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By combining Helmholtz resonances and Bragg scatterings, perfect acoustic blazing, a type of acoustic Wood’s anomaly, is achieved at the Bragg
blazing points and non-Bragg blazing points. Owing to couplings among these blazing points, we experimentally observe a broadband and wide-
angle acoustic negative reflection by an acoustic grating based on multiple coupled Helmholtz resonators per cell with a subwavelength thickness
of 25.7mm, where the frequency range is 3430 to 5145Hz. © 2017 The Japan Society of Applied Physics

B
lazed gratings can reflect most of the incident power
into one diffraction order at a specified wavelength.
When the specular reflection disappears completely

and the total incident power is diffracted into a single diffrac-
tion order, such as the −1st order, perfect blazing is achieved.
This phenomenon is a type of Wood’s anomaly; such
anomalies were first observed by Wood1) in experiments on
reflection gratings. Wood’s anomalies can usually be catego-
rized into two distinct types: one is the Rayleigh wavelength
type, which results from the emergence of a new spectral
order at the grazing angle,2) and the other type is related to
resonances supported by the optical grating (free complex
resonances).3) Perfect blazing by a rectangular groove grating
was observed at the Bragg blazing points along the Bragg
line4) or at the non-Bragg blazing points,5) which occur in
pairs on opposite sides of the Bragg line. It is noted that the
combination of local resonances4–7) (or hybridized surface
resonant states3,8)) and the Bragg scattering effect leads to
perfect blazing for various gratings. This concept has been
extended to acoustics, for example, back reflection at a
specified wavelength,9) the observation of acoustical “trans-
parency”,10) and the blazed phononic crystal grating.11,12)

To broaden the bandwidth and reduce the grating thickness,
multiple coupled Helmholtz resonators13) are introduced in this
paper to design a blazed acoustic grating with multiple Bragg
blazing points and non-Bragg blazing points located in the
region where the specular and (−1st or 1st) orders are the only
propagating diffraction orders. At the blazing points, perfect
acoustic blazing, that is, the Wood’s anomaly induced by local
resonances supported by the acoustic grating, is achieved.
Owing to couplings among the blazing resonances (at the
blazing points), our designed blazed acoustic grating exhibits a
wide frequency-angle range of negative acoustic reflection.

We study broadband and wide-angle negative reflection
from a blazed acoustic grating placed in a two-dimensional
waveguide, as shown in Fig. 1(a). The design of an acoustic
grating based on six coupled Helmholtz resonators per cell is
shown in Fig. 1(b). Using a procedure similar to that in
Ref. 14, in the following, we derive the reflection coefficient
of the acoustic grating and discuss the formation of perfect
acoustic blazing. We assume a unit incident sound pressure,
pi = exp( jk sin θix + jk cos θiz), where θi is defined as the
angle of incidence with respect to the normal in Fig. 1(b).
According to Floquet’s theory, the sound fields on the side
(z < 0) can be expanded in series, pr ¼

P
m rme

jk�mxþk�mz,
where rm is the reflection coefficient of the mth diffraction

order with the horizontal wavenumber kβm = k sin θi + 2πm=
Λ ≡ k sin θmr and the vertical wavenumber jk�m ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � �2m

p
,

for m ¼ 0;�1;�2; . . . . By introducing the volume velocity
Ua(n) at position xn (the inlet of the nth Helmholtz resonator
in the unit cell), we obtain, from the continuity of sound
pressure and normal velocity at the boundary z = 0,

