Lagrangian
particles to represent the domain, requiring boundary conditions to be imposed in a weak sense. In our setting for MPM, essential
boundary conditions are imposed weakly via Nitsche’s method [24,58]. To preserve consistency and stability, the Nitsche formulation
modifies the weak form by adding three types of terms on the Dirichlet boundary: (1) a penalty term to weakly enforce the constraint,
(2) a consistency term to ensure agreement with the strong form, and (3) a symmetric or skew-symmetric stabilization term to
improve the stability of the formulation. With these terms, the modified weak form becomes:

— . — oP .
Cnitsche (W, 443 @) = G(u, p5 1) + ﬂu/ (u—u)-adA, - su/ (u-u)- [ —= :V,0)N,d4,
pren oy 0AF

u: Penalty term u: Symmetry term

_ (0P
Hyitsche (W 5 ) = H(w, p; i) — su/ (u—u- ( 5 u ;4) N,dA,
004 H

(32)

<

u: Symmetry term

= By / At(p — p)adA, — Su/ At m, Vi -N,(u— ji)dA,
o o

_

y: Penalty term u: Symmetry term
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Fig. 2. (a) Discretization of the domain with Lagrangian material points within a stationary Eulerian grid. Separate sets of surface particles
represent the combination of Dirichlet and Neumann boundaries for two fields u, . (b) The MPM workflow includes: (1) particle-to-grid mapping,
(2) solution of governing equations on the grid, (3) transfer of updated fields back to the particles, and (4) resetting of the grid.

where 1 is the prescribed displacement on the Dirichlet boundary 02" and ji is the prescribed chemical potential on 0£2}. The
consistent terms are included in the surface integrals over the entire boundary 02, for G(u, u; @) and H(u, u; i), whereas the
penalty and symmetry terms integrate over the Dirichlet boundaries 0Q",0¢2} only. For the penalty terms, g, = 7, (NkgT)/h,
and g, = y,m, /h,, where y, and y, are penalty factors, and &, and h, are the grid spacings for discretization of displacement
and chemical potential, respectively. For the symmetry terms, s, and s, determine the symmetry of the formulation, similar to
those terms derived previously for a mixed u — p formulation for incompressible hyperelasticity [24]. Although the skew-symmetric
choice (s, = 5, = —1) often exhibits unconditional coercivity for any y,,7, > 0, we adopt the symmetric variant (s, = 5, = 1)
in this work to retain a symmetric discrete tangent, which is convenient for the eigenvalue-based stability analysis in Section 3.6.
The corresponding boundary integrals in Eq. (32) are evaluated using the surface material points associated with the prescribed
displacement and chemical-potential boundaries, as described in Section 3.2, and are assembled into the global residual and tangent
matrices without directly constraining the background-grid degrees of freedom.

3.2. Discretization using the material point method

The governing equations are solved using the material point method, a hybrid numerical approach that integrates features of
both Eulerian and Lagrangian formulations. MPM operates on a stationary background grid — Eulerian in nature — whose nodes
serve as degrees of freedom for solving the governing equations, such as momentum conservation (Eq. (26)) and mass conservation
(Eq. (31)). Meanwhile, the actual physical domain £, is discretized by a collection of Lagrangian particles, which act as integration
points. These particles move inside the stationary grid, and unlike standard Gauss points in finite element methods, they may traverse
across elements during the simulation and form £,,.

The overall MPM algorithm can be broken down into four core stages, as illustrated in Fig. 2:

1. Particle-to-grid (P2G) transfer: Material point data are projected onto the grid nodes.

2. Grid evolution: The coupled equations are solved on the grid using the Newton-Raphson iterative algorithm in Section 3.3
to update nodal displacements and chemical potential.

3. Grid-to-particle (G2P) transfer: Updated grid quantities are interpolated back to the material points.

4. Grid reset: The computational grid is cleared and returned to its reference configuration in preparation for the next time
step.

To accurately evaluate volume and surface integrals within the MPM framework, we categorize material points into five distinct
types:

* Volume points: Used to discretize the bulk domain, each point is assigned a scalar volume V.

» Dirichlet-Dirichlet boundary points: Located on surfaces where both displacement (u) and chemical potential (u) are prescribed.

* Dirichlet-Neumann boundary points: Positioned on boundaries with prescribed displacement (u) and solvent flux (Neumann
condition on ).

» Neumann-Dirichlet boundary points: Assigned to surfaces where traction (Neumann condition on u) and chemical potential (u)
are specified.

* Neumann-Neumann boundary points: Represent surfaces with both traction and solvent flux boundary conditions.

Each of the four surface point types carries a vector quantity N,A,,, representing the directional area associated with that particle.
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The spatial integrals are evaluated by summing over these particles:

/ @AV, % Y X,V (x,), / F)dA, & Y F(%,)A,(X,).
Q, 7 R, 7

(33)
/ G(X)-N,d4, ~ Y G(x,) - N,(X,)4,(x,),
02, >
where f(x) and G(x) are scalar and vector-valued functions, respectively. The particle volumes and areas are updated using:
Va(xp) = J,x)V(X,),  N,(x,)A4,X,) = J.,(Xp)F;T(xp)No(xp)Ao(X,,), (€Z)]

Here, V,(x,) and N,(x,)4,(x,) denote the volume and oriented surface area associated with a material point in the previously
converged configuration, while V;(x,) and Ny(x,)A4,(x,) represent the corresponding quantities in the initial configuration.

