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k-means Clustering

“Given data points xi, ..., x,, partition them into clusters”

. so that 2 points in the same cluster are “more like each other” as
compared to 2 points in different clusters ...

This is an unsupervised learning problem: there is no response / label y

to predict.
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k-Means setup

Data: x1,x, - ,xp € RY
Distance Metric: d(x;,x;) = ||xi — xj||2

Cluster Objective: Points in same cluster closer
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k-Means Objective

Find centers p1, to, - -, pk

and sets S1, 5, -+, Sk to minimize

k
ZZHXJ—MH%

i=1 je5;
"Variance” /" Within Cluster Sum of Squares (WCSS)

k
; 12
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51,52,++,5, i=1 jE€S;

NP-Hard even for k = 2 clusters. We now study a popular heuristic.
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Towards k-means algorithm

52
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Towards k-means algorithm

k
; 2
l”’lvlfglzl'n Mk Z Z ||)<J 'LLI||2

51,52, ,Sk i=1 JES;

Given partition S1, 5o, , Sk,

Best u;
=argmin > _ |l — il

JES;

1
:mzxj

JESI

Or, mean of §;
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Towards k-means algorithm

k
; c a2
)u‘lnlz?zl'!-! Kk Z Z H)<J /J/IH2

1,52, ,5¢ i=1j€S;
Given centers 1, ji2,

. 7Mk’
Best 51,55, -+, 5,7?

o = = £ DA
Sujay Sanghavi Clustering



Towards k-means algorithm

k
min
B2, sk

S

Given centers p1, fo, -+, ik,

2
D> b= milly
1,52,+,5¢ i=1j€S;
Assign each point x; to its closest y;
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k-Means Algorithm

k
; c el
y‘lvlsgzl'n' Mk Z Z ||)(J 'LLI||2

51,52, ,Sk i=1 JES;

o Initialize u(lo),ugo),--' ,MS(O)

@ Until Convergence, alternate between:
Assign every point to closest center
) _ [ (1) (O v ;7
S = =il < by = wi [V

Update centers to center of their assigments

(t+1) 1 ,
Iy —@ ZXJ

i jesi(f)

Convergence == when assignments do not change from one step to next
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k-Means Algorithm

Guaranteed to converge
@ because we are always decreasing a positive function

@ and there are a finite number of choices for the Sy,..., Sk

But final answer can be (arbitrarily) bad...

...it is a local optimum

Sujay Sanghavi Clustering 12/1



SISICH
00O |
Melale
. OIOC



Bad Example

o Data is well-separated into 5 parts,
distance between each is B, distance
within each is § < B.

@ In first step, u;s are chosen as in row 2.
Points are assigned to the closest ;.

@ In the next step, new ;s are chosen as
in row 3. In further iterations, they do
not change.

O OO
OGO
@ OO
00O
OO

@ Resulting loss is high. Initialization is
important
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k-means +-+

k-means ++ is a way to get a good initialization

@ Pick po: uniformly random from data points
e t=0
@ While t < k sequentially pick centers:

» Assign a cost to each remaining point

. 2
cost(x;) = min Xj —
( J) el e 1) I j |

» Pick a point as the next center, proportional to its cost
P(ue =) o cost(x)

> t=t+1
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k-means +-+

Theoretical guarantee on the initialization:

Efcost(p1, -+ -, )] < Ecost(p, -~ - , )] O(log k)

. and note that cost decreases with each iteration of k-means
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k-medoids

Sometimes the data points x(') are not in euclidean space.

E.g. task: organize all articles of the New York Times this year into 8
clusters.

Now each x is a text document, and we can define a similarity between
any pair x and x’ of documents to be

S(x,x) number of unique words common to both x and x’
x,x') = . .
’ total number of unique words in x and x’

Cannot do k-means because we cannot make an "average document”
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k-medoids
Similar idea to k-means, except that the cluster centers have to be one
of the original data points

@ Initialize medoids uﬁo),ug’), T ,,ug(o) (e.g. by choosing k random
data points)

@ Until Convergence, alternate between:
Assign every data point to the most-similar current medoid
t . t t .
5 = {J | S0g.17) 2 S, 1) v/}

Update the medoid of each cluster to the point most similar to all the
other points in that cluster

1
,ugH_) = arg max E S(x,x")
xestt
! XIES-(t)—X

Convergence == when assignments do not change from one step to next
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k-medoids
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