ZaðnÞUaðnÞ þ
X
n0

Znn0Uaðn0Þ ¼ 2ejkxnsin�i��
0ð�iÞ; ð1Þ

where Za(n) is the acoustic impedance of a Helmholtz
resonator at position xn without coupling, and Znn0 ¼P

mð j�mÞ�1R�e
jk�mðxn�x0nÞj�mð�iÞj2 with �mð�iÞ ¼

ða=2Þ R a=2�a=2 e
�jk�mx dx represents the couplings among multi-

ple Helmholtz resonators. The relationship between the
reflection coefficient rm and Ua(n) is

rm ¼ �0m � ð j�mÞ�1�mð�iÞR�

X
n0

Uaðn0Þe�jk�mxn0 ; ð2Þ

where δ0m is the Kronecker delta, RΣ ≡ ρ0c0=Λ, and ρ0c0 is
the characteristic acoustical impedance of air. Perfect blazing
is achieved by setting the specular reflection coefficient
r0 = 0, and the total incident power is diffracted into the −1st
(or 1st) order when the specular and −1st (or 1st) orders

(a)

(b)

Fig. 1. (a) Experimental scheme of acoustic negative reflection.
(b) Corresponding dimensions of the acoustic grating: the lattice constant
Λ = 80mm, the thickness of the grating is 25.7mm, the size of the throat
a = 5mm, the length of the throat b = 2mm, the width of the cavity
w = 10mm, the heights of the six cavities h1 = 0.2197Λ, h2 = 0.2190Λ,
h3 = 0.1346Λ, h4 = 0.0508Λ, h5 = 0.2339Λ, h6 = 0.0854Λ.
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are the only propagating diffraction orders. Considering
this constraint, Eq. (2) can be rewritten as ��

0ð�iÞ ¼
ð j�0Þ�1j�0ð�iÞj2R�

P
n0 Uaðn0Þe�jksin�ixn0 . Substituting this

formula into Eq. (1), we obtain

ZaðnÞUaðnÞ þ
X
n0

Xnn0Uaðn0Þ ¼ 0 ð3Þ

with Xnn0 ¼
P

mð1 � 2�0mÞð j�mÞ�1R�e
jk�mðxn�x0nÞj�mð�iÞj2.

Because Eq. (3) has nonzero solutions, we can obtain the
position of the blazing point at a specified frequency and
incident angle.

For an acoustic grating based on a single Helmholtz
resonator per cell, Eq. (3) is simplified as

Zað1Þ þ
X R�

j�m
j�mð�iÞj2 � 2R�j�0ð�iÞj2

cos �i
¼ 0 ð4Þ

For a positive incident angle, θi > 0, we obtain from Eq. (4)
the Bragg condition, k sin θi = π=Λ, and an equation deter-
mined by the Helmholtz resonance and the evanescent waves
supported by the acoustic grating,

Im Zað1Þ þ
X

m≠0;≠�1

R�

j�m
j�mð�iÞj2

 !
¼ 0:

The above two relations determine the angle and frequency
at which perfect blazing is achieved. Because the blazing
point is located on the Bragg line determined by the Bragg
condition, it is called the Bragg blazing point. Note that for
an acoustic grating based on a single Helmholtz resonator per
cell, no non-Bragg blazing point exists, which can be easily
verified from Eq. (4).

For acoustic gratings based on multiple coupled Helmholtz
resonators per cell, calculation of Eq. (3) indicates that perfect
blazing can occur at frequencies away from the resonance
frequencies of the Helmholtz resonators owing to the coupling
term in Eq. (3). However, the blazing points can always be
observed along the Bragg line, and thus the corresponding
blazing points are also called Bragg blazing points. To under-
stand the coupling effect, an acoustic grating based on two
coupled Helmholtz resonators per cell is chosen to analyze the
condition of perfect blazing, mainly for its simplicity. When
the incident angle θi is positive and the interval between the
two coupled Helmholtz resonators is Λ=2, we obtain, from the
condition of a nonzero solution of Eq. (3),

~Zað1Þ þ ~Z�1 � ~Z0
~Z12 � ~Z�1 � ~Z0

~Z12 � ~Z�1 � ~Z0
~Zað2Þ þ ~Z�1 � ~Z0

�����
����� ¼ 0 ð5Þ

where ~Z0 ¼ R�=ðcos �iÞj�0ð�iÞj2, ~Z�1 ¼ R�=ð j��1Þj��1ð�iÞj2,
~Zað1Þ ¼ Zað1Þ þ

P
m≠0;�1 R�=ð j�mÞj�mð�iÞj2, and ~Zað2Þ ¼

Zað2Þ þ
P

m≠0;�1 R�=ð j�mÞj�mð�iÞj2 represent the effective
acoustic impedance of the two Helmholtz resonators, includ-
ing the evanescent waves supported by the acoustic grating,
and ~Z12 ¼