3.3. Discretized Newton-raphson iterative scheme

The nonlinear coupled system in Eq. (32) at time #,,; = 7, + 4t is solved using a monolithic Newton-Raphson method. Let
(u’;H, yf1‘+1) denote the approximation of the solution at time 7,,, and Newton iteration k. The iterations are initialized from the
converged solution at the previous time step,

“2+1 =y ”2+1 = Hn- (35)

At iteration k+1, the unknowns are written in terms of the increments Auf+1 and A,u;‘Jrl as

k+l _ ik k k+l _ k k
Wi = Wt + Aun+1’ Hpp1 = Hup + A”n-H' (36)
. . . . P .
A first-order Taylor expansion of the residual functionals Qyjsche and Hyjesche about (w, |, p, ) yields

Kl kD oy Kk .
gNitsche(u,H_l sHye o) ~ gNitsche(u,H_] sHy s o)

Kk oAk
+ DyGnitsche (W, 1> 4 > DAW, ]

!
k k.5 ko2
+ D, Onitsche W, 1 #,,, 13 W[Ap,  1=0,

37)
k41 k1L ay k PN
HNitsche(u,,L > /",,Il s~ HNitsche(u,H_l sHyyrs )]
k kA
+ D“HNitSChe(un+l Kyt #)[Aun+l]
kok oAk 14
+ D, Hitsche (W, 1> My 3 DIAK, 1= 0.
Displacement and chemical potential fields are interpolated using separate shape functions associated with the grid nodes:
"Nodes MNodes
= Y NP, w= Y N,
n1=1 I=1 (38)
'Nodes @ _ "Nodes W B
. ),y A . =
i)=Y N8, ax= Y N"®i;.
=1 =1

where @, and /i; are the nodal coefficients of the trial fields u and y, and @i; and 4, are the nodal coefficients of the corresponding
test functions @ and /.

At time step ¢,,; and Newton iteration k, the corresponding nodal coefficient vectors are denoted ﬁ’; 4, and ;22‘ .- Inserting the
discrete fields into the linearized weak forms at (uﬁ oy M: 1) yields the Newton system

Incremental solution

—

ak =k =k =k ak =k =k
K"“(l_lr;:rl ’ ”r;:rl) Kw(l_lflq;rl’ M;;CH) AuZJrl =— Ru(l_lnk+l’ Mr;:rl) , (39)
LPIC AT ARDRNS SPICAY Ny Aft, R, @ - Ay)
———
Stiffness matrix Residual vector

where all residuals and tangent matrices are evaluated at the current iterate (u]; e Ml,f ,1)- More precisely, the residual functionals
and their linearizations can be written as

k k ooy 2Tp ok -k

Onitsche (W, ps 3 W) = W R, @, /L),
Ho: (uk k. q) = TTR (l_lk =k )

Nitsche\Wy, 1> Mo B = HO R, (W s By y)s
D, Cnitsche @, u* c)[Au*, 1=0"K @, 5~ ) Ao”

u~Nitsche n+1’”n+1’ n+ld T uu n+1’”n+l n+l’ (40)
k k . p k 7 _ AT Sk ok —k
D, Hyitsche (W 1> Hyys DLAK, 1= K, @0 B ) AR

k ko.n k 7 _aT Sk ok —k

D, Onitsche (W, 1> My s OAR, 1= 0K, @ 7, ) AR, s

ko k avAnk 1 AT & k iy
Dy Hnitsche Wy 1 Ay s DAY, 1= K, @, ) AR,
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3.4. Subdivision B-spline shape functions

We now provide a brief overview of the construction of subdivision B-spline basis functions used to discretize the displacement
and chemical potential fields, designed to ensure numerical stability in the mixed formulation.

B-spline functions of degree ¢ are defined over a non-decreasing knot vector = = [£,&,, ..., &,4441], Where n denotes the number
of basis functions. The basis functions are constructed recursively using the Cox—de Boor formula [82], beginning with:

Nyof@) = {1 h =€ < (4D

0 otherwise.
For degrees ¢ > 1, the recursion proceeds as:

; Sivgr1 — ¢
.f;é 56 Nigo1(©) + _oiretl 5
i+q i

where N; (&) is the ith basis function evaluated at parametric coordinate &; terms with zero denominators are taken to be zero.
These functions form a partition of unity on the parametric domain, i.e., }; N; (&) = L.

To construct a d-dimensional tensor-product B-spline volume embedded in R%, d < d, < 3, we employ a tensor-product
basis on the parametric domain 2 c R, For a parametric coordinate & = (£,&,...,&;) € Q, we define the geometry mapping
X = C{(qu‘) """ @) . (3 - (3 c R by the control points B, L ER% as

N (&) = Nit1,4-10), (42)

Sivgr1 — Siv1

i],in,.
g0 = Z} [HNW(@] vvvvv u € R, (43)
i=1 ig=1 |Lj=1

where Ni g, (¢;) denotes the univariate B-spline basis function of degree ¢; in the jth parametric direction, and n; is the number

of basis functions (equivalently, control points) in that direction. Equivalently, introducing the multi-index i = (i, ...,i;) with
i, €{l,...,n,} and q = (qy, ..., q,), and defining the tensor-product basis
d
Nig@® =[] N, 0, o (44)
a=1

the mapping can be written compactly as

ny ng
CHO =Y Nig®B, Y= 21 Zl, (45)
1 1 = id=

where B, =B, € Ré%.

Followrng A11 Madadl and Dortdivanlioglu [24,72], we construct a d-dimensional tensor-product B-spline grid of degree ¢ on

=[0,L,1x[0,L,]... X [0, L,;] with uniform interior knot spacing (open knot vectors). The associated control points are chosen so
that the geometry mapping is the identity on @ (i.e., x(&) = £), and therefore the parametric and physical domains coincide.

To satisfy the inf-sup condition in mixed formulations, we exploit the hierarchical (two-scale) refinement property of tensor-
product B-splines. In this strategy, the chemical potential field is interpolated on a coarse grid (cell size 2 h), while the displacement
field is interpolated on a refined grid (cell size h) obtained by uniform dyadic knot refinement.

Let ¢ denote the (common) spline degree in each parametric direction. We denote by N i(")q(éja) and Nf”;(lja) the univariate B-spline

basis functions on the fine and coarse knot vectors, respectively, along direction a = 1, ..., d. For uniform dyadic refinement, each
coarse univariate basis function can be written exactly as a linear combination of fine basis functions,
() @ A @) @_1(a+1
Ni.q (5) z N21+k l.q {:) ak - 2_q< k ’ (46)
where {a(q)}qul is the degree-q refinement mask.

