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Machine Learning and Opimization

Machine learning: find the values of the parameters of a model so that
error is minimized on a training dataset

Optimization: methods to efficiently find the minimum of a given
function

Modern trend: do machine learning using methods from optimization

e.g.: Linear regression (and Ridge and LASSO), Logistic Regression
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Convex Functions

A function f : RY — R is said to be convex if
f(tXl + (1 — t)Xz) <t f(Xl) -+ (1 — t) f(XQ)
for any pair of points x1,x; in R? and any 0 < t < 1.
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How do | know if my function is convex 7

Scalar caseie. f:R — R

f is convex < f”(x) > 0 for all x

Recall: Logistic Regression in scalar case, i.e. 5 € R

f(B) = —log (ﬁ) ~ tog(1+e)
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Recall: Vector Calculus

Vector case ie. f:RY - R

The gradient V£(-) is its derivative.

For any point x € RY, Vf(x) is a d-length vector.

[VI(x)]i = 68—5()() for all coordinates i in 1,...,d

1

For any vector a and any point x,

im f(x +da) — f(x)
0—0 0

= a' Vf(x)

That is, a' Vf(x) represents the rate of change of f in the direction fo a.
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Convex Functions

A function f is convex if and only if it is always “above its gradient”, i.e.
for any points x and xg

f(x) > f(xo) + Vf(xo)T(x — X0)
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Recall: Vector Calculus

Vector case ie. f:RY - R

Recall: the Hessian is the “second derivative” of f. It is a matrix and is
denoted by V2f(-)
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It's (i,)t" element is a for iandjin (1,...,d)

Note: V?2f(x) is a symmetric matrix.

Sujay Sanghavi Convex Functions 7/13



How do | know if my function is convex 7

e f is convex < f”(x) > 0 for all x

» For vector case, this means the Hessian V2f(x) is positive definite for
all x

e fis convex & f(y) > f(x) + (y — x) ' VF(x) for all points x and y

e If f is convex and g(x) = f(Ax + b) for all x and some matrix A and
vector b, then g is convex

o If f1 and £, are convex, and g = f; + f», then g is convex

many other such properties can be used to check for convexity ...
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Convex Sets

and y is also in C.

A set C is.convex if for every pair of points x and y in C, the line joining x

Convex set

Not convex set
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Convex Optimization Problem and Gradient Descent
Convex Optimization is of the form

min f(x)

X

s.t. xeC
where f is a convex function and C is a convex set.

Gradient Descent:

@ Start from some xg

@ Update by moving along the direction of fastest decrease:
xtr1 = Pe(xe — e VF(xe))

where 7, is called the step size at time t, and P¢(+) is the projection
back onto the set C

* If £(-) is convex, then for well chosen step sizes, x; — x* as t — 00
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Gradient Descent for Linear Regression

Convex Loss function:
min |ly — X3

Gradient of the loss function: —2XT(y — X33)

Gradient descent:
Brnn = B = me[-2XT(y = XBy)]

Then for certain choices of the step sizes 7;, we have that §; — 5* as
t — o0

What the choice of 7;'s should be, and how quickly it will converge,
depends on what the X is.
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Gradient Descent for Ridge Regression

Convex Loss function:

min ly = XBl3 + ABl3

Gradient of the loss function: —2X " (y — X3) + 2)\8
Gradient descent:
Brir = Be — e[ -2XT(y = XBe) + 228

again, 8y — 0% as t — oo for well-chosen ;s ...
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Gradient Descent for LASSO

Convex Loss function:

min ly = XBl3 + A8l

Gradient of the loss function: does not exist
because [|B]1 = _;|5;| is not differentiable

In the case of LASSO, we are lucky because this specific non-differentiable
part ||5|l1 can be “dealt with" in a different way:

Bry1 = SA{Bt -7 [—ZXT(y—Xﬁt)}}

Where S, is the shrinkage operator:

Bi— X ifBi>A
[Sx(B)li = {0 if =A< B <A
Bi+ X if B <=\
“shrinks each 5; by \”
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