P
m≠0;�1 R�=ð j�mÞ cosm�j�mð�iÞj2 represents the

coupling of the two Helmholtz resonators through the
evanescent waves. Note that ~Z0 and ~Z�1 are real numbers,
whereas ~Zað1Þ, ~Zað2Þ, and ~Z12 are imaginary numbers. The
real and imaginary parts of Eq. (5) are written as

~Zað1Þ ~Zað2Þ þ ð ~Z�1 � ~Z0Þ2 � ð ~Z12Þ2 � ð ~Z�1 þ ~Z0Þ2 ¼ 0; (6a)

ð ~Z�1 � ~Z0Þð ~Zað1Þ þ ~Zað2ÞÞ þ 2ð ~Z�1 þ ~Z0Þ ~Z12 ¼ 0: (6b)
It is verified that the Bragg condition can also be obtained from
Eq. (6b), because the two relations ~Z�1 � ~Z0 ¼ 0 and ~Z12 ¼ 0

are simultaneously satisfied along the Bragg line, k sin θi =
π=Λ. By substituting the Bragg condition into Eq. (6a), we
obtain ~Zað1Þ ~Zað2Þ > 0, which means that perfect blazing
occurs at a frequency lying between the two Helmholtz
resonances owing to coupling.

For multiple coupled Helmholtz resonators per cell,
coupling can induce perfect blazing not only at points along
the Bragg line, but also at points in pairs on opposite sides of
the Bragg line. These points are called the non-Bragg blazing
points and should satisfy the relation sin θ1 + sin θ2 = λ=Λ,5)
where θ1 and θ2 are the two incident angles occurring in pairs.
If a non-Bragg blazing point exists for an acoustic grating
based on two coupled Helmholtz resonators per cell, the non-
Bragg condition can be verified by Eq. (6).

A particle swarm optimization algorithm15) is adopted to
obtain the best parameters of acoustic gratings with the con-
straint of minimized specular reflection in a wide frequency
range at a given incident angle. The designed acoustic grating
in Fig. 1(b) is obtained by setting the incident angle θi = 30°,
which is determined by the Bragg condition for the central
wavelength λ = Λ. Figure 2 shows the theoretical result for
the normalized reflected power Rm for four diffraction orders,
where the normalized reflected power for the propagating
diffraction order is defined as Rm = ∣rm∣2 cos θmr=cos(θi), with
θmr being the reflected angle of the mth diffraction order. It is
shown in Fig. 2(a) that the normalized specular reflected
power R0 is close to zero over a wide frequency-angle range,
and most of the incident power is diffracted into the −1st (or
1st) order when the incident angle and frequency are located
in the region with the propagating diffraction orders “m ¼
0;�1” in Fig. 2(b) [or “m ¼ 0; 1” in Fig. 2(c)]. This means
that acoustic negative reflection occurs not only at a positive
incident angle in the region “m ¼ 0;�1”, but also at a
negative incident angle in the region “m ¼ 0; 1” over a broad
frequency range.