Using the multi-index notation introduced above and Eq. (44), and noting that here g, = ¢, leti = (i}, ...,i,) and k = (ky, ..., ky).
Taking tensor products of Eq. (46) yields the d-dimensional refinement relation

d q+1 q+1 gq+1
() _ (@) A7) (q) (u)
N2@ = ]'[l(kz0 N l,q@a)) Z Z (]‘[1 ) N 1.,©) (47)
a= a= l
where 1 =(1,...,1).
In matrix form, let N® (&) and N (&) collect the fine- and coarse-grid tensor-product basis functions, respectively. Let S denote
the (banded) univariate refinement operator induced by the mask ai‘” in Eq. (46). Then the d-dimensional refinement operator is

the tensor-product (Kronecker) product

() — Q@ Nw @ _ g@ (9)
NO@E =SUNOE),  8Y =80 g .. @S¥. (48)
—— —
d times

For reference, the refinement masks (and hence the nonzero bands of @) for g = 1,2,3 are

aV=101,2,1,  a@=101,3,31, ¥ =3[1,4,641]. (49)
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Fig. 3. Illustration of the subdivision-stabilized B-spline construction for quadratic shape functions: the chemical potential is discretized on a
coarse grid (spacing 2h), while displacement is discretized on the refined grid (spacing h) obtained by uniform dyadic knot refinement.

A schematic illustration of the two grids used for discretizing the displacement and chemical potential fields, together with the
associated subdivision relation, is shown in Fig. 3.

3.5. Cut-cell instability

This section outlines our strategy for resolving cut-cell instability, which stems from the ill-conditioning of the stiffness matrix
due to the presence of partially filled boundary grid cells.

One efficient approach to resolve this issue is to use the extended B-splines approach [39,63] to transfer the contribution of the
boundary nodal points to the interior ones. To this end, we should categorize each field’s grid cells into interior, boundary, and
outer cells. The outer cells are those without any physical material points, whereas any cell with material points that has an outer
cell as its neighbor is called a boundary grid cell. The rest of the cells are called interior ones. Similarly, we categorize the control
points in both displacement and chemical potential grids into interior, boundary, and outer ones based on the support of the B-spline
function related to each control point over grid cells. If this support has at least one interior grid cell, the control point is assigned
as an interior one. If the support contains a boundary grid cell and no interior one, the control point is set as a boundary one. The
rest of the control points are considered to be outer ones. For a d-dimensional problem using B-splines of degree ¢ in all directions,
let A € {u, u} denote a generic field. We split the control points into interior indices 7 and boundary indices B and write

A A
A®) = YN0 A+ YN0 Ay (50)
iel kenB
Each boundary degree of freedom k is extrapolated from the nearest neighboring block of (¢ + 1)? interior indices:
A=Y EyxA,  keB (51)
i€l;
Here, I, C T denotes the nearest (¢ + 1)? interior block associated with k, with lower-corner index I = (I, ..., 1,),
Ly={iel|l,<iy<l,+q a=1,..,d}. (52)
Define the inverse incidence set I;l :={keB|ieI,)}. Substitution yields a representation involving only interior unknowns,
A =Y NP0 A, NP=ND0+ Y Ey N,(:;)(x). (53)
iel kel,‘]
The Lagrange polynomial coefficients E;; are computed by tensor-product Lagrange interpolation over the selected interior block

I;:

d lyt+q k

-
Ee=TI| T == i€t (54)
a=1| sa=la ‘@ °a

SaFia

A schematic illustration of the grid-cell and control-point categorization, along with the corresponding coefficients in Eq. (54), for
quadratic B-splines is shown in Fig. 4.

10
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Fig. 4. Schematic illustration of the extended B-spline strategy near boundaries. (a) The computational domain. (b) Classification of grid cells
and control points: blue cells represent boundary grid cells, white cells are exterior (inactive) regions, and light blue cells denote interior grid
cells. Black dots indicate interior control points, while red dots mark boundary control points. For each field, the value at a boundary control
point is extrapolated from a surrounding block of interior control points using Lagrange polynomials. Insets in (a) and (b) show the extrapolation
coefficients associated with this process.

For example, consider a one-dimensional quadratic basis (¢ = 2), for which each boundary control point k is extrapolated from
three consecutive interior control points. If the selected interior block lies immediately to the left of k, so that I, = {/,/ + 1,/ + 2}
with | = k — 3, direct evaluation of Eq. (54) gives [Ej., Eqy1y. Egyopn] = [1. =3, 3. If the interior block lies to the right of the
boundary control point, the corresponding coefficients are [ 3, —3, 1]. The resulting one-dimensional extension process is illustrated
in Fig. 5 for the one-dimensional domain x < 9.75 with a uniform knot spacing of 0.5.

In two dimensions, the coefficients are obtained by the tensor product of the corresponding one-dimensional coefficient vectors.
First, consider a boundary control point whose associated 3 x 3 interior block is adjacent to it in one coordinate direction and
aligned with it in the other. In this case, one directional coefficient vector is [3, —3, 1], while the aligned direction contributes
[1, 0, 0]. Their tensor product gives

1 3 -3 1
0|3 =3 1]=|0 0 o0, (55)
0 0 0 0

up to the orientation of the selected interior block. Thus, only the row or column adjacent to the boundary control point contains
nonzero coefficients.

Next, consider a boundary control point located diagonally from its associated 3 x 3 interior block. In this case, both directional
coefficient vectors are nontrivial, and their tensor product gives

1 3 -3 1
=313 -3 1]=[-9 9 -3f. (56)
3 9 -9 3

The numerical values shown in the insets of Fig. 4 are precisely the coefficients E;; obtained from Eq. (54) and arranged according
to the locations of the corresponding interior control points. The remaining coefficient patterns follow analogously from the relative
position and orientation of the boundary control point and its selected interior block.
The key idea behind extended B-splines is inspired by Marsden’s theorem [68], which asserts that any polynomial of the form
(x — 1)1 can be expressed as
h Ak h . AV t ) t
(== YWl NEe v = (i 1-2) (i42- 5 ) (1+a- 1), (57)
i€Z
where N” (x) denotes the gth-degree B-spline basis function associated with the ith knot in a uniformly spaced knot vector with
spacing h Extendlng this idea to a d-dimensional setting by taking the product in each coordinate direction and using Eq. (44), we