To understand the phenomenon of broadband and wide-
angle acoustic negative reflection by our designed acoustic
grating, the normalized specular reflected power R0 in
Fig. 2(a) is depicted according to the dB level (10 log10R0)
in Fig. 3(a). It is observed that five poles (Bragg blazing

(a) (b)

(c) (d)

Fig. 2. Theoretical results for the dependence of the normalized reflected
power Rm on the incident angle θi and frequency f for four diffraction orders,
the 0th (a), −1st (b), 1st (c), and −2nd (d), where the parameters of the
acoustic grating are given in Fig. 1. Note that regions with different
propagating diffraction orders, determined by the relation −1 ≤ sin θi +
mλ=Λ ≤ 1, can also be discerned. For example, “m ¼ 0; 1” in (c) represents a
region in which the 0th and 1st diffraction order are propagating. In addition,
dashed lines in (c) mark the boundary of different regions.
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points) are located in the region “m ¼ 0;�1” (or in the region
“m ¼ 0; 1”) along the Bragg line. These poles are related to
the coupled resonances induced by the Helmholtz resonators
and the couplings among them, which broaden the bandwidth
and the range of incident angle at which minimized specular
reflection is achieved, and thus lead to broadband and wide-
angle acoustic negative reflection. It is seen from Fig. 3(b)
that the reflected phase does not cover the entire 2π range over
a broad frequency range, which means that wavefront
manipulation by our designed acoustic grating differs from
that based on the generalized Snell’s law.16–20) Note that when
the difference in the phase modulation of the local reflection
coefficient covers the entire 2π range for a metasurface period,
wavefront manipulation by the generalized Snell’s law is
nearly perfect. However, because of the frequency depend-
ence of the phase, the difference in the phase modulation
cannot cover the entire 2π range over a broad frequency range,
resulting in the appearance of multiple diffraction peaks,
which cannot be described by the generalized Snell’s law, but
can be explained using the diffraction equation.21)

In an experiment, a sample of 20 unit cells of height 3 cm is
fabricated by three-dimensional (3D) printing. An array of 15

loudspeakers located at an approximate distance of 2m from
the acoustic grating is used to generate a localized approxi-
mately planar wavefront by inserting a different resistance in
series with each loudspeaker. The intervals between the
neighboring loudspeakers are 4.7 cm for the frequency 3430
Hz (kΛ = 0.8 × 2π), 3.7 cm for 4459Hz (kΛ = 1.04 × 2π),
and 3 cm for 5145Hz (kΛ = 1.2 × 2π). By rotating the loud-
speaker array, six nominal incident angles, �i ¼ �10�;
�20�;�30�, are chosen according to the dimensions of the
waveguide. To accurately obtain the incident and reflected
angles in our experiment, a conventional beamforming
method22) is used to determine the incident angle from the
measured sound pressure along the line marked in Fig. 1(a)
without a sample and the reflected angle from the difference
between the sound pressures obtained with and without a
sample in the waveguide. Note that the sound pressure is
obtained by a probe microphone placed behind the sample at a
distance of 10.5 cm and moved along the measurement line in
λ=6 steps by a stepping motor.

Figures 4(a)–4(c) show the beamforming output for differ-
ent incident angles at three frequencies. In Fig. 4(d), acoustic
negative reflection occurs at both positive and negative
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(b)  θ
i
=300

Fig. 3. (a) dB level of the normalized specular reflected power R0, which is shown in Fig. 2(a). Dashed lines mark the boundaries of regions with different
propagating diffraction orders; thick white lines represent the Bragg line determined by the Bragg condition, and the Bragg blazing points are marked by five
circles with their centers located at ð22�; 5968HzÞ, ð25�; 5076HzÞ, ð29�; 4390HzÞ, ð34�; 3807HzÞ, and ð38�; 3499HzÞ. (b) Reflected phase of the acoustic
grating having a single Helmholtz resonator per cell, where the lattice constant is reduced to Λ=6. Note that the six cavity heights are the same as those in
Fig. 1.
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Fig. 4. Experimental results for the
dependence of the beamforming output
on the reflected angle for different
incident angles at frequency f = 3430
Hz (a), f = 4459Hz (b), and f = 5145
Hz in (c). (d) Dependence of the
reflected angle on the incident angle,
where the lines represent the theoretical
result (k sin θr = k sin θi ± 2π=Λ), and
the symbols “ ”, “ ”, and “ ” repre-
sent the experimental results for the
reflected angle at which the maximum
beamforming output is achieved. Note
that the incident angles in (a), (b), and
(c) are determined by experiment.
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incident angles in the regions with propagating diffraction
orders “m ¼ 0;�1” and “m ¼ 0; 1”; Figs. 4(a)–4(c) show that
most of the sound energy is reflected at the angle determined
by k sin θr = k sin θi ± 2π=Λ, where “−” indicates a positive
incident angle, and “+” indicates a negative incident angle.
Note that in Fig. 4(a), the results for the beamforming output
at the incident angle θi = ±10° are not included because
only the specular reflection is observed, which is consistent
with the theoretical prediction. In addition, the experimental
observation in Fig. 4(c) for incident angle θi = 11° deviates
from the theoretical prediction. This result can be explained
by the fact that this position ð11�; 5145HzÞ is close to the
region with the propagating diffraction order “m ¼ 0;�1”,
and imperfections in the sample lead to the disagreement.
Figure 5 shows the distribution of the sound pressure at
f = 4459Hz, from which we know that acoustic negative
reflection occurs at both positive and negative incident angles.

Note that only the Bragg blazing points in Fig. 3(a) are
adopted to broaden the frequency and angle range of acoustic
negative reflection, where the Bragg blazing points are located
at incident angles not larger than 40°. However, non-Bragg
blazing points can occur at large incident angles because they
appear in pairs on opposite sides of the Bragg line. From the
constraint of minimized specular reflection over a wide
frequency range at incident angle θi = 60°, we introduce the
non-Bragg blazing points in Fig. 6. It is found that one cavity
height can be made to approach zero by using the optimization
algorithm; therefore, we design an acoustic grating from
which the sixth Helmholtz resonator in the unit cell is
removed. It is illustrated that the normalized reflected power
R0 is close to zero in a wide incident angle range owing to the
combination of Bragg blazing points and non-Bragg blazing
points, resulting in a broadband and wide-angle negative
reflection in the region with propagating diffraction orders
“m ¼ 0;�1” (or “m ¼ 0; 1”).

In conclusion, a blazed acoustic grating based on multiple
Helmholtz resonators per cell was developed. Theoretical and
experimental results demonstrated a broadband and wide-

angle negative reflection induced by interaction between the
Helmholtz resonances and Bragg scatterings. The thickness
of our designed acoustic grating, unlike that of a grating in
which acoustic negative reflection is observed at a phononic
crystal boundary,11,12) is at the subwavelength scale. On the
other hand, because the reflected phase need not cover the
entire 2π range, and the response of the acoustic grating is
nonlocal, wavefront manipulation by our designed acoustic
grating also different from that described by the generalized
Snell’s law.
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Fig. 5. Measurement of the distribution of the sound pressure over two
separate measurement areas of the same size, 5λ × 3λ, marked in Fig. 1(a),
for the frequency f = 4459Hz. For the incident wave at θi = −20°, we
measure over an area on the left side of the waveguide (a) the sound pressure
without a sample and (b) the reflected pressure, the reflected angle of which
is θr = 36° as determined by a conventional beamforming method. For the
incident wave at θi = 20°, we measure over an area on the right side of the
waveguide (c) the sound pressure without a sample and (d) the reflected
pressure at angle θr = −40°.

Fig. 6. dB level of the normalized specular reflected power R0 for an
acoustic grating from which the sixth Helmholtz resonator in the unit cell is
removed, and the first five cavity heights are h1 = 0.0969Λ, h2 = 0.1399Λ,
h3 = 0.3876Λ, h4 = 0.3455Λ, and h5 = 0.3397Λ, respectively, and the other
parameters of the acoustic grating are the same as those of that in Fig. 1.
Dashed lines mark the boundaries of regions with different propagating
diffraction orders. Thick white lines represent the Bragg line. In addition,
four non-Bragg blazing points are marked by squares with their centers
located at two pairs of positions: ð8�; 4159HzÞ and ð63�; 4159HzÞ for one
pair, and ð19�; 3516HzÞ and ð63�; 3516HzÞ for the other.
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