11
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physical boundary
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Fig. 5. One-dimensional illustration of the extended B-spline construction for a quadratic basis. (a) A boundary basis function N,((“;) is associated

with the nearest interior block I, = {/,/ + 1,/ +2}. (b) The extension operator redistributes the contribution of the boundary basis function to
the three interior basis functions using the extrapolation coefficients E, = [1,-3,3]” obtained from Eq. (54). (¢) The resulting extended basis
functions contain only interior degrees of freedom while preserving the contribution of the removed boundary basis function.

obtain:
d d
(xg—1)" = Z WL N0, whiif) = Hq’,ﬁ,q(’a)- (58)
a=1 iezd a=1
By differentiating Eq. (58), r, times with respect to 7, for each direction and subsequently setting ¢, = 0, one can show that any
polynomial p(x) = ¥’ . 46y x’, can be written as a linear combination of B-spline shape functions over the domain Q:

pX) = Y wi) Ny y(x), (59)

ie1IuB
where w(i) is a multivariate function that is a polynomial of order at most ¢ in each variable. This expression can be partitioned
into interior and boundary contributions:
pO) = Y\ w(i) Ny y(x) + Y w(k) Ny y(x). (60)
i€l keB

Here, w(k) is a polynomial of order at most ¢ in each direction. Thus, w(k) can be represented as a linear combination of the w(i)
values over a block of (g + 1)? interior indices (Z}):

wik) =Y Ey w(). (61)

i€l

Substituting this relation into Eq. (60), we obtain:

pX) = Y wd| N+ D Ey N )| (62)
=3 ker;!
N,«ﬁq(x)

which is equivalent to the modified shape functions in Eq. (53). This modified basis preserves polynomial completeness and enables
stable numerical solutions even in the presence of partially filled boundary cells.

3.6. Stability analysis

Referring back to Eq. (39), we follow the discussion in Dortdivanlioglu and Linder [15] to check the stability of the obtained
solutions. Two equivalent methods can be used for this purpose. First, we can reduce Eq. (39) to a one-field displacement-based
equation as follows:

R). (63)

v

-1 _— -1
K, -K,K'K,) si=K,K 'R, -

S —Rg
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Table 1
Material and numerical parameters used in all simulations.
Shear Flory-Huggins Normalized Initial isotropic Initial chemical Displacement Chemical
modulus parameter solvent volume stretch potential penalty potential
penalty
NkgT x Nv A Ho/(kgT) Yu Y
1.0MPa 0.10 7.299 x 1073 1.2801 —0.1460 1000 25

Here, the matrix § is called the Schur complement of K,,, in K or the reduced stiffness matrix. Since both K, and -K,,, are positive
definite in a structurally stable state, and K, = KL, S is also positive definite, and its eigenvalues should be real and positive. The
drawback of this method is that computing the Schur complement is memory-intensive and inefficient.

Alternatively, we can track the signature of the stiffness matrix K, defined as a three-component vector (n*,n~,n%), where the
components indicate the number of positive, negative, and zero eigenvalues, respectively. Assume K, and K, are the n x n and
m X m matrices, respectively. Here, we use Sylvester’s law of inertia [83], which states that matrix K, and the diagonal matrix
D in Cholesky’s decomposition K = LDL”, where L is a lower triangular unit matrix, have the same signature. Since K, and
K,, are positive and negative definite matrices, respectively, the matrix K should have n positive and m negative eigenvalues in
a structurally stable state. Thus, its signature should be (n,m,0). In both approaches, a bisection method can be used to track the
smallest eigenvalue of S or the signature of K if an unstable solution is obtained. Due to the inherent perturbations in MPM, we
do not expect to reach the exact onset of instability (4., = 0 or n® > 0) during the simulation, but we can simulate the pre- and

post-instability behaviors as demonstrated by numerical examples in the next section.
4. Numerical examples

This section illustrates the accuracy and stability of the proposed framework through a sequence of numerical tests of increasing
complexity. We begin with one-dimensional constrained swelling of a hydrogel layer and validate the MPM implementation against a
semi-analytical solution. We then consider flat punch indentation of hydrogel as a benchmark problem, contrasting the instantaneous
(undrained) response with the long-term (drained) behavior to illustrate the necessity of an inf-sup (LBB) stable u — y discretization
during the initial loading stage. Finally, we demonstrate the capability of the proposed framework to simulate swelling-induced
instabilities in two settings: (i) buckling of a constrained hydrogel column, and (ii) a symmetry-breaking bifurcation and subsequent
surface creasing in a perforated gel with periodic cylindrical pores. In the numerical examples, we adopt the notation Qi to denote
a quadrilateral discretization of order i with the highest possible continuity. For mixed formulations, Qi-Qj indicates that the
displacement field is discretized with basis functions of order i, whereas the chemical potential field is discretized with basis functions
of order j. If subdivision stabilization is used, the notation is written as Qi—Q;SD, where ’SD’ signifies that the chemical-potential
field is discretized on a grid twice as coarse as the displacement grid through the subdivision construction, while the polynomial
orders remain i and j for the displacement and chemical-potential fields, respectively. Except for the second example, where
different discretizations are compared, the Q2-0Q2SD discretization is used throughout. Across all numerical examples considered,
the subdivision-stabilized extended B-spline bases together with symmetric Nitsche enforcement yield smooth, oscillation-free
chemical-potential fields and well-conditioned tangents, enabling robust solutions and reliable stability diagnostics. All material
and numerical parameters used in the simulations are listed in Table 1, except for y, and 4 in Section 4.2, where we adopt a fully
swollen initial configuration (x4, = 0). For all simulations, we employ an adaptive implicit scheme for time integration in which the
time step At is updated based on Newton-Raphson behavior: if the iterations fail to converge, we reduce the step size by setting
At « At/2; if convergence is achieved in fewer than six iterations, we increase it via 4r < 1.25 Ar.

4.1. Constrained one-dimensional swelling

In this example, we validate the proposed MPM formulation against the finite-difference (FDM) reference solution for constrained
swelling of a hydrogel layer [13,81]. The layer is constrained in the in-plane directions and swells in the thickness (Y) direction.
The deformation gradient takes the form F(Y,r) = diag(/lo, ApA(Y, 1), /10), where 4, > 1 is a homogeneous pre-stretch and A(Y, ) is the
additional uniaxial stretch due to swelling in the thickness (Y) direction (see Fig. 6a). At t = 0, the gel is taken to be stress-free with
the pre-stretch A, and the corresponding initial chemical potential y, (see Table 1). As a reference, a nonlinear one-dimensional
diffusion equation was derived and solved by FDM in Bouklas and Huang [81], by discretizing along the thickness direction (Y) in
the reference configuration. The chemical potential at the top surface is prescribed as u/(kzT) = 0, while the no-flux condition is set
at the bottom surface. From the resulting solution, the transient fields of chemical potential u(Y,7) and stretch A(Y,7) are computed
at each time step. The change of the layer thickness is then computed as a function of time, AA(f) = h(r) — h,, where the thickness
h(1) is calculated by integrating the stretch A(Y,t) over Y and h, = A,H. This FDM solution is used as the benchmark for the layer
thickness evolution A4A(r)/h, and the chemical-potential profiles u(Y,7) in Fig. 6(b-c). Moreover, a self-similar analytical solution
was developed in Bouklas and Huang [81], which predicted that Ah(r) « \/z: in the early stage of swelling.

To solve this problem using the material point method, we consider a 2D model of a hydrogel block immersed in a rectangular
grid shown in Fig. 6a. The computational grid spans 0.5k, x 4h,, and the hydrogel block has dimensions 0.2h, X A in the initial
configuration. The displacement field is discretized using a 20 x 160 quadratic grid, while a coarser 10 x 80 quadratic grid is
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Fig. 6. (a) Schematic of the geometry and boundary conditions for simulating one-dimensional swelling of hydrogel. (b) Comparison of the
normalized swelling-induced thickness change, 4A(r)/h,, by the MPM implementation and the semi-analytical solution by finite difference (FDM).
Overlaid contours display the spatial distribution of stretch 4 at ¢/z, = 0.0011197, 0.008589, 0.1281, 0.4531, 1.953, 4.453, 16.06, and 1713. The
characteristic diffusion timescale based on the initial configuration is 7, = h(z) /D. (c) Distribution profiles of the chemical potential over time
obtained from MPM and FDM.

used for the chemical potential field. Each active cell within the block is discretized with 6 x 6 material points, corresponding to a
total of 11,520 material points in 320 cells for the initial configuration. This relatively high density of material points in the initial
configuration is used to maintain adequate quadrature resolution with sufficient density of material points in all active cells during
swelling. A boundary condition of u/(kgT) = 0 is instantly applied to the top surface at r = 0%, and then maintained constant until
the end of the simulation at rg,,;/7; = 1713; all other boundaries are set to be impermeable (no flux). The characteristic diffusion
timescale based on the initial configuration, r, = hg /D, is used to normalize the time. We impose an essential (symmetry) boundary
condition u - N, = 0 on the left and right boundaries, and u = 0 on the bottom boundary. On the top boundary, the traction-free
condition is imposed. In addition, we enforce a constraint on the displacement in the tangential direction, u - Nj = 0, to suppress
potential surface instabilities [13]. For MPM simulations, the adaptive implicit time stepping starts with At/z; = 8.75 x 10~>, and
increases during the simulation. To maintain accuracy and limit the time step, we impose stage-wise caps on 47 as:

00125, 0<1/t; <5,
0.0625, 5<t/t; <20,
0.125, 20 <t/z, <40,
0.625, 40 <t/z; < 100.

Atf7y < (64)

Fig. 6b compares the normalized swelling-induced thickness change, Ah(t)/h, predicted by the MPM and the reference FDM
solution. The two solutions are in close agreement overall, providing a validation of the MPM implementation. We also include
the self-similar scaling, Ah(f) « /7, for comparison. In the instantaneous-loading limit, the analytical self-similar solution predicts
Ah(t) \/Et as t — 0 [81], corresponding to a slope of 0.5 on a log-log plot. At very early times, the FDM solution shows a
slight deviation from this self-similar behavior, consistent with previous finite-difference and finite element studies of the same
problem [13,81], where the discrepancy was attributed to the abrupt step change in surface chemical potential at r = 0% and the
resulting thin diffusive boundary layer. By contrast, the closer agreement of the MPM result with the self-similar solution at very
small times is likely due to the weak imposition of the chemical-potential boundary condition through Nitsche’s method, which
effectively regularizes the boundary step over a small numerical layer, in a manner similar to the boundary ramping considered
in Bouklas et al. [13], where the boundary chemical potential is imposed gradually over a finite time interval ¢;,.. Beyond this
initial discrepancy, both the MPM and FDM results follow the \/; scaling up to r ~ 107,. Subsequently, the thickness change
approaches a constant equilibrium stretch. In the same figure, we also report contours of the stretch in the Y direction, A(Y,?), at
eight representative times: /7, = 0.0011197, 0.008589, 0.1281, 0.4531, 1.953, 4.453, 16.06, and 1713. Except for the first contour, which
exhibits slight oscillations associated with the abrupt imposition of the boundary chemical potential at r = 0%, the contours remain
smooth throughout the simulation, which we attribute to the subdivision-stabilized B-spline discretization. Further validation is
provided in Fig. 6¢, where the MPM predictions of the chemical potential x/(kT) as a function of Y are compared against the FDM
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Fig. 7. Flat-punch indentation of hydrogel. (a) Problem setup and boundary conditions. (b) Top-surface chemical-potential profile, u(X)/(kzT),
at the end of the ramp (¢/7, = 3.125 x 107°). The equal-order 02-02 and Taylor-Hood Q3-Q2 pairs exhibit spurious oscillations, whereas the
fine subdivision-stabilized 02-Q2SD pair remains smooth. The coarse subdivision case shows only mild oscillations due to reduced resolution
near the boundary and inherent MPM integration error. (c) At 7/z, = 0.1, diffusion regularizes the solution and all discretizations yield smooth,
nearly identical chemical-potential profiles.

solution at multiple time instants. The excellent agreement at all times except the earliest one demonstrates both the accuracy and
the robustness of the proposed MPM formulation. As noted above, the small oscillations observed at very early times are attributed
primarily to the sudden imposition of the boundary chemical potential together with the resulting thin diffusive boundary layer,
and should not be interpreted as evidence of a loss of inf-sup stability. In the instantaneous-loading limit, the associated diffusion
length scales as /D At; therefore, sufficiently small time steps require a correspondingly fine spatial discretization to resolve the
start-up boundary layer and avoid spurious oscillations. This distinction is examined more directly in the next example, where inf-sup
unstable discretizations are compared with stable ones. A more detailed discussion of this early-time diffusion-length restriction can
be found in Valverde-Gonzélez et al. [84].

4.2. Flat punch indentation of hydrogel

Next, we consider flat punch indentation of hydrogel as a benchmark to demonstrate the necessity of an inf-sup stable
discretization for hydrogels under instantaneous loading. As depicted in Fig. 7a, the computational domain is a rectangle of size
1.5H x 1.5H, where the hydrogel occupies a square of size H x H with its bottom-left corner at (H /4, H /4).

To assess the stability of different shape—function pairs and to show why subdivision B-splines are needed, we compare the
following u—u discretizations:

@ 02-02(h, = h, =0.05H ): quadratic B-splines for both fields with the same grid (well known to be inf-sup unstable).

(i) 03-02 (hu =h,=005H ) (Taylor-Hood): cubic for displacement and quadratic for chemical potential with the highest
possible continuity in both fields with same grid. We use 03-Q2 rather than Q2-Q1 to avoid the cell-crossing errors associated
with linear (Q1) basis functions in MPM. It is important to note, however, that the classical Taylor-Hood pair is inf-sup stable
in the finite element setting with C® inter-element continuity [13], whereas its isogeometric counterpart with maximally
smooth C4~! basis functions does not satisfy the inf-sup condition [72,74].

(iii) 02-Q2SD (hu =0.5h, =0.025H ): subdivision-stabilized quadratic B-splines with a refined displacement grid and a coarser
chemical-potential grid (as described in Section 3.4).

(iv) 0Q2-Q2SD (h, = 0.5h, =0.05H ): a coarser subdivision-stabilized pair used to provide a complementary comparison with

(i)-(i).

The two subdivision-stabilized cases are included because the non-matching element resolutions of the displacement and
chemical-potential fields make a single “fair” comparison ambiguous; case (iii) matches the u resolution of (i)-(ii), while case
(iv) matches their u resolution. In all cases, each active displacement cell inside the gel contains 5 x 5 material points. Except for
Ho and 4,, the material parameters are the same as those listed in Table 1. Here, we assume that the gel is initially swollen in
equilibrium with y, = 0. The corresponding pre-stretch, 4, = 2.3488, is obtained directly from Eq. (22). Roller conditions (u-N, = 0)
and zero-flux (j, - N, = 0) are imposed on the bottom, left, and right boundaries. The characteristic diffusion timescale based on the
initial configuration can be obtained as z, = H>/D. On the top boundary, a contiguous segment occupying one quarter of its length
is prescribed a compressive displacement i, = —0.09H, ramped linearly over #;,./7, = 3.125x 1075. For > t;,, this displacement is
held fixed until #;,,, /7, = 2300 to allow solvent to diffuse and the excess chemical potential (pore pressure) to relax. The remaining
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Fig. 8. Flat-punch indentation benchmark: contours of the chemical potential u/kzT obtained from the four u—u discretizations. Columns:
(a&e) equal-order 02-02, (b&f) Taylor-Hood Q03-02, (c&g) subdivision-stabilized 02-02SD (finer), and (d&h) subdivision—stabilized 02-02SD
(coarser). Rows: (a-d) end of the loading ramp, t/z, = 3.125 x 107%; (e-h) during the early post-ramp diffusion-driven relaxation, #/z, = 0.1.
At t =1, the equal-order 02-02 and Taylor-Hood pairs (a&b) exhibit spurious oscillations in yu/k,zT, whereas the subdivision-stabilized pairs
(c&d) remain smooth, evidencing inf-sup stability. At later times, diffusion regularizes all cases (e-h).

three-quarters of the top boundary are traction—free; to mimic immersion in solvent, their chemical potential is maintained at y = 0
throughout the simulation. The simulation is started with a fixed time step of 4t = 3.125x 1077z, for t < t,,.. Beyond this stage, the
time step is adapted based on the nonlinear solver performance, as discussed before.

Fig. 8 shows contours of the chemical potential u/(kpT) at two representative times for the four discretizations.

(i) At the end of the loading ramp, ¢ = 7, (Fig. 8a—d), the 02-02 and Q3-Q2 discretizations exhibit spurious oscillations in
u, whereas the subdivision-stabilized discretizations produce smooth fields. These results are consistent with those reported
by Dortdivanlioglu et al. [73] for hydrogels under instantaneous loading and by Ali Madadi and Dortdivanlioglu [72] for
hyperelasticity.

(ii) Shortly after loading, at /7, = 0.1 (Fig. 8e-h), all cases appear smooth—the diffusive operator regularizes the chemical-
potential field, consistent with the proof in Dortdivanlioglu et al. [73], which shows that diffusion operator adds coercivity
to the variational formulation and relaxes the inf-sup requirement relative to pure hyperelasticity.

Although the contour plots are shown only up to the reported times, the simulation is continued until #.,4/7, = 2300, by which
point the chemical-potential field has essentially reached equilibrium with u/(kzT) ~ 0 throughout the domain. To quantify spurious
oscillations in the chemical-potential field, we plot x/(kzT) along the top surface at two representative times, r = ;,. and t/7, = 0.1
(Fig. 7b, ¢). At t = 1, (Fig. 7b), the fine 02-0Q2SD discretization produces smooth u/(kpT) profiles, consistent with its inf-sup
stability, whereas the Taylor-Hood Q3-0Q2 and equal-order Q2-Q2 pairs exhibit pronounced oscillations. The coarse 02-02SD
case shows only mild oscillations, which we attribute to standard MPM approximation errors and reduced resolution near the
boundary. By 7/z, = 0.1 (Fig. 7c¢), diffusion has regularized the response, and all discretizations yield smooth chemical-potential
profiles. The slight departure from u/(kgT) = 0 over the solvent-exposed portion of the top boundary in Fig. 7 is due to the weak
imposition of the Dirichlet condition y = 0 through Nitsche’s method; with a deliberately moderate penalty parameter, chosen to
avoid over-penalization and ill-conditioning, the condition is enforced consistently but not pointwise.

4.3. Swell-induced buckling of a hydrogel column

In the next example, we examine a two-dimensional hydrogel column immersed within a rectangular computational grid, as
depicted in Fig. 9a. The computational domain dimensions are 17.5H x 10H, with the hydrogel column measuring 8 H X H initially
and its bottom-left corner positioned at (H, H). The displacement field is discretized using a fine 350 x 200 quadratic grid, whereas

the chemical potential field employs a coarser 175 x 100 quadratic grid. Each active computational cell within the hydrogel is
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Fig. 9. (@) Schematic of the boundary conditions and geometry for the simulation of swell-induced buckling of a hydrogel column. (b—f) Contours
of solvent volume fraction at selected time steps, illustrating the evolution of swelling-induced instability. The characteristic diffusion timescale
based on the initial configuration is 7, = H?/4D.
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Fig. 10. (a) Time history of the separation between the centers of the top and bottom surfaces, highlighting the onset of buckling instability. (b)
Five smallest eigenvalues of the reduced (Schur-complement) stiffness matrix S. A pronounced drop in the smallest eigenvalue marks the onset
of instability at 7., = 0.28 7;,, while the remaining eigenvalues stay positive.

represented by an 8 x 8 grid of material points. The material properties employed here are identical to those in Table 1. The
characteristic diffusion timescale based on the initial configuration is z; = H?/4D. A boundary condition of u = (1 — t/tin.)
is applied incrementally on the left and right surfaces over f;,. = 0.75 7, and then held fixed until the chemical potential becomes
uniformly zero throughout the domain. The simulation is terminated at that point (¢5,,; = 2154.4 7;). Symmetry boundary conditions
(u-N, =0, and zero-flux) are enforced on the top and bottom boundaries by imposing essential boundary conditions of the form
u-N, = 0. To prevent rigid-body motion, we impose an additional constraint u - N, = 0 on a 0.05H-long segment of the left
boundary near the bottom corner. To ensure numerical stability, we utilize an adaptive time-stepping scheme based on monitoring
the signature of the stiffness matrix. The simulation begins with a time increment of 4r = 0.1z, which is then adaptively adjusted
based on the convergence behavior of the Newton—-Raphson iterations.

Fig. 9 summarizes the coupled swelling and buckling response of the plane-strain hydrogel column. At the initial state (Fig.
9a), the solvent volume fraction is approximately 0.55. As the boundary chemical potential increases, solvent is absorbed and the
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Fig. 11. Hydrogel with a square lattice of cylindrical holes undergoes a symmetry-breaking bifurcation into a periodic array of ellipses with
alternating orientations, followed by self-contact and creasing instability. (a) Initial undeformed configuration. All four sides of the square
domain are constrained using symmetry boundary conditions. (b-h) Contours of chemical potential at selected time steps, illustrating bifurcation,
self-contact, and surface creasing (e and f). The characteristic diffusion timescale based on the maximum length in the initial configuration is
7, = R2/(81D).

column swells, so that the solvent volume fraction rises, reaching about 0.9 by the final configuration shown in Fig. 9f. Because
the column is constrained at both ends, axial extension is suppressed, and compressive stress accumulates in the column. When
the swelling-induced compressive stress reaches a critical level (at 7y, ~ 0.287,; see Fig. 9b), the column loses stability and
buckles. The onset and subsequent evolution of the buckling instability are quantified in Fig. 10. Fig. 10a reports the time history
of the separation between the centers of the top and bottom surfaces, exhibiting a clear transition at r = 7., for the onset of
buckling. In parallel, Fig. 10b shows the five smallest eigenvalues of the reduced (Schur-complement) stiffness matrix S. The sharp
collapse of the smallest eigenvalue toward zero near ¢t = ... indicates the loss of stability, whereas the next four eigenvalues
remain strictly positive, confirming that only a single mode becomes unstable at the onset. The post-buckling swelling response is
illustrated in Fig. 9c—f. Notably, the solvent volume fraction contours remain smooth throughout the simulation, indicating that the
subdivision-stabilized extended B-spline discretization robustly resolves the coupled large-deformation and diffusion through the
onset of buckling instability and into the post-buckling regime.

4.4. Swell-induced bifurcation of a hydrogel with a square lattice of cylindrical holes

In this final example, we simulate swell-induced bifurcation in a hydrogel containing a periodic square lattice of cylindrical voids.
Closely related problems have been investigated experimentally [85,86] and computationally [87,88]. The computational domain,
shown in Fig. 11a, measures 20R/9 x 20R/9, where R denotes the radius of each cylindrical hole in the domain. For visual clarity,
we replicate this cell in a 3 x 3 array in Fig. 11, so the panel spans 20R/3x20R/3; only the central cell is actually simulated. Its four
edges are constrained in the normal direction to satisfy the reflection-symmetry conditions of the periodic structure. A quadratic
background grid with spacings s, = R/36 for the displacement field and h, = 2h, for the chemical-potential field is employed,
while 211,410 material points discretize the solid skeleton. The material parameters are listed in Table 1. The chemical potential
on the four quarter-circular cavity boundaries (represented by 354 surface particles) is ramped linearly to zero over #; . = 122.4 1,
and held fixed thereafter up to t;,, = 576.3 7;, where the characteristic diffusion time is defined as z, = R?/(81D). The simulation
is initialized with a time step At = 9.455 x 1072 z,. As in the previous examples, At is updated based on Newton-Raphson behavior.
In addition, to limit the deformation increment per step, we enforce stage-wise upper bounds on the time step:

7.5643x 1072 0 < t/7; < 7.5643
At/t; <41.5129 7.5643 <t/t; <26.4750 (65)
7.5643 264750 < t/t; < 60.5144.
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Fig. 12. (a) Time evolution of the ratio between the two principal pore radii, highlighting the symmetry-breaking bifurcation and self-contact due
to swelling. Inset(top): deformed pore geometry with overlaid chemical-potential contours immediately after onset of bifurcation; Inset(bottom):
deformation and chemical potential contours at the onset of self-contact. (b) Time evolution of the normalized peak surface curvature, marking
the onset of crease formation. (c) Before-after views of crease formation, showing the evolution of the crease from an edged surface at 75, through
an intermediate cup-shaped stage at 7, with an emerging localized indentation, into a localized deformation at ¢5; over a very short time.

Fig. 11 shows the complete deformation sequence along with contours of the chemical potential field. Initially, diffusion-driven
swelling causes each cylindrical pore to shrink nearly uniformly in all directions. At approximately ¢ ~ 0.171 z,, the system reaches
a critical chemical potential of u/(kzT) = —0.13, which triggers a symmetry-breaking bifurcation. Consequently, the initially circular
pores elongate into ellipses, with their major axes alternating between horizontal and vertical orientations (Fig. 11b). This transition
is quantified in Fig. 12a, where the ratio of the principal pore radii sharply deviates from unity, clearly indicating the onset of
bifurcation.

Continued solvent uptake pushes the elliptical tips into self-contact at approximately + ~ 27, (Fig. 12a, bottom inset).
Subsequently, the area of contact increases and each pore splits into two, creating flattened ends with sharp corners. The deformation
near the corners is highly localized, leading to surface creases by self-folding, as shown in Fig. 11e. We quantify this creasing behavior
by plotting the maximum surface curvature over time in Fig. 12b. The maximum curvature increases sharply at around ¢ ~ 3 7,,
marking the initiation of creasing characterized by sharp, self-contacting folds of the pore surface. Fig. 12c shows three selected
time steps during crease formation, including two consecutive time steps, 7; = 2.957, and r, = 3.0257,, followed by a later time,
ts = 3.2487,. The insets highlight the surface region where the crease nucleates, evolves through an intermediate cup-shaped stage,
and then further localizes, with the maximum change in surface curvature occurring between 7; and 1,.

After the first crease nucleates at each corner, continued swelling promotes additional creasing; by ¢t = 4.6732 z;, a second crease
is clearly visible (Fig. 11f). Further swelling leads to sharp folds of the pore surface as the pore shrinks (Fig. 11g-h). The MPM
simulation proceeds until the chemical potential becomes essentially uniform, at which point the swollen gel occupies nearly the
entire computational domain (Fig. 11h). Throughout this highly nonlinear sequence, encompassing symmetry breaking, self-contact,
and surface creasing, the chemical-potential field remains smooth and free of spurious oscillations, underscoring the robustness
of the subdivision-stabilized extended B-spline discretization. Overall, this example demonstrates that the MPM framework can
reliably resolve swelling-induced instabilities in a hydrogel while maintaining accurate tracking of the evolving fields of chemical
potential and large deformation. This example also highlights the particular advantage of MPM for problems involving extreme
deformation, self-contact, and highly localized creasing, which are difficult to resolve robustly with standard mesh-conforming
Lagrangian methods because of severe mesh distortion.

We note that self-contact in the present simulation is handled implicitly rather than through a dedicated contact algorithm. As
opposing pore surfaces approach one another, material points on the two sides interact through the same background grid nodes
and thus share the same interpolated nodal field. As a result, further relative motion across the interface is effectively suppressed,
leading to an approximate tied-contact response once contact is established. Because this interaction is activated by the common
support of the background-grid basis functions, the effective contact distance is mesh dependent: coarser grids produce contact at
a larger contact gap, whereas refinement reduces the contact gap. This behavior is illustrated in Fig. 13, which shows the single
simulated unit cell (rather than the 3 x 3 replicated visualization used in Fig. 11h) at the final time for three background-grid
resolutions. Relative to the reference discretization with h, = R/36, the numbers of volume and surface material points are scaled
consistently for the coarser and finer grids so that the material-point density relative to the background grid is maintained. Enlarged
views of the contact region also show the volume and surface material points together with the background grid.

This treatment is sufficient for the present study, which focuses on pore collapse and surface creasing under continued swelling.
Nevertheless, because no explicit contact law is enforced, the formulation should not be regarded as a general self-contact framework.
In particular, standard MPM may exhibit artificial sticking when sliding or separation after contact becomes important. More
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Fig. 13. Final configuration of the single simulated unit cell for three background-grid resolutions. The volume and surface material-point
densities are scaled consistently with the grid. Insets show the contact region, background grid (black), volume material points (blue), and
surface material points (red). The contact gap decreases with mesh refinement because contact is mediated through the common support of the
background-grid basis functions.

advanced contact treatments, such as penalty-based, level-set-based, or Nitsche-type methods [89-91], could be introduced if
accurate post-contact behaviors were required.

5. Conclusion

In this work, we generalize the extended B-spline mixed MPM [24] to a fully coupled diffusion-hyperelastic formulation for
hydrogels. The formulation combines (i) subdivision-stabilized B-spline spaces to obtain an inf-sup stable u—u discretization, (ii)
extended B-splines to cure cut-cell ill-conditioning, and (iii) a symmetric Nitsche scheme to impose Dirichlet boundary conditions
on immersed boundaries. Together, these ingredients control cell-crossing errors, suppress volumetric locking as 47 — 0, and yield
a symmetric, well-conditioned tangent suitable for stability analysis. Stability is assessed either via the smallest eigenvalues of the
reduced (Schur-complement) stiffness or, equivalently, by tracking the inertia (signature) of the full tangent matrix. We verified
the framework and demonstrated its robustness under very large deformations using challenging benchmark problems, including
buckling of a swollen hydrogel column as well as bifurcation and surface creasing in a porous hydrogel with cylindrical pores. The
simulations exhibit smooth chemical potential fields and reliable results, highlighting the effectiveness of the mixed isogeometric
MPM. Future work will extend the framework to additional multiphysics soft-matter systems (e.g., dielectric elastomers and
polyelectrolyte gels), incorporate interfaces and frictional contact using Nitsche’s method, and investigate adaptive cell subdivision
or octree-based quadrature [92-94] to improve MPM integration accuracy under extreme swelling